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ABSTRACT

Mathematical models in process systems engineering (PSE) are widely used to support decision-
making in design and operation, but they are mostly limited to deterministic models. For biochem-
ical systems, the biological variability can give rise to stochastic dynamics. This work addresses
the question of when to act in such processes, as the stochastic dynamics affect the timing of
important events. We consider the case of batch production of malic acid using Ustilago tri-
chophora. The goalis to predict when the substrate concentration falls below a predefined thresh-
old. We extend an existing deterministic model of the process to a stochastic differential equation
(SDE) formulation by introducing a Monod-like noise term. Simulations of the SDE model reveal a
distribution of substrate depletion times and a deviation between the mean of the stochastic tra-
jectory and the deterministic solution due to nonlinear effects. To determine optimal intervention
times under uncertainty, we formulate a finite-horizon optimal stopping problem and solve it using
the Longstaff-Schwartz algorithm, also known as the Least-Squares Monte Carlo (LSMC). The
resulting distribution of optimal stopping times from the LSMC algorithm is shown to closely match
the actual first threshold hitting times obtained from a posteriori analysis of the stochastic simu-
lations, as confirmed by a two-sample Kolmogorov-Smirnov test. The results demonstrate that
optimal stopping provides a framework for decision-making in stochastic biochemical processes,
enabling risk-aware operational strategies beyond deterministic optimisation.

Keywords: Stochastic differential equations (SDEs), optimal stopping, decision-making under uncertainty

INTRODUCTION

Biochemical processes play an increasingly im-
portant role in the transition toward more sustainable
chemical production. By exploiting the metabolic activity
of microorganisms, bioprocesses enable the conversion
of renewable feedstocks into fuels and platform chemi-
cals that are essential for downstream manufacturing [1].
As these processes move from laboratory to industrial
scale, the need for reliable modeling and decision-sup-
port tools becomes increasingly critical.

In process systems engineering, mathematical mod-
els are routinely used to support design, optimization,
and operational decision-making [2]. For biochemical
systems, such models are traditionally formulated as
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ordinary differential equations (ODEs). While such deter-
ministic models are valuable for capturing average sys-
tem behavior, biological processes are inherently varia-
ble due to intracellular heterogeneity, environmental fluc-
tuations, and nonlinear reaction kinetics [3]. As a result,
deterministic predictions may fail to adequately repre-
sent the range of possible process trajectories, particu-
larly when decisions depend on threshold-based events
such as substrate depletion or intervention timing.
Although uncertainty is often addressed in process
control frameworks, stochastic effects are rarely incor-
porated explicitly into optimization and planning prob-
lems for biochemical batch processes [2]. Existing stud-
ies on biological noise primarily focus on stochastic sim-
ulation and analysis [3], while the implications of
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stochastic dynamics for decision-making and optimiza-
tion remain underexplored. In particular, there is a lack of
systematic approaches for determining intervention
times in stochastic bioprocesses that account for the full
distribution of possible system trajectories rather than a
single deterministic prediction.

Stochastic decision-making problems have been
extensively studied in financial mathematics, where un-
certainty is intrinsic to system dynamics [4, 5]. Here, op-
timal stopping theory provides a framework for determin-
ing when to take an action in a stochastic environment,
e.g., to maximize an expected reward. The Longstaff-
Schwartz algorithm, also known as Least-Squares Monte
Carlo (LSMC), enables the solution of optimal stopping
problems using simulated trajectories and regression-
based approximation of conditional expectations [6].

In this work, we formulate a stochastic model of a
biochemical batch reactor using stochastic differential
equations (SDEs) and embed this model within an optimal
stopping framework. The stochastic formulation explicitly
captures process variability through state-dependent
noise, while the optimal stopping problem is defined in
terms of substrate depletion. The Longstaff-Schwartz al-
gorithm is then applied to learn an optimal intervention
time directly from simulated stochastic trajectories.

In this work, we formulate a stochastic model of a
batch bioreactor to produce malic acid via Ustilago tri-
chophora [7]. We extend an existing ODE model to an
SDE formulation to represent the stochastic process.
Based on the stochastic model, we analyse an optimal
stopping problem using the Longstaff-Schwartz algo-
rithm. The results from the algorithm show that the sto-
chastic system exhibits behaviours that lead to different
intervention strategies compared to the deterministic
system. The findings of this work highlight the im-
portance of stochastic modelling for decision-making
problems.

STOCHASTIC PROCESS MODEL

This work considers the batch production of the
platform chemical malic acid using U. trichophora as bio-
mass. For this process, the substrates sucrose, fructose,
glucose, and ammonium (NHJ), as the source of nitrogen,
are supplied. During the initial growth phase, sucrose is
enzymatically hydrolysed to the monosaccharides glu-
cose and fructose and utilised mainly for biomass for-
mation. As nitrogen becomes depleted, the culture shifts
from growth to production. Under these conditions, malic
acid is formed as the predominant product. The deter-
ministic ODE model is taken from Maschmeier [7].
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For the definition of the variables in the determinis-
tic model, see Table 1.

Table 1: State variables in the model.

Symbol Description

X, Active biomass concentration

X; Inactive biomass concentration

Suc Sucrose concentration

FruGlu Sum of Fructose and Glucose concen-
trations

N Nitrogen concentration

P Malic acid concentration

We extend the deterministic model to describe the sto-
chastic dynamics by adding a differential noise term to
the ODE, turning the model equation into an SDE. In gen-
eral, SDEs have the form

dX; = u(X,)dt + o(X,)dB;, (6)

where u(X,) is the drift term, o(X,) the diffusion term, and
B, the Brownian motion (standard Wiener process) [8].
The deterministic model Eq. 1 serves as the drift term. In
the following, we will define the noise term.

In biochemical processes, biomass activities are de-
pendent on the availability of substrates. Therefore, the
random fluctuations are modelled to follow the same
phenomenon. The biomass activities exhibit minimal fluc-
tuations when the substrate is depleted and reach a sat-
uration point when the substrate is abundant. To capture
the substrate dependence, this work proposes modelling
the noise term o; in component i using a Monod-like
equation. The Monod model is chosen because it relates
microbial activities to substrate availability [9]. We note
that Eq. 7 does not itself constitute the stochastic noise
term. Rather, it defines the substrate-dependent
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Figure 1. Sample stochastic scenario (dashed), deterministic profile (dash-dot), and SDE summary of several
simulated scenarios (Set 1) consisting of the averaged concentration profile (solid line) and the 5th to 95th
percentile of the scenario distribution (shaded region). From top to bottom, left to right: active biomass, inactive
biomass, nitrogen, sucrose, fructose and glucose, malic acid.
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diffusion coefficient ¢;, which modulates the stochastic
fluctuations in a physically meaningful way. The noise it-
self enters the SDE through the Wiener increment dB,.

(7)

N

g, =0; [
i i,max Ko +S

Here, 0; mqy is the maximum noise intensity and K, is the
associated half-saturation constant. The variable S rep-
resents the substrate, which can be taken up by either
Suc, FruGlu, or N, depending on which equation the noise
term is in. The full noise equation is given in Eq. 8. Each
row represents the diffusion coefficient of the corre-
sponding state variable. Thus, together with Equation (1),
the mole balance of each species is given as a stochastic
differential equation in vector form, with the drift term
given by Equation (1) and the diffusion term by Equation
(8). The half-saturation constant in the noise term K, is
set to the value of the reaction kinetics.

This work aims to discuss the optimal stopping al-
gorithm, and no measurements of the variance parame-
ters are available. Instead, the parameter values in the
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noise terms are selected arbitrarily to be o4 =

0.05 1/+/h for all components. The validation of this pro-
posed noise model and its parameters based on experi-
mental data falls outside the scope of this work and,
therefore, can be conducted as a separate study, where
other noise models can also be considered.

r o FruGlu 7
Xq,max Kpg+FruGlu
FruGlu

Kpg+FruGlu

Suc

UXi,max

a —
Suc,max Kg+Suc

FruGlu
Kpg+FruGlu
N
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a(X,) = Xa (8)
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In this work, we simulated two sets of stochastic
sample paths, which will be referred to as Sets 1and 2 in
the following. Each set contains five thousand scenarios.
Figure 1 shows a sample stochastic scenario from Set 1
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and the summary of Set 1 obtained via the Euler-
Maruyama scheme. The Euler-Maruyama method is the
stochastic extension of Euler's method to numerically
solve SDEs [8]. The ensemble summary consists of an
averaged profile and the 95% confidence interval at
every time point. The initial values are provided in Table
2, and the model parameters in Table 3.

Table 2: Initial values

Variable Concentration
(g/L)

X, 1.85

X; 0

Suc 61.96

FruGlu 12.3

N 0.762

P 0

Figure 1 shows that the average concentration pro-
file of the SDE does not align with the deterministic ODE
model (shown in dashed lines) and that the concentra-
tions from the stochastic SDE model are distributed over
a range of values. This observation suggests that differ-
ent results may be obtained when the models are applied
to further analysis, such as optimisation or process con-
trol. The difference between the stochastic scenarios
and the deterministic model can be attributed to the in-
terplay between the model's nonlinearities and the noise.
This interplay can be described using Jensen's inequality,
which states that the mean of a nonlinear function of a
random variable is not equal to the function of the ex-
pected value itself [8, 10].

OPTIMAL STOPPING

Optimal stopping is a problem commonly encoun-
tered in derivatives finance, specifically in the context of
American Options. An optimal stopping problem poses
the question: “When should one exercise an American
Option to maximise the payoff?” For more background in-
formation on derivatives finance, the reader is referred to
[4, 5].

Least-Squares Monte Carlo

LSMC was originally developed for the valuation of
American Options [6]. However, the algorithm itself only
requires simulated trajectories and a reward function.
Thus, the algorithm is model-agnostic, and the method is
applicable to problems outside of finance if the underly-
ing model is a stochastic process. This work investigates
the application of LSMC to solve an optimal stopping
problem, where the underlying stochastic process is the
stochastic reactor model.

Consider the SDE given in Eq. 6. The objective of an
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optimal stopping problem is to determine a time 7 that
maximises the expected value of a certain reward func-
tion G,;. The reward function encodes the performance
criterion associated with stopping the process at time t.

Vvt = sup E[G] (9)
7€(0,T]
Table 3: Model parameters
Sym- Description Value Unit
bol
Mamax  Max. growth rate of active 0.125 1/h
biomass
Mimax  Max. growth rate of inactive  0.125 1/h
biomass
Qspii,max ~ MaXx. split rate 1.985 1/h
dp.max ~ Max. product formation rate  0.095 1/h
Ky Half-saturation constant of 0.00321 g/L
sucrose
Krg Half-saturation constant of 0.147 g/L
active biomass
Krg,  Half-saturation constant of 3.277 g/L
inactive biomass
Ky Half-saturation constant of 3.8E-5 g/L
ammonia
Kprg ~ Half-saturation constant of 0.0175 g/L
product
Kin Nitrogen inhibition constant ~ 0.0147  g/L
Kip Product inhibition constant 0.147 g/L
Wy Internal nitrogen mass frac-  0.08 -
tion
Xace Acceleration factor 0.3 -
dx Max. ratio of inactive to ac- 1.56 -
tive biomass
Yxs.a Yield factor FruGlu to active  0.531 -
biomass
Yxs.i Yield factor FruGlu to inac- 0.799 -
tive biomass
Ypg Yield factor FruGlu to prod- 0.508 -
uct
Yxn Yield factor ammonia to bio- 9.428 -
mass

Syst Control Trans 5:1513-1519 (2026)

This formulation constitutes a finite-horizon optimal
stopping problem, i.e., the process must be stopped be-
fore or at time T. Furthermore, the stopping decision
must be adapted to the filtration generated by the sto-
chastic process {#,}. In other words, the stopping deci-
sion must be made based on the observed process up to
time ¢. The first step of the algorithm is to approximate
the continuous time horizon on a discrete time grid
{tn}ffzo. Here, G, is the reward from stopping at time ¢,.
The algorithm proceeds with backward induction to de-
termine the optimal stopping time. The backward induc-
tion corresponds to the dynamic programming recursion,
1516



Eq. 10, with the terminal condition Sy = Gy.
S, = maX{Gn! [E[Sn+1|:};l]} (10)

At each time step t,, the decision is obtained by
comparing the immediate reward G, with the continua-
tion value, which is defined as the conditional expecta-
tion of the future rewards given the current information
E[S,.+11%.]. The optimal stopping time is thus the earliest
time at which stopping is preferable to continuation, i.e.,
Gn > E[Sn+1|$1]'

The main component of the LSMC algorithm is to
approximate the continuation value, which is essential in
the backward induction step. Longstaff and Schwartz
proposed approximating the continuation value via simu-
lation and regression [6]. First, a number of sample paths
of the stochastic process are generated via Monte Carlo
simulation. At each time step, the continuation value is
approximated by a regression of realised future rewards
onto a set of basis functions ¢;:

E[ Gup | T 1 % T B $i(X,) (1)

Here, the regression coefficients §; are obtained via
least-squares minimisation over simulated paths where
stopping is admissible. The original method uses the first
three weighted Laguerre polynomials. However, nhumeri-
cal tests indicate that the choice of basis polynomials,
e.g., unweighted Laguerre, Hermite, Legendre, or Cheby-
shev, is trivial [6].

Optimal Stopping of Stochastic Batch Reactor

We now formulate a finite-horizon optimal stopping
problem based on the stochastic batch reactor model.
The objective is to determine the intervention time at
which the substrate concentration approaches a prede-
fined depletion threshold ¢. We define the reward func-
tion to be

G, = —(FruGlu(t) — €)?, (12)

which is maximised when FruGlu(t) = ¢. The depletion
threshold is defined as 5% of the initial concentration of
sucrose, fructose, and glucose ¢=0.05- (FruGlu(tO) +
Suc(ty)). The optimal stopping problem is given by Eq. 9,
and the continuation value approximation is

E[ Gur | %1 ~ 3 B $i(FruGlu(t,,)). (13)

In this work, we use the first four unweighted Laguerre
polynomials as basis functions:

bu(x) = L (xme*) for n € {0,1,2, 3. (14)

nldxn

RESULTS AND DISCUSSION

The Longstaff-Schwartz algorithm is applied to the
formulated optimal stopping problem to obtain a
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distribution of optimal intervention time. Figure 2 shows
the distribution of stopping times obtained from the
LSMC algorithm along with a kernel density estimate
(KDE) of the distribution. The resulting distribution is uni-
modal with a mean of 32.91 h and a mode at 33.46 h,
which is significantly earlier than the time the determin-
istic model reaches the depletion threshold, which is at
35.68 h.

To assess whether the LSMC algorithm correctly
identifies the relevant stopping point, the distribution of
the optimal stopping times is compared to the distribu-
tion of the first hitting times. We define the first hitting
time as the time when the stochastic path first crosses
the depletion threshold, which is obtained from a poste-
riori analysis of the generated stochastic sample paths.
The distribution of the first hitting times is shown in Fig-
ure 3. We found the average first hitting time to be 32.91
h and the mode of the distribution is 33.47 h, which
matches the statistics of the optimal stopping times.
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Figure 2. Distribution of the optimal stopping times from
LSMC and the corresponding KDE.

The similarity between the two distributions is fur-
ther quantified using a two-sample Kolmogorov-Smirnov
test. The test fails to reject the null hypothesis that the
two samples are drawn from the same distribution, with
a negligible maximum deviation between the empirical
cumulative distribution functions obtained from the time
distributions, which is shown in Figure 4. This statistical
agreement supports the conclusion that the LSMC algo-
rithm yields consistent results.

To assess the robustness of the LSMC method, the
analysis was repeated on Simulation Set 2. Set 2 differs
in that the generated scenarios now exhibit increased
variability and multimodality. However, the average opti-
mal stopping time of 32.96 h differs only slightly from the
average time found in the first simulation set (Set 1). This
similarity is shown in Figure 5. The Kolmogorov-Smirnov
test again indicates statistical similarity between the dis-
tributions of the optimal stopping times and the actual
first hitting times for Set 2. This finding suggests that the

1517



LSMC algorithm can reliably identify stopping times
across different stochastic realisations, considering the
nonlinearities of the stochastic process.
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Figure 3. Distribution of the first hitting times (actual
times when the substrate reaches the threshold) and the
corresponding KDE.
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Figure 4. Cumulative distribution function (CDF) of the
first hitting times and the optimal stopping times
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Figure 5. Optimal stopping time distributions from
Simulation Sets 1 (red) and 2 (blue).
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CONCLUSION

This work demonstrates that stochastic optimal
stopping provides a viable and interpretable framework
for intervention timing in biochemical batch processes,
e.g., by adding new substrate or stopping the production
process. By extending a deterministic bioprocess model
to a stochastic formulation and coupling it with a regres-
sion-based optimal stopping algorithm, the study shows
that uncertainty-aware decision-making can lead to sys-
tematically earlier interventions than deterministic pre-
dictions.

The results demonstrate that stochastic dynamics
have a measurable impact on the timing of interventions
in biochemical batch processes. Across both simulation
sets, the obtained optimal stopping times consistently
precede the time the deterministic model reaches the de-
pletion threshold. This shift reflects the influence of sto-
chastic fluctuations on process trajectories and high-
lights the limitations of deterministic models in decision-
making problems under uncertainty.

We have also shown through the close agreement
between the optimal stopping time distribution and the
distribution of the first-hitting times that the LSMC algo-
rithm accurately captures the stochastic dynamics of the
system with little sensitivity across different sets of sto-
chastic realisations. This finding provides empirical vali-
dation of the optimal stopping formulation and highlights
the broader applicability of methods originating in finan-
cial mathematics to process systems engineering prob-
lems involving stochastic dynamics. The effectiveness of
the optimal stopping framework depends critically on the
fidelity of the underlying stochastic model. Future work
should therefore prioritise validation and refinement of
stochastic models using experimental data, including the
exploration of species-specific or correlated stochastic
perturbations.

A notable downside of the SDE model in this work is
that it allows for physically unrealistic behaviour, e.g., the
small increase in nitrogen concentration observed in Fig-
ure 1. Future work will focus on modelling with alternative
stochastic models with an emphasis on physical con-
straints, specifically mass and energy balances as well as
nonequilibrium reactions. Further extensions may include
the application of the proposed framework to fed-batch
or continuous systems, where real-time measurements
enable dynamic intervention strategies. Integrating sto-
chastic optimal stopping with techno-economic analyses
also represents a promising direction, allowing interven-
tion decisions to be evaluated directly in terms of opera-
tional cost or economic performance. Together, these
developments would move stochastic optimal stopping
from a methodological concept toward a practical deci-
sion-support tool for industrial bioprocess operations.
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