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ABSTRACT

Plastic injection molding is a widely used polymer-processing method. As the requirements for
processing accuracy have become increasingly stringent, defect analysis in plastic injection mold-
ing is necessary to improve the product yield. Causal discovery has recently gained attention for
defect analysis in many processes. Because injection molding is a spatial process involving the
distribution of physical quantities, spatial autocorrelation should be considered. Although the lin-
ear non-Gaussian acyclic model (LINGAM) is a well-known causal discovery method, it cannot
properly model spatial autocorrelation. In this study, a new causal discovery method for a spatially
autocorrelated dependent variable, referred to as the Causal Structure Search for the Spatial Au-
toregressive Model (CASSPAR), is proposed. It models the causal relationships among the ob-
served points without prior knowledge of the spatial structure. The proposed method represents
the causal relationships among the observed points as a causal graph and estimates the adjacency
matrix of the graph. The adjacency matrix is estimated using LINGAM, and the model parameters
are estimated using two-stage least squares (2SLS). The usefulness of the proposed CASSPAR
was demonstrated using simulation data of a plastic injection molding process to identify the root

cause of warpage.
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INTRODUCTION

Injection molding is a widely used polymer pro-
cessing method in which a molten resin is injected into a
mold and solidified to form a product. Warpage is a post-
molding product deformation that hinders the manufac-
ture of high-quality products. In Figure 1, warpage may
occur in completely opposite directions depending on the
process parameters, even for identical products, which
makes it difficult to analyze and control the causes of de-
fects. Warpage may be influenced by multiple factors, in-
cluding the temperature distribution, pressure distribu-
tion, product geometry, and materials [1]. Because these
mechanisms often vary across individual products, iden-
tifying the causes of warpage and modifying the process
operations are crucial for improving product quality.
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(a) Flat plate with a rib (b) Convex downward
warpage

100mm

(c) Convex upward
warpage

Figure 1: An example of warpage. A product of the same

shape exhibits warpage in opposite directions depending

on process parameters

Simulation studies have been successfully applied
to predict warpage and optimize the process operations.
Chen et al. investigated process variables affecting
warpage using a design of experiments (DOE) on
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simulation data [2]. In addition, the response surface
method (RSM) in multi-objective optimization for warp-
age suppression and cycle time has been reported [3].

Machine learning (ML) techniques have also been
applied to defect analysis. For instance, a warpage pre-
diction model was constructed using random forests [4],
and neural networks (NN) were trained on time-series
data of in-mold pressure [5].

However, ML models and ML model-based optimi-
zation often become black boxes. Although they may
achieve good performance in warpage prediction, their
lack of interpretability makes it challenging to identify the
root causes of warpage and develop fundamental coun-
termeasures.

Causal discovery has gained attention for analyzing
industrial process data [6, 7]. The linear non-Gaussian
acyclic model (LINGAM) is a well-known causal discovery
method that estimates the causal structure among varia-
bles as a graph [8]. A key feature of LINGAM is its statis-
tical identifiability; it can uniquely identify the causal
graph from observational data alone without prior
knowledge. Various LINGAM extensions have been pro-
posed, including time-series data [9]. However, existing
variants do not take spatial information into account.

Injection molding is considered a spatial process be-
cause physical quantities, such as temperature and pres-
sure, are distributed across the product and mold. For ex-
ample, spatial nonuniformity in temperature and stress
can induce warpage [10, 11].

Spatial autocorrelation needs to be considered in
spatial data, which means that observations at neighbor-
ing points are mutually dependent. This characteristic vi-
olates the independence assumption underlying many
statistical methods, such as linear regression [12]. LiN-
GAM estimates also become biased from spatial data be-
cause each variable is no longer independent due to spa-
tial autocorrelation. Therefore, a new causal discovery
method for addressing spatial autocorrelation is required.

To express the relationship among observed points,
a spatial weight matrix W € R¥N*N js used, where W can
be defined as the adjacency or distance matrix between
two points, and N is the number of points. The spatial au-
toregressive (SAR) model is a widely used regression
method that uses W to incorporate the dependent varia-
ble y at neighboring locations as a predictor.

In most spatial models, W has to be given in ad-
vance, which means that the spatial autocorrelation is al-
ready known; however, this assumption is unrealistic for
injection molding processes because it is difficult to ob-
serve such a relationship during molding. To estimate the
spatial weight matrix W without prior constraints be-
comes difficult when the number of elements in W ex-
ceeds the number of observed points N. Thus, the struc-
ture of W has to be constrained with some assumptions
[13]. However, it is unclear whether the injection molding
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process data satisfy these assumptions.

A key idea of this study is to interpret W as a repre-
sentation of causal relationships because the spatial dis-
tributions in the injection molding process always follow
the causal relationship by physicochemical mechanisms.
Thus, W is regarded as an adjacency matrix of a causal
graph. By applying LINGAM, W can be uniquely identified
and estimated directly from the data.

This study proposes a new causal discovery method
for the spatial autoregressive model, referred to as the
Causal Structure Search for the Spatial Autoregressive
Model (CASSPAR). The proposed CASSPAR reveals
causal relationships among locations without prior
knowledge of spatial structure. This capability enables
more precise defect analysis of warpage, leading to im-
proved product yield and reduced energy consumption
and costs. The estimation performance of CASSPAR is
demonstrated through its application to simulation data
of an injection-molding process.

METHOD

The proposed CASSPAR interprets the spatial
weight matrix W in the SAR model as a spatial causal
structure and estimates W using LINGAM. The back-
ground on LINGAM and the SAR model is provided, and
the estimation procedure of CASSPAR is explained in the
following sections.

Linear non-Gaussian acyclic model (LINGAM)

LINGAM is a causal discovery method that repre-
sents causal relationships among variables using a di-
rected acyclic graph. Figure 2 shows an example of a
causal graph used to investigate the causes of warpage
in injection molding. The strength of the causal relation-
ship is denoted by a coefficient b. In LINGAM, each ob-
served variable x; is expressed as a linear sum of other
observed variables x; and an error terme;. The causal
graph in Figure 2 corresponds to the following structural
equations:

xtemperature

/ /

e, |

Figure 2: An example of a causal structure estimated by
LINGAM, represented as a causal graph.
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Xtemperature = €1
xpressure = bletemperature + €

xwarpage = b31xtemperature + b32xpressure + €s.

M

This figure illustrates the causal relationships, indicating
that warpage is affected by both the process tempera-
ture and pressure, and that pressure is also affected by
the temperature. In matrix form, Eq. (1) is written as

x=Bx+e (2)

where B € RKXK denotes the adjacency matrix of the
causal graph to be estimated, x € RX is the vector of K
observed variables, and e € RX represents the vector of
error terms. To ensure the identifiability of the causal
graph, the following assumptions are required: 1) The er-
ror variables follow non-Gaussian distributions and are
mutually independent. 2) The causal graph is acyclic,
which means that no directed cycles exist in the causal

graph.

Spatial autoregressive (SAR) model

Spatial autocorrelation is a key characteristic of
spatial data, which is the tendency for observations at
neighboring locations to be more similar (or dissimilar)
than those at more distant locations. Positive spatial au-
tocorrelation corresponds to a pattern in which neighbor-
ing locations have similar values.

The spatial weight matrix W e RNV is used to
model spatial autocorrelation, which is a matrix represen-
tation of the adjacency relationships among N locations.
Figure 3 shows typical definitions of W. The element w;;
in W represents the influence of location j on location i.
The diagonal elements w;; are set to zero to avoid influ-
encing itself. For reasons of computational stability and
interpretability, W is commonly row-standardized so that
each row sums to one. Figure 3 (a)-(c) show an example
of a typical W indicating which locations affect the cen-
tral cell shown in red. Color intensity represents the
strength of the influence.

(a) Rook adjacency (b) Queen adjacency (c) Distance based W

Figure 3. Typical definitions of the spatial weight matrix
W in 3 x 3 lattice space.

Various spatial regression models can be defined
depending on which variable, dependent variable, inde-
pendent variable, or error term exhibits spatial autocor-
relation. This study focuses on the spatial autoregressive
(SAR) model, also called the spatial lag model (SLM),
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which assumes that the dependent variable y is spatially
autocorrelated. This assumption is natural for warpage
prediction, and the dependent variable y represents
warpage. Warpage exhibits positive spatial autocorrela-
tion because deformation at one location typically causes
the surrounding areas to deform in the same direction.
The SAR model is given by

Vi =PZj-V=1winj+Xi6+ei (3)

where y; is the dependent variable at location i,p de-
notes the spatial autocorrelation coefficient, w;; repre-
sents the spatial weight between locations i and j,X; €
RK is a vector of K independent variables at location
i, € RX is a coefficient vector, and e; is the error term at
location i.

Figure 4 presents a schematic of the SAR model
used to predict warpage in injection molding. As shown,
the dependent variable y;, which represents warpage, is
influenced by neighboring warpages, such as y;, y, y;. In
addition, y; is influenced by other variables X; at the
same location (e.g., product temperature and pressure),
as well as by the error term e;.

Warpage of a flat plate

after injection molding Warpage distribution

Independent variablesx;

Temperature, pressuw
Error term: e; /

| Soay;
Spatial weight matrix/ |
i k l &
if0 Wij Wir Wi
jlo 0 o ol®
k|0 0 0 0
(Lo 0 0 0

Figure 4: A schematic of SAR model for predicting
warpage in injection molding.

The spatial autocorrelation coefficient p denotes
the strength of the influence that a location receives from
its neighbors. A large positive value of p represents a

positive spatial autocorrelation. The term Zj_vzl w;;y; is

called the spatial lag. The variables p and g are the model
parameters to estimate.

Causal Structure Search for the Spatial
Autoregressive Model (CASSPAR).
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CASSPAR estimates the spatial weight matrix W
and the SAR parameters: p, 8. To apply LINGAM to spatial
data, the SAR model is reformulated. The matrix form of
the SAR model is defined as

Y =pWY+Xf+e (4)

where Y € RT™*N and X € R™NxK denote the measure-
ments of the dependent and independent variables, re-
spectively. W € R¥*N is a spatial weight matrix, p and
B € RK are spatial autoregressive coefficient and regres-
sion coefficient vectors, and e is an error term. Note that
W is assumed to be row-standardized and spectrally
normalized.

Algorithm 1 Step 1: Estimation of spatial weight ma-

trix W

1. Input:
Observed dependent variable matrix Y € RT*N
2. Output:

Estimated spatial weight matrix after normaliza-
tion W € RN*N

3. Apply the Direct-LINGAM algorithm to Y and ob-
tain an estimated adjacency matrix A € RN*N,

4. Ais first row-standardized and then spectrally
normalized to obtain the normalized matrix W.

5. Return W

By defining A = pW and ¢’ = X + e, SAR can be re-
formulated in the same form as the LINGAM model:

Y =AY +¢' (5)

This reformulation allows us to estimate the spatial struc-
ture using LINGAM. However, the following assumptions
are required for LINGAM identification:

Assumption 1: Spatial weight matrix W (and thus A)
corresponds to an adjacency matrix of a directed acyclic
graph (DAG). In other words, A can be permuted into a
strictly lower triangular matrix. This assumption is natural
in the context of injection molding, where the resin flows
in one direction, that is, the influence propagates only
from upstream to downstream locations.

Assumption 2: Each component of the external error
vector ¢’ follow a non-Gaussian distribution, and they are
mutually independent.

This study proposes a two-step estimation proce-
dure. In step 1, the structure of the spatial weight matrix
W is estimated, and in step 2, the SAR parameters p and
B are estimated. Figure 5 illustrates the procedure of the
proposed CASSPAR.
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(b) Step1: Estimation of causal
structure

Figure 5: Conceptual illustration of the proposed two-
step estimation procedure.

Step 1: Estimation of the spatial weight matrix

The Direct-LINGAM algorithm [14] is applied to the
reformulated LINGAM model in Eq. (5), and the estimated
adjacency matrix A € RV*N is obtained. Although step 1
estimates the adjacency matrix A, a normalized weight
matrix W is required for step 2. Therefore, W is obtained
by row-standardizing and spectral normalizing A (Algo-
rithm 1).
Step 2: Estimation of SAR Parameters via 2SLS

Given W, the SAR parameters p and p are estimated
by an instrumental variables (V) approach based on two-
stage least squares (2SLS). Using the normalized spatial
weight matrix W obtained in Step 1, the original SAR
equation is formulated as:

Y = pWY + X +e. (6)

The endogenous problem arises in Eq. (6) because the
spatial lag term WY is simultaneously determined with
dependent variable Y. Consequently, WY is correlated
with the error term e. Due to this endogeneity, OLS esti-
mates biased p and B. Thus, this study adopts the IV
method to estimate these parameters, which is a stand-
ard estimation method for SAR models [15].

For the convenience of the IV method, Eq. (6) is re-
arranged as follows: let y, € RN and X, € RM*K denote
the t-th sample of Y and X, respectively, yy ..« € R™ and
Xgiack € RTV*K are vertically stacked matrices of {yt}tT:1
and {Xt}thl. The corresponding stacked spatial lag term is
defined as

S =[(Wy)',..., Wy)"]" € RTV, 7)
Using S, the SAR model can be expressed as
Vstack = PS + XtackB + €stack (8)

where ey« € R™N denotes the stacked error term.
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The instrument variable Z is constructed from the
exogenous variables X and their spatial lags. For each lag
order ¢ =1,...,L, the matrices

z¥ = WX, € RN*K 9)

are defined, and Z®¥ € R™*K js obtained by stacking
{Zﬁg)}tT:1 vertically. The full instrument matrix is then given
by

Z = [Xgacro ZO, ..., ZW ] € RTNXKIAD, (10)

This IV procedure requires the following assump-
tions about the instruments:

Assumption 3: The exogenous variables are uncor-
related with the error term e, Cov[Z,e] = 0, to ensure that
the instruments are exogenous and valid for the two-
stage least squares (2SLS) estimation.

Assumption 4: The instruments are correlated with
the endogenous spatial lag term S,Cov[Z, S] # 0, which
means that the instruments have sufficient relevance for
the spatial lag term.

The SAR parameters p and 8 can be estimated via
Algorithm 2 Step 2: Estimation of SAR parameters p
and § via 2SLS
1. Input:

Normalized spatial weight matrix W € RN*N,
Observed dependent variable matrix Y € RT*V,

Observed independent variables tensor X €
RTXNXK‘

2. Output:

Spatial autoregressive coefficient g € R.
Regression coefficients f € RX.

3. Stack Y and X over samples to obtain y.. €
RTN and X, € RTVXK,

4. Consider the SAR model with the estimated spa-
tial weight, ysiac = 0S + XgrackB + €stack N€re, Sis
the stacked spatial lag term.

5. Construct the instrument matrix for the ¢-th
sample: Z, = [X,, WX,, WX,, ..., W!X, | €
RINXK(L+1)

6. Apply two-stage least squares (2SLS) to the
stacked SAR with the spatially lagged term as
the endogenous regressor and Z as the instru-
ment matrix, Obtain the estimates g and f.

7. Returnp,p

the 2SLS method. In the first stage of 2SLS, the endoge-
nous spatial lag term S is regressed on the instrument
matrix Z by OLS, and the fitted values § are obtained. In
the second stage, ygu.ck IS regressed on [S, Xkl by
OLS. The coefficient on § and the coefficient vector on
Xqack Yield the 2SLS estimates g and g, respectively. Un-
der Assumptions 1-4, these estimators are consistent
with the parameters of the original SAR. Algorithm 2 de-
scribes the procedure of SAR parameter estimation.
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APPLICATION TO SIMULATION OF
INJECTION MOLDING

In this section, the application results of the pro-
posed CASSPAR to simulation data of injection molding
to verify its capability to identify the causes of warpage
are reported.

One of the primary causes of warpage is a non-uni-
form temperature distribution. Figure 6 (a) shows the 3D
model of the injection-molding process used in the simu-
lation, and (b)-(d) illustrate the mechanism of product de-
formation: (b) a temperature difference exists between
the top and bottom of the product, which (c) leads to
non-uniform resin shrinkage during solidification, and (d)
consequently causes product deformation.

1%

Gate(inlet of \ /
melted resin)\"\\/\ Plate-shaped product

(a) 3D model of the injection molding process used for the simulation.

Coollng water
=

Figure 6: (a) 3D model of the injection molding process
used for the simulation; (b)-(d) show the mechanisms of
warpage.
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Figure 7: The top 10 largest absolute coefficient values
estimated by the proposed CASSPAR.

In the simulation, a temperature difference between
the top and bottom surfaces was intentionally intro-
duced. A9 x 9 grid of measurement points (N = 81) was
placed on the plate for data collection. The data included
variables such as the warpage, temperature difference
between the top and bottom of the product, pressure,
and resin flow velocity. The warpage at the 81 locations
was treated as the endogenous spatial variable Y,
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whereas the temperature difference, pressure, and flow
velocity were treated as the exogenous variables X.

Figure 7 shows the top 10 largest absolute coeffi-
cient values estimated by the proposed CASSPAR. The
top-ranked variable, “Temperature [°C]_Front-Back Dif-
ference, ” represents the temperature difference be-
tween the top and bottom surfaces of the product. This
result indicates that the proposed CASSPAR successfully
identified the intentionally introduced temperature differ-
ence as the top-ranking causal factor of warpage.

Figure 8 shows the estimated spatial weight matrix
W for the warpage, which is expected to exhibit positive
spatial autocorrelation because a deformation at one lo-
cation typically induces deformations in the same direc-
tion in the surrounding areas. The estimated W exhibits a
local neighborhood structure similar to contiguity-based
matrices, such as rook or queen adjacency.

This result suggests that the proposed CASSPAR
successfully captured the physically reasonable spatial
interactions underlying the warpage deformation.
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Figure 8. Heatmap of the estimated spatial weight matrix
W.

CONCLUSIONS

In this study, a new causal discovery method for
spatial data, referred to as CASSPAR, was proposed. A
limitation of this study is that CASSPAR considers spatial
autocorrelation only in the dependent variable Y. How-
ever, in many industrial processes, the independent var-
iables X may also exhibit spatial dependence. CASSPAR
can also be applicable to other spatially dependent pro-
cesses, such as fault diagnosis in chemical plants and
semiconductor wafer manufacturing. Future work in-
cludes validation in real-world experiments and exten-
sion to industrial processes beyond injection molding.
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