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ABSTRACT

A flexible start-stop operating policy that involves full shut-down and start-up may be beneficial
for electrified plants under certain grid conditions, such as dispatchable demand response. This
paper introduces a multi-period Hamilton-Jacobi reachability framework to explore the space of
state trajectories for plant shut-down and start-up. Shut-down is defined in terms of operations
leading to a stand-by state with no material flows or energy inputs, and variables within safety
constraints. Candidate stand-by states are identified by constructing backwards reachability
tubes from the desired steady-state operating point. The candidate shut-down/stand-by state is
partitioned in fast and slow regions. Admissible control input trajectories are determined for the
fast region, from which the minimum time trajectory is selected as optimal for fast start-up. A
proof-of-concept simulation using a reaction/separation/recycle plant is presented.
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INTRODUCTION

Electrified processing and, in particular, electrified
process heating offer new opportunities for the precise
delivery of process energy, enabling faster, smaller,
safer, and more efficient processes [1]. Operational flex-
ibility is critically important for electrified processes. With
a growing share of electricity generation from renewable
sources, characterized by inherent temporal variability,
and rapidly increasing demand from large electricity us-
ers such as data centers, plants with large electricity
loads should have the capability to modulate power con-
sumption in response to grid conditions and (ideally) ben-
efit economically from doing so [1-2]. Modulation typi-
cally consists of temporary decreases or increases in
production rates when electricity prices are high or low,
respectively, as in price-driven demand response; flexi-
ble start-stop operation extends this idea, potentially al-
lowing plants to take further advantage of incentive-
driven demand side management such as interruptible
power [3].

The start-stop operation of a chemical plant is a
transient mode of operation that uses start-up and shut-
down procedures to temporarily interrupt and (eventu-
ally) restart continuous production [3, 4, 5, 6]. Shut-down
https://doi.org/10.69997/sct.125437
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involves transitioning the plant from the nominal operat-
ing state to a passive stand-by state without process
(material and energy) flows (and likely without control in-
put). Start-up consists of transitions from the stand-by
state back to the nominal state under safety and opera-
bility constraints by restarting process flow and control
[5, 6]. For continuous processes, such events are typi-
cally rare and restricted to maintenance or emergency
situations. The loss of production over the start-stop pe-
riod, high energy requirements to restart process units
(e.g., staged units such as distillation columns) and long
start-up durations are costly. Nevertheless, fast start-
stop operations (where the cycle occurs over a time in-
terval that is relevant to daily fluctuations in electricity
prices) could have substantial benefits [1, 2].

Motivated by the above, the contribution of this
work is to develop an analysis framework for start-stop
operations based on Hamilton-Jacobi reachability. We
are specifically interested in  describing the
“stopped/stand-by” state that meets the above condi-
tions and results in the fastest startup and restoration of
the nominal operating state. A case study on the start-up
of a simple reactor/separation/recycle process illustrates
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Figure 1. Schematic of the state trajectories for the (a) flow rate, (b) temperature, (c) composition for component
jover a full shut-down and start-up cycle. The white region signifies the shut-down and stand-by period, the dark
gray region the feed ramp-up start-up period, and the light gray region the composition control start-up period.
The temperature is restored to its nominal operating state quickly followed by the flow rate, while the composition

the framework.

PLANT START-STOP OPERATIONS

Plant start-stop operations define a full shut-down
to start-up cycle where the plant temporarily stops ma-
terial and energy flow. To guide the discussion, the state
trajectories of the flow, temperature, and composition
variables are shown in Figure 1 for the full cycle. We de-
fine the following cycle periods:

Shut-down: starting from nominal steady-state op-
erating conditions, the plant stops production by closing
feed and product streams. The closed plant gradually
shuts interconnections between individual units (or sub-
systems).

Stand-by: individual units operate as autonomous
closed systems without control action. The state deriva-
tives are near zero and the holdup is at a near constant
value. Control inputs are disabled and units are not inter-
connected. Material holdup is redistributed due to pres-
sure and/or temperature gradients, resulting in changes
in internal flow traffic such as draining in staged systems,
pressure losses, or backmixing due to condensation. En-
ergy is lost in the form of passive cooling from heat dis-
sipation. The longer the standby period, the farther each
sub-system drifts from the nominal steady-state operat-
ing point.

Unit-level Start-up: each unit starts up individually,
similar to a batch operation, as their control inputs are
reactivated. Their state progresses towards an interme-
diary (local) operating point that precedes plant-wide in-
terconnection. This period ends when the slowest unit
reaches its local operating point.

Plant-level Start-up: interconnections are re-
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established between local sub-systems to form the
global system. Feed and product streams are re-intro-
duced as well as feedback interconnections, such as re-
cycle loops. The plant returns to the nominal steady-
state driven by the manipulated variables, as dictated by
a control system and/or operator inputs. The full shut-
down-startup cycle is complete once the system returns
to its nominal steady-state. It is assumed that the steps
taken in the start-up and shut-down procedures are
known (i.e., we are not attempting to devise new proce-
dures).

CONCEPT: REACHABILITY FRAMEWORK

Efficient and timely start-stop operations depend on
finding a (set of) plant state(s) that meet the description
of the stand-by state, and for which feasible trajectories
exist to and from the nominal operating state.

Hamilton-Jacobi (HJ) reachability analysis [8, 9, 10]
is a powerful global method to explore all possible paths
between two operating points, that satisfy system con-
straints. It comprises of formulating a forward or back-
ward problem that derives feasible state trajectories over
a finite time horizon, subject to an admissible control in-
put trajectory. The forward problem maps all reachable
final states from an initial state. The backward problem
starts from the target set and maps the set of all initial
states that reach the target, which is termed as the at-
traction basin. For start-stop operations, we formulate
the backward reachability problem as the target operat-
ing state (i.e., the nominal state), which is known a priori.

On a related note, HJ backward reachability is
closely related to minimum-time optimal control. There
may exist an initial state and some admissible control
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Figure 2. Plant abstract operating space Q cross-sections for (a) the attraction basin Q, with fast region Qg‘”’ at
initial time to, (b) the reachable set Q, with fast region Qf‘”‘ at some intermediate time t, and (c) the capture basin
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trajectory that reaches the target set the fastest. For
plant-wide start-up, we aim to identify this path.

MATHEMATICAL FORMULATION

Plant Network Dynamics

Consider a plant with i =1,...,N,,;s process units,
where each unit has state variables x € R™ in the vector
x and control inputs u € R? in the vector u given by:

X(f) = f(xu, 1) M

over the finite time horizon t:[t,,t;], where t, and ¢,
represent the initial and final times, respectively. x and u
have operability constraints x,,;,, < x < X4 and u,,;, <
u(t) < uy,qy, Which are valid for all time [11, 12]. The maxi-
mum allowable time horizon t satisfies 7> t; —t,. The
state trajectory ¢ is defined as:

x(t) = ¢(t, Lo, x5 u(t))
while u has an admissible control trajectory ¢*:
u(t) = ¢*(t, to, uo; x(1))
The plant network is a collection of process units
with a set of state variables Q=[X1,Xz,-~-,XNum,s]T€

and set of control inputs Q"=
T = RNunitsXp:

(2)

(3)

RNunilsxm

units ]

Q) =TQA+rH QLMD +UQB)QM(H) (4)

where A € R™ ™ is a state matrix, y(t) € RNunits*Nunirs
is a graph Laplacian matrix defining the connectivity of
the network topology, ¢(t) € R™™ is a coupling matrix
between the state variables of connected process units,
B is a control input matrix, and I is the identity matrix, all
of appropriate dimensions.

Equivalently, the plant state trajectory @ € RNunitsXm
is defined as:
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Q1) = ®(t, 1, Q(to); Q") (5)

where Q(t,) is the set of initial states for all state varia-
bles. Q" has an admissible plant control trajectory ®":

QH(1) = D(t, to, Q2"(to); (1)) (6)

Backward Reachability

Q* is a target steady-state operating region that
consists of a subset of target state variables x* subject
to production and quality constraints xj,;, < x* < X €
R™ (Figure 2c). The capture basin Q; is the region of state
space enclosing x* such that x* € Q. It is implied that Q}
is a terminal condition that is reached at t = t; such that
Qi c Q(ty). It is also assumed that x* exists on a stable
equilibrium manifold.

A state Q(t,) is backward reachable from Q;} if there
exists an admissible control trajectory ®" such that the
state trajectory @ reaches Q} within the finite time hori-
zon satisfying t > t; — t,. The attraction basin Q,(t,, Q(t,))
(Figure 2a) consists of the set of initial states that are
backward reachable.

Q, can be extended to become a backward reacha-
bility tube B (Figure 3), which is defined as the collection
of Q, for some intermediate time on the interval [t, t/]

that reaches x*:

B = Uiefty) Rt Q) % {1} (7)

For each Q, € B, the mapping from Q, to Q con-
tains a set of admissible state and control trajectories
that span a range of reachable states Q,(t, t,, B) (Figure
2b) within the operable state space. The reachable
space Q, over t is therefore:

Qr(Q(tO)) = Ute[to,tf] B(ta tO) (8)
which implies Q, C Q.
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Figure 3. The backward reachability tube B for (a) B, feed ramp-up start-up period (indexed by 1 and colored in
gray solid lines) and (b) B, composition control start-up period (indexed by 2 and black solid lines). The attraction
and capture basins for each period are visible at an intermediary operating point, where the intersection between
(Qg), and (Q7), (Equation 12), as shown in (c), forms a reachable multi-period tube (traced by the gray tube in solid

x
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Minimum Time Optimal Control

The backward reachability tube (BRT) is computed
using Hamilton-Jacobi reachability theory. The first step
is to define an implicit level set function ¥ to define the
proximity of the current state x(¢) from x* for all x* € Q*:

Y= |x — xjnin+X*max _ xjnin_X;;Lax (9)

2

Equation 9 suggests that if ¥ < 0, then x is within Q.
This implies that ¥ encodes B; it is also equivalent to the
value function Vin the constrained Hamilton-Jacobi-Bell-
man partial differential equation (HJB-PDE, Equation 10a)
with terminal condition (Equation 10b), which computes
the manipulated input trajectory that reaches the target
set the fastest:

%(t,x) +min (VV(x(t), ) - f(x,u,1)) = -1 (10a)

V() ) = Wity) (10b)

The optimal admissible control trajectory for each
possible initial state x(¢,) can be derived from Equation 10
for minimum time:

u*(t,x) = argmin(VV(x(0), ) - f(x,u,t)) (1)

which is measured by the reachability time ¢* for each
initial state given u*, where 7* < 7 and is defined as the
time interval for a trajectory to reach Q¥ from some initial
state. The u* for each process unit constitutes the set Q*.

After V is computed, the BRT may be partitioned be-
tween fast and slow regions based on the reachability
time 7*. The smallest t* corresponds to the fastest start-
up time. As such, the initial state Q(¢,) lying within the fast

region of Q,, denoted by Q/*', and its corresponding

a
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minimum-time control trajectory Q" with the fastest state
trajectory Q is equivalent to the minimum-time optimal
control solution.

Multi-Period Reachability

The above approach for one time period can be ex-
tended to multiple time periods. Discrete behavior for
start-stop operations, such as alterations to the process
topology (e.g. turning on specific units or enabling/disa-
bling streams), can be split into k= 1,..., Np,q Periods.
The connection between periods are intermediary oper-
ating points that intersect the attraction basin of the ki
period (Q3), and capture basin of the k-1 period (Q;), _,,
as visualized in Figure 3c.

Remark: the operating spaces in Figure 2 show one
step in the backward reachability for each time period 7,
as reflected in Figure 3.

(Qc)y_, N (Qa), (12)

Thus, a reachable multi-period tube assumes that
the intersection in Equation 12 is non-empty, otherwise
the multi-period tube does not exist.

Start-up Reachability

Plant start-up reachability is represented by the
possible backward paths from the nominal state to the
stand-by state. The following framework is proposed to
map reachable and optimal trajectories:

(1) Identify the region of possible stand-by states.

(2) From the nominal steady state, identify each step in
the operating sequence and their intermediary op-
erating points based on where discrete behavior
arises (Figure 3b). Examples are feed ramp-up or
turning on control valves.
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(3) Validate the connectivity between time periods
based on Equation 12 (Figure 3c) to fully trace the B
from the desired/target state. Work backwards until
reaching the initial start-up state, which corre-
sponds to the final stand-by state. The state deriv-
atives are near zero and the holdup is at a constant
value. Control inputs are disabled and units are not
interconnected.

(4) Determine where the region of possible stand-by
states in Step (1) intersect with (Q,)1, as depicted in
in Figure 3a. This is the region in the state space that
is the most favorable stand-by region for fast
start/stop operation where there exists fast and
slow regions.

(5) Identify the fast and slow regions based on the total
time to reach steady-state from the grid of all feasi-
ble initial conditions (Figure 2a) for each time period.
The full start-up time is given by the sum of 7, for
each period.

CASE STUDY

Consider a prototype reactor-recycle-separation
system with purge (shown in Figure 4), similar to systems
found in [13, 14]. Assume the following: the holdup is con-
stant for all units (and, therefore, the collective plant
holdup), the temperature is constant, and the energy bal-
ance is neglected. The authors recognize that this may
not be fully representative of electrified processes,
where it is likely that the largest use of electricity will be
in the form of process heat. Nevertheless, the features
highlighted here are broadly applicable.

The process has two components: A and B, where B
is the desired product. The composition variables are
subject to constitutive relations:

1=xA1+xB1 (13)
1=xA2+xB2 (14)

x4, and x4, are differential variables of component
balances:

ﬂ— L FoXAo
d xAl] _ N BN [xm ]
drLXa2 LY __z OlAFz xAZ
N
15)

The overall plant material balance is between the
feed F,, product F,, and purge P streams

Fy=F,+P (16)
P = AF, (17)

where P is determined by the split ratio 1 between the
vapor stream F; and the recycle stream R

Mercer et al. /| LAPSE:2026.0431
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R=(1-AF, (18)

F, is pure A (x4, = 1) and mixes with R (whose com-
position is x45 and xg;). The combined stream F, + R en-
ters a liquid phase reactor (indexed as Unit 1) where A
converts to B in an irreversible forward reaction A — B.

R P

/J\ F3,X43, Xp3

Fo, Xa0

T

. i Fp, %42, Xp2

Fi, %41, Xp1
Figure 4. Chemical plant with a reactor, a flash drum, a
recycle stream, and a purge stream.

S(N)=0=F,+R-F, (19)

The reactor outlet stream F, has composition x4,
and xg,;, and feeds into a single stage separator (indexed
as Unit 2) that splits F; into a liquid product stream F,,
which concentrates the desired product B, and a vapor
stream F; that concentrates the unreacted A.

%(N2)=O=F1—F2—F3 (20)

The flash calculation in the separator is computed
using a linearized Rachford-Rice equation, where a, and
ag represent the relative volatility of components A and
B while 8 represents a phase transfer coefficient.

XA2 + XB2 (21)

T -aap ) -FF T (-apfl) T -FaFp!

B =aaxa, +agxp, (22a)

Xp3 =4 (22b)
B

xB3 = % (220)

The plant start-up comprises of manipulating the
split ratio 1 to control the purity of the separator product
stream during the feed ramp-up and composition control
periods. The goal is to identify the stand-by region that
allows startup, as well as the subregion for the fastest
startup. The model parameters are available in Table 1.
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Table 1: Model parameters.

Symbol Parameter Value

oy Relative volatility of A 10.5

ag Relative volatility of B 3

Fjom Nominal feed flow rate 25 kmol/hr
N Reactor holdup 50 kmol
N, Drum holdup 45 kmol

k, First-order rate constant 10 s

Xa1 A mole fraction (reactor) 0.5

X4, B mole fraction (drum) 0.8

ty Time horizon 6 hr

Numerical Implementation

A dynamic programming approach is adopted to ef-
ficiently solve the finite horizon HJB equation. The state
and time variables of Equation 10 are discretized where
Xq1 IN Mm=0,..,N,, grid points and x4, in n=0,...,Ny,
grid points. The new discrete variables are xf}; and x},.
The control variable A is discretized in Il =0,...,N, grid
points, to form the discrete control set A'. Piecewise-con-
stant controls are used, updated on an interval of At,.

The value function is defined as follows:

0,x € QF

o0, X & QF (23)

V(i) = |

There are two distinct time discretization schemes.
An explicit backward Euler integration scheme for At
steps is applied to discretize the process dynamics:

dxa _ X' =xhy (24)
dt At

dxa2 _ x5 ~Xhy (25)
dt At

and a semi-Lagrangian backward propagation scheme of
the HJB equation for At, steps over the control trajectory
[15].

Vit = n}iln[AtC + V5] (26)

The full A space is recursively searched for a time-opti-
mal control A%, :

At = argmin[At, + V<] (27)
Al

The numerical settings are specified in Table 2. All com-
putations were performed using Python 3.13.5 and
NumPy 2.1.3. The runtime was 6 minutes.

Table 2: Numerical settings.

Symbol Parameter Value
Ny, Xa1 grid resolution 120
Ny, Xa2 grid resolution 120
At Euler time step size 0.05
At, Control time step size 0.2
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Results

The purity set-point is 0.95 mol% for xz,. Figure 5
shows the shape of the BRT (as anticipated in Figure 3a
and 3b) and the intersection of the tubes for each period,
tracing a full feasible BRT for start-up. Figure 6 com-
presses the BRT onto a 2D grid for each period.

In Figures 6a-i and 6a-ii, the attraction basin ex-
pands as the time horizon increases, implying that more
initial states are reachable for longer times. Considering
that the holdup is constant, the feedback from the recy-
cle stream shows how the initial holdup composition in
the reactor and separator affects the start-up length. The
boundary of the attraction basin expands to more initial
X4, States at higher initial x4, for a given time. While this
is intuitive, we find the converse perspective more useful:
the state space region that allows for fast start-up be-
comes narrower as the desired start-up time gets
shorter.

G55 .
A 0.8
.
o .
0.4

0.2

0.0

1 0.4 +

a 2
ackﬂ"&rors , 0.2
Time

Ih)

w

0.0

6

Figure 5. Backwards reachability tube for the start-up of
the reactor-recycle-separation system. The red dot
denotes the target set x*.

Figures 6b-i and 6b-ii illustrate the optimal time-
averaged split ratio for each initial state. Higher x, initial
reactor concentrations, which are far from the nominal
state, taper towards 1 = 0 and favor recycle-only opera-
tion. Purge-only operation 1 =1 is favored when x,, is
near the target operating state. Alternative split ratios are
favored over the interval x4; =[0.2,0.5].

Remark: In Figures 5 and 6, the discretization
scheme is a coarse-grained approximation of the
attraction basin and set of recycle ratios, which is why
the profiles have streaks along the basin boundary. A
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finer approximation with more grid points would generate
require

a smoother profile but would

computational time.

longer

@
(O]
o4 as§

i .i

Figure 6. Set of (a) attraction basins and (b) optimal split
ratios for (i) feed ramp-up period and (ii) composition
control period.

1 b O

0.8 4 MM

A, Split Ratio
o
(=23
L

o
=
L

0.2 4

0o 1 UL L U o uuuuduuTIt

T
0.0 0.5 1.0 1.5 2.0 2.5
Time [hr]

Figure 7. Optimal control trajectory of the split ratio
during the composition control period.

From the results in Figures 5 and 6, let us consider
an initial state of [x4, o = 0.9,x4, = 0.9] whose total start-
up time is 2.6 hr. An optimal control trajectory for the split
ratio is presented in Figure 7, where there is initially large
variation until the system reaches the nominal steady
state. The optimal trajectory is reflected in the black-col-
ored trajectory on the phase portrait shown in Figure 8.
Notably, state trajectories from all initial conditions con-
verge to the same path to the capture basin. The pro-
posed framework provides a full view of the feasible op-
erating space under operability and finite time con-
straints. It is shown how the feasible state and control
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trajectories are systematically determined by a global ex-
ploration of the control space. Provided the shape of the
BRT and its associated attraction basins, the initial state
(which is, in fact, the stand-by state of the plant) has a
substantial impact on the start-up speed. The ability to
confine the process unit state to the fast region of an at-
traction basin during shut-down and stand-by has a
great effect on start-up, suggesting that an interruptible
operation is governed as much by its available control in-
puts as the ability to maintain the system state near the
target conditions.

3.0

1.0 4

0.8 4 e

0.6 B

Xa2
S
w
Time to reach target

0.4 e

0.2

Representative optimal trajectory

0.0 7| = = Target set

T T T T T T 0.0

0.0 0.2 0.4 0.6 0.8 1.0
Figure 8. Phase portrait of control trajectories during
composition control period. The black trajectory is an
optimal path given the initial state (xa1 = 0.9, xa2 = 0.9)

from stand-by.

CONCLUSIONS AND FUTURE WORK

In this paper, a conceptual framework for analyzing
start-stop operations was developed based on Hamilton-
Jacobi reachability. Attraction basins were found by de-
riving backward reachability tubes from a target set, from
which the fast region of the attraction basin was identi-
fied. Within this region, the optimal admissible control
trajectory corresponding to the fastest state evolution is
found. A plant start-up case study for reactor/separa-
tion/recycle focusing solely on composition dynamics
was demonstrated as a proof-of-concept. The next step
is to validate the proposed framework on an industrial
system with higher dimensionality.
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