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DERIVATION OF EXPECTED IMPROVEMENT ACQUISITION FUNCTION FOR SCALED
NON-CENTRAL CHI-SQUARE DISTRIBUTION

We define the Expected Improvement function for the objective value, which is a scaled non-central chi-
square distribution with a constant offset, 𝐽 ∼ 𝜆𝜒2𝑘=1(𝛿) + 𝑐. The probability density function (PDF) of 𝐽 and 𝜒2𝑘(𝛿)
is denoted 𝜙𝐽 and 𝜙𝜒2𝑘(𝛿), respectively. The parameter 𝑘 is the degree of freedom and 𝛿 is the non-centrality
parameter. The variables 𝑗 and 𝑧 are samples from 𝐽 and 𝜒2𝑘(𝛿), respectively, and 𝑗 = 𝜆𝑧 + 𝑐.

𝐸𝐼(𝑓𝑚𝑖𝑛, 𝜆, 𝛿, 𝑐) = E𝐽[max(𝑓𝑚𝑖𝑛 − 𝐽, 0)]

= න
∞

0
max(𝑓𝑚𝑖𝑛 − 𝑗, 0)𝜙𝐽(𝑗)𝑑𝑗

= න
∞

0
max(𝑓𝑚𝑖𝑛 − (𝜆𝑧 + 𝑐), 0)𝜙𝜒2𝑘=1(𝛿)(𝑧)𝑑𝑧

= න
𝑓𝑚𝑖𝑛−𝑐

𝜆

0
(𝑓𝑚𝑖𝑛 − 𝜆𝑧 − 𝑐))𝜙𝜒2𝑘=1(𝛿)(𝑧)𝑑𝑧

= (𝑓𝑚𝑖𝑛 − 𝑐)න
𝑓𝑚𝑖𝑛−𝑐

𝜆

0
𝜙𝜒2𝑘=1(𝛿)(𝑧)𝑑𝑧 + 𝜆න

𝑓𝑚𝑖𝑛−𝑐
𝜆

0
𝑧𝜙𝜒2𝑘=1(𝛿)(𝑧)𝑑𝑧

= (𝑓𝑚𝑖𝑛 − 𝑐)Φ𝜒2𝑘=1(𝛿) ቆ
𝑓𝑚𝑖𝑛 − 𝑐

𝜆 ቇ + 𝜆න
𝑓𝑚𝑖𝑛−𝑐

𝜆

0
𝑧𝜙𝜒2𝑘=1(𝛿)(𝑧)𝑑𝑧

The function Φ𝜒2𝑘=1,𝛿(⋅) is the cumulative distribution function of 𝜒2𝑘=1(𝛿), and is readily evaluated from off-the-
shelf tools such as SciPy. Now we look at the integral in the second term.

න
𝑓𝑚𝑖𝑛−𝑐

𝜆

0
𝑧𝜙𝜒2𝑘=1(𝛿)(𝑧)𝑑𝑧 (1)

where the non-central chi-square PDF 𝜙𝜒2𝑘=1(𝛿)(𝑧) is a Poisson-weighted mixture of central chi-square PDFs with
increasing degrees of freedom:

𝜙𝜒2𝑘(𝛿)(𝑧) =
∞

෍
𝑚=0

𝑒−𝛿/2(𝛿/2)𝑚
𝑚! 𝜙𝜒2𝑘+2𝑚(𝑧)
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Multiplying by z and using the central chi-square relationship of 𝑧𝜙𝜒2𝑘(𝑧) = 𝑘 ⋅ 𝜙𝜒2𝑘+2(𝑧) freedom gives:

𝑧 ⋅ 𝜙𝜒2𝑘(𝛿)(𝑧) =
∞

෍
𝑚=0

𝑒−𝛿/2(𝛿/2)𝑚
𝑚! (𝑘 + 2𝑚)𝜙𝜒2𝑘+2𝑚+2

(𝑧)

= 𝑘
∞

෍
𝑚=0

𝑒−𝛿/2(𝛿/2)𝑚
𝑚! 𝜙𝜒2𝑘+2𝑚+2

(𝑧) + 2
∞

෍
𝑚=0

𝑚 ⋅ 𝑒
−𝛿/2(𝛿/2)𝑚

𝑚! 𝜙𝜒2𝑘+2𝑚+2
(𝑧)

We simplify the first term with the non-central Chi-square identity:

𝑘 ⋅
∞

෍
𝑚=0

𝑒−𝛿/2(𝛿/2)𝑚
𝑚! 𝜙𝜒2𝑘+2𝑚+2

(𝑧) = 𝑘𝜙𝜒2𝑘+2(𝛿)(𝑧)

The second term can be simplified as a Poisson mixture equivalent to non-central chi-square distribution with
𝑘 + 4 degrees of freedom:

2
∞

෍
𝑚=0

𝑚 ⋅ 𝑒
−𝛿/2(𝛿/2)𝑚

𝑚! 𝜙𝜒2𝑘+2𝑚+2
(𝑧) = 2

∞

෍
𝑚=0

𝑚 ⋅ 𝛿2 ⋅ 𝑒
−𝛿/2(𝛿/2)𝑚−1

𝑚 ⋅ (𝑚 − 1)! 𝜙𝜒2𝑘+2𝑚+2
(𝑧)

= 𝛿
∞

෍
𝑚=0

𝑒−𝛿/2(𝛿/2)𝑚−1

(𝑚 − 1)! 𝜙𝜒2𝑘+2𝑚+2
(𝑧)

= 𝛿𝜙𝜒2𝑘+4(𝛿)(𝑧)

Therefore, we can write the integral in Eq (1) as follows:

න
𝑓𝑚𝑖𝑛−𝑐

𝜆

0
𝑧𝜙𝜒2𝑘=1(𝛿)(𝑧)𝑑𝑧 = න

𝑓𝑚𝑖𝑛−𝑐
𝜆

0
𝑘𝜙𝜒2𝑘=3(𝛿)(𝑧)𝑑𝑧 + න

𝑓𝑚𝑖𝑛−𝑐
𝜆

0
𝛿𝜙𝜒2𝑘=5(𝛿)(𝑧)𝑑𝑧

= 𝑘Φ𝜒2𝑘=3(𝛿) ቆ
𝑓𝑚𝑖𝑛 − 𝑐

𝜆 ቇ + 𝛿Φ𝜒2𝑘=5(𝛿) ቆ
𝑓𝑚𝑖𝑛 − 𝑐

𝜆 ቇ

And finally, the EI function as:

𝐸𝐼(𝑓𝑚𝑖𝑛, 𝜆, 𝛿, 𝑐) = (𝑓𝑚𝑖𝑛 − 𝑐)Φ𝜒2𝑘=1(𝛿) ቆ
𝑓𝑚𝑖𝑛 − 𝑐

𝜆 ቇ + 𝜆 ቈ𝑘Φ𝜒2𝑘=3(𝛿) ቆ
𝑓𝑚𝑖𝑛 − 𝑐

𝜆 ቇ + 𝛿Φ𝜒2𝑘=5(𝛿) ቆ
𝑓𝑚𝑖𝑛 − 𝑐

𝜆 ቇ቉
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