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ABSTRACT

In modern industrial systems, increasing performance requirements and sustainability constraints
have intensified the need for advanced optimization methodologies capable of efficiently handling
complex process models. The Simulated Moving Bed (SMB) process is a well-established technol-
ogy for continuous chromatographic separations, offering high productivity and reduced solvent
consumption compared to batch operations. However, its optimization is challenging due to the
underlying distributed-parameter nature of the process.This work presents the development of a
dynamic simulation and parameter optimization framework for the SMB process, implemented in
Python using the open-source CasADi framework. The SMB model accounts for axial dispersion
and mass transfer using a linear driving force formulation and is discretized in space using the
method of lines, resulting in a state-space representation compatible with CasADi's numerical
tools. Model accuracy was validated by reproducing a benchmark case from literature and com-
paring concentration profiles and product purities against results obtained using MATLAB’s PDEPE
solver.The proposed framework was further applied to a parameter optimization problem involving
the separation of fructose and glucose. The objective was to maximize the feed velocity subject
to purity and recovery constraints for fructose, with the superficial velocities in each SMB section
and the switching time treated as decision variables. The resulting nonlinear programming problem
was solved using a direct single-shooting approach and the interior-point optimizer IPOPT. The
optimized operating conditions and performance metrics closely match published results, while
achieving the solution in less than 90% of the computational time reported for a gPROMS-based
implementation.
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INTRODUCTION

In modern industrial systems, the increasing com-
plexity and performance demands of engineering pro-
cesses have made advanced optimization approaches
essential. Optimizing process performance is required
not only to improve profitability, but also to enhance sus-
tainability through more efficient use of energy and raw
materials, as well as reduced waste and resource con-
sumption.

Simulated Moving Bed

The simulated moving bed (SMB) process is widely
used for continuous chromatographic separations, as it
simulates the countercurrent flow of the fluid and solid
phases to separate components based on their affinity
https://doi.org/10.69997/sct.111489
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with the stationary phase [1]. A schematic representation
of the process for a four-column configuration is shown
in Figure 1. The SMB process can produce high-purity
products even under low selectivity conditions, while
achieving higher productivity and lower eluent consump-
tion compared to batch chromatography [2]. Representa-
tive applications include the separation of chiral mole-
cules [1], such as in the production of formoterol, an an-
tiasthmatic drug [3], functional isomers, such as fructose
and glucose [1, 4], and ionic molecules, such as in the
production of lysine, an essential amino acid [5].
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Figure 1. Four-column SMB configuration.

CasADi

CasADi is an open-source software toolbox availa-
ble for Python that provides automatic differentiation and
numerical optimization capabilities for complex dynam-
ical systems described by ordinary differential equations
(ODEs) and subject to constraints. The package is user-
friendly and has been successfully applied to a wide
range of industrial and academic problems, including op-
timal control of batch chromatographic separation pro-
cesses [6], modeling of highly complex dynamical sys-
tems [7], and optimal control of non-isothermal continu-
ously stirred tank reactors [8].

This work presents the development of a dynamic
simulation and optimization framework for the SMB pro-
cess, implemented in Python using the CasADi frame-
work. First, a detailed simulation model is developed and
validated against reference results from the literature.
Subsequently, the proposed framework is applied to re-
produce and solve a parameter optimization case study
reported in the scientific literature.

SMB COMPUTATIONAL MODELING

The case study considered in this work is the chro-
matographic resolution of bi-naphthol enantiomers, as
reported in the book Simulated Moving Bed Technology:
Principles, Design and Process Applications [1]. The ad-
sorption equilibrium isotherms, measured at 25 °C, follow
a bi-Langmuir model and are presented below. For nota-
tional simplicity, the explicit dependence on time is omit-
ted in the subsequent equations, although all state vari-
ables remain time-dependent.

Isotherm of component A

2.69 Ca (%)
140.0336 Ca 1(X)+0.0446 C 1 (x)

0.1 Cy (%)
14C g 1(X)+3 Cp (%)

q;,k(x) =
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M
Isotherm of component B

3.73 Cp (%)
140.0336 C 4 (X)+0.0446 Cp ()

0.3 Cp i(x)
1+Cy4 k(X)+3 Cp k(x)

(2)

The mathematical model employed considers axial
dispersion and mass transfer between fluid and solid de-
scribed by the linear driving force (LDF) model. Radial
dispersion and pressure effects are neglected, and the
system is assumed to be isothermal at 25 °C, ensuring
the validity of the adsorption isotherms. Under these as-
sumptions, the model equations are given by:

qp (X)) =

Fluid-phase mass balance

9C; k(x) _ 1 92Cip(x)  9C;x(x) (1—¢) 8q; k(x) 3
usln) _y, (L FCut)_dCutn) U9t (3,
a6 € a6

Solid-phase mass balance

8qi,k(x) "
% = Ofi(ql',k(x) - Qi,k(x)) (4)
Boundary conditions

1 6C;x(0)

Cinjik = Ci(0) — ;a—k (5)
k X

9CikM) _ 0 (6)

ox

Initial conditions

Cix(x)=10; 8 =0; Vx € [0,1] 7)
qik(x) =0; 0 =0; Vx € [0,1] (8)
Parameters
Ym = u%[* (9)
a; = kh,it* (1 0)
Uy L
Pem N Dax,m (11)
D2
T4 (12)
Qm
Un =, (13)

Feed inlet port

Cining = 3= Cri + 12 Cinpma (1) (14)
Up = U — Ugg (15)

Eluent inlet port
Cining = Civg=1(1) (16)
Ug = Ur — Uy (17)
Extract outlet port

Cx,i = Cing—1 (D) (18)
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Uy = Uy — Uy (19)
Raffinate outlet port

Cr,i = Cinpg—1(1) (20)
Ug = Uy — Uy (21)
Internal nodes

Cinik = Cix—1(1); Yk =1,... ,Ng; k # Np, N (22)
Performance parameters

Jo uxCx,p(1)d0
Yi=aB S2H ux Cx ;(1)d6

(23)

Purityx g =

S ugCr a(1)d6 (24)

Purit =— 2
YR.A S 7P U Cra(1)d6

Here, C; x(x) and q; (x) denote the system state var-
iables, namely the bulk-phase and adsorbed-phase con-
centrations, respectively. The indices i and k refer to the
component and column number. The variables x and 6
represent the dimensionless axial coordinate and dimen-
sionless time, defined by normalization with the column
length L and the switching time t*, respectively. The equi-
librium adsorbed concentration is denoted by g;,(x) and
is obtained from the isotherm relations.

The inlet concentration of component i to column k
is denoted by Cj,;x, While Cr; represents the feed con-
centration of component i. The interstitial fluid velocity in
section m (I-IV) of the SMB is denoted by u,, and
ug, Uy, ug, and up correspond to the eluent, extract, raffi-
nate, and feed velocities, respectively.

The parameter «; denotes the number of mass
transfer units, where k,,; is the mass transfer coefficient
of the LDF model. The column cross-sectional area is de-
noted by A, calculated from the column diameter D. The
Peclet number in section m, Pe,,, is defined using the axial
dispersion coefficient D, ,,, while y,, represents the ratio
between fluid and equivalent solid interstitial velocities in
section m. The bed porosity is denoted by ¢, and Q,,, is the
volumetric flow rate in section m of the SMB.

Finally, N; denotes the total number of columns,
while Ng,Ny,Np,Nr denote the column indices corre-
sponding to the eluent, extract, raffinate, and feed ports,
respectively. Depending on the location of the ports and
sections that results from port switch, the Peclet number
Pe;. and the interstitial velocity ratio y, in column k are
computed accordingly from Pey, ..., Pey, and yy, ..., vy, re-
spectively. The purity is defined as Purityy g, represent-
ing the purity of component B in the extract stream with
outlet concentration Cy z, and Purityy, 4, representing the
purity of component A in the raffinate stream with outlet
concentration Cg 4.

A key challenge in this work is that the SMB process
is described by partial differential equations (PDEs),
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whereas CasADi can only handle ODEs. To address this
limitation, the structure of MATLAB’s PDEPE solver was
adapted to the CasADi framework. PDEPE is a numerical
solver for one-dimensional, time-dependent parabolic
PDEs. If additional spatial dimensions were required, an
alternative modeling and numerical approach would be
necessary.

The solver applies the method of lines, discretizing
the spatial domain and transforming the PDEs into a sys-
tem of time-dependent ODEs. The resulting equations,
functions and isotherms are presented below.

Ci,j,k =0.5 (Ci,j+1,k + Ci,j,k); 1 S j S n—1 (25)
Fijje = 0.5 (Qijrrk + Qi) 1< j<n—1 (26)
Isotherms

e 2.69Cy ;i 0.1Cy4.;

Ty = L (27)

140.0336 C4,j x+0.0446 Cp j i 1+Cy jik+3 Chji

3.73CBjk
1+0.0336 Cy,j i +0.0446 Cp, j

0.3 CB,j,k (28)

14+Ca,jk+3 Chjk

I
4B.jx =
Mass balance equations

OCuju _ Fiji—Tij RC , LCH. . 29
Wi - Luid ik 4 5(sRC 450 ) 2 < j < n—1(29)

a6 Ax
sk = 0.5(si T + s ) 2<j<n—1 (30)
S5% = il M Gk 1 < j < n-1(30)
st == 2a(@ - T 1Sisn-1 (32)
spe =@k~ Tju 1<j<n—1 (33)
=S 2<isn (34)
=St 2<i<n (35)
She=ss2<js<n (36)

Boundary conditions

0Cink _ fiLfk_ffiSc R,C (37)
%  0.5Ax i1k
L,C
Stk = YkCinik (38)
9qiak _ Raq
350 — PilLk (39)
9Cink _ fil:’rfk_ff;fk LC (40)
9  0.5Ax Lnk
R,C
Jink = ViCink (41)
Oqink _ Lq
36 - Si,n,k (42)

Boolean switching functions

Vie= o Hyihn (43)
Pey =Y HyPepn (44)
2468



Fo_gF(d o 4 M
Cfi = H{ (2= Cri+ 2 Cpmn) (45)

Ch = HE(% Ci,n,k—l) (46)
Cinik = Clie + Clic + (1 = H; = H{)Cingem (47)
Cxi= 1:;'1 Hi(ci,n,k—l
(48)
Cri = l,jzrl HECi,n,k—l (49)

The variables g; ;. Cijx, and q;; represent the av-
erage values of the adsorbed concentration, bulk-phase
concentration, and equilibrium adsorbed concentration,
respectively, as defined by the employed discretization
scheme. The index j denotes the spatial discretization
point along the column axis and ranges from 1 to n, where
n is the total number of spatial nodes per column. The
terms flei correspond to convective-dispersive fluxes in

the bulk-phase mass balance, while s and sf}‘fk denote
source terms associated with mass transfer between the
fluid and solid phases. The spatial discretization step is
given by Ax.

The Boolean variables H,, ., Hf ,H¢,Hy, and HR are
used to represent the port-switching logic of the SMB.
These variables take binary values and activate the ap-
propriate terms depending on the column position and
section configuration. The parameter y, denotes the col-
umn-dependent velocity ratio, obtained as a combination
of the section-dependent y,, values through the Boolean
mapping H,, x. The inlet concentration C;,;, accounts for
all possible inlet contributions to column k, including feed,
eluent, and internal node streams. The auxiliary variables
Cf, and CF, represent the contributions of the feed and
eluent streams, respectively, with the corresponding
Boolean variables ensuring that only the active one is
considered at each switching configuration. Finally, the
extract and raffinate outlet concentrations are computed
as a sum of the columns’ outlet concentrations, where the
Boolean variables ensure that only the column connected
to the corresponding port contributes to each stream.

Once the model formulation was completed, simula-
tion results obtained with CasADi were validated against
those generated using MATLAB’s PDEPE solver, which
has been previously validated for the simulation of SMB
systems [1]. The model parameters and operating condi-
tions used in the simulations are summarized in Table 1,
while the integrator settings adopted in this work are re-
ported in Table 2. All remaining integrator settings were
kept at their default values, and a configuration of three
columns per section was considered.

The concentration profiles of species A (less-retained)
and B (more-retained), evaluated at cyclic steady state
at the end of a switching period, together with the corre-
sponding product purities, are compared with the
Nunes et al. / LAPSE:2026.0511

reference results in Figure 2 and Table 3.

Table 1: Model parameters and operating conditions for
the simulation

Parameter Value
L/cm 7
Pe,, 666.67
D/cm 2.6
(1-¢e)e 1.5
Kp4 / min~ 6
ky, g / min~! 6
Q;/ cm3 ¢ min~! 56.83
Qy / cm3 ¢ min~! 38.85
Qq / cm3 ¢ min~! 42.49
Qpy / cm? « min™! 35.38
t* / min 2
Cp, /mgecm™ 2.9
Cpp/mgecm™3 2.9

Table 2: Integrator settings for the simulation.

Setting
Time integrator CVodes
Time step size 102
Spatial step size 2:1072
Relative tolerance (CVodes) 104
Absolute tolerance (CVodes) 108

1.8 T T T T T T

A (MATLAB)

16 B (MATLAB) 4
- = = :A(CasADi)

14L = = = B (CasADi) i

0 7 14 21 28 35 42 49 5 63 70 77 84
Bed Length / cm

Figure 2. MATLAB and CasADi’s concentration profiles at
the end of a cycle.

Table 3: Product purity.

Syst Control Trans 5:2466-2472 (2026)

Performance parameter MATLAB CasADi

A purity in the raffinate / % 99.1 99.1

B purity in the extract / % 96.8 96.7
2469



The profiles obtained with CasADi closely match those
from MATLAB's PDEPE solver. Similarly, the products pu-
rities reported in Table 3 are in excellent agreement, with
a maximum deviation of 0.1%, which is consistent with
differences expected from the use of distinct numerical
integration methods. These results confirm that the
CasADi-based extension of the PDEPE approach is func-
tioning correctly.

SMB OPTIMIZATION PROBLEM

The parameter optimization problem considered in
this work focuses on the separation of fructose and glu-
cose. The main objective was to maximize the feed ve-
locity while satisfying terminal cycle purity and recovery
constraints for the primary product (fructose) in the ex-
tract. The optimization variables included the internal su-
perficial fluid velocities in zones Il, lll and IV of the SMB
and the switching time between steps [9].

It should be noted that, while the overall model
structure remains unchanged, the adsorbent mass bal-
ance in this problem follows a liquid-phase-based LDF
formulation, consistent with the isotherm parameters
provided in the reference case. In this approach, the
mass transfer coefficient is expressed in terms of fluid-
phase concentrations, and the adsorbed concentration is
obtained through a liquid-based isotherm relation. Addi-
tionally, axial dispersion effects are implicitly accounted
for within the mass transfer formulation, and therefore no
explicit axial dispersion term or Peclet number appears in
the model equations.

Based on the validated model and the formulation
described above, the dynamic optimization problem was
then defined. The objective function, decision variables,
purity and recovery constraints are presented below.

max up (47)
urug ULyt

6+1
fo_xxi®® 5 909, (48)

Purit =
yX,f Ei:f,gf99+l uXCX,ide =

SE uxCy rdé

>
For > 80 (49)

Recoveryx r =

In addition, non-negativity constraints were im-
posed on all inlet and outlet velocities to ensure physi-
cally meaningful operation and to prevent flow reversal
during the optimization.

The model parameters, decision variable bounds,
and initial guesses used in the optimization are summa-
rized in Tables 4, 5 and 6. The numerical integrator set-
tings employed in the optimization, including time and
spatial discretization and solver tolerances, are reported
in Table 7.

The adsorption equilibrium for each component is
described by linear isotherms. The parameters K, and K
denote the equilibrium adsorption coefficients for

Nunes et al. / LAPSE:2026.0511

glucose and fructose, respectively. These coefficients
are assumed to be constant and were taken directly from
the reference case.

Table 4: Model parameters and operating conditions for
the optimization problem

Parameter Value
L/m 2
€ 0.389
kpg /st 6.84-1073
kpg /st 6.84-1073
K, 0.518
Ky 0.743
Cryl% 50
Crg /% 50
u;/meh™? 8
Cycles 60
Columns per section 1

Table 5: Decision variables’ initial guesses

Decision variable Initial guess
uy;y /meh™! 5
uy;/meh! 5.1
up /meh? 3.5
t*/s 1140

Table 6: Decision variables’ upper and lower bounds

Decision variable Lower bound Upper bound
uy /meh™? 0.1 8
upy /meh! 0.1 8
Uy, /meh! 0.1 8

t* /s 0 -

Syst Control Trans 5:2466-2472 (2026)

Table 7: Integrator settings for the optimization problem

Setting

Time integrator CVodes
Time step size 1
Spatial step size 2:1072
Relative tolerance (CVodes) 104
Absolute tolerance (CVodes) 104

The parameter optimization problem was tran-
scribed using a direct single-shooting approach and
solved using the interior-point optimizer IPOPT. The op-
timal operating conditions and corresponding perfor-
mance metrics obtained are summarized in Table 8, to-
gether with the associated constraint values and the ref-
erence results reported in the original article [9]. The spe-
cies concentration profiles at cyclic steady state, evalu-
ated at the end of a switching period, are shown in Figure
3. All computations were performed on a Windows 11
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workstation equipped with an Intel® Core™ i7 processor
and 16 GB of RAM, using Python 3.12.3 and CasADi ver-
sion 3.7.2.

0.40

—— Glucose
0.35 4 Fructose

0.30 4

0.25 4

0.15 4
0.10 4

0.05 4

0.00

0 2 4 6 8
Bed Length / m

Figure 3. Fructose and glucose concentration profiles at
the end of a cycle.

Table 8: Optimization results and reference values

CasADi gPROMS

IPOPT SRQPD

up /meh™! 0.5216 0.5216
uy; /meh™! 3.7345 3.7361
uyy /meh! 4.2561 4.2577
up, /meh! 3.1298 3.1259
t*/s 1416 1415
Fructose purity / % 89.98 90
Fructose recovery / % 79.99 80
Optimization time / min 10.7 111.8
Number of iterations 21 39

The parameter optimization results obtained with
the proposed CasADi-based framework are in very good
agreement with those reported in the reference study.
Both approaches converged to the same objective func-
tion value, while small differences were observed in the
individual decision variables, which can be attributed to
the use of different numerical integrators, solvers and
tolerance settings. The purity and recovery constraints
for fructose in the extract were satisfied to within 0.02%
of the specified limits. These minor deviations result from
the looser integration tolerances and reduced number of
integration steps adopted in the formulation of this opti-
mization problem, reflecting a deliberate trade-off be-
tween computational speed and numerical precision.
Tighter tolerances and finer temporal resolution could be
employed if stricter constraint satisfaction were required.

Despite these minor differences, the overall perfor-
mance of the optimized solution remains consistent with
the reference case. Moreover, the total optimization time

Nunes et al. / LAPSE:2026.0511
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was significantly reduced, requiring 10.7 minutes com-
pared to 111.8 minutes reported for the gPROMS-based
implementation. This corresponds to a reduction of ap-
proximately 90% in computational time, highlighting the
efficiency of the CasADi-based approach for parameter
optimization of the SMB system.

It should be noted that the trade-off between com-
putational speed and numerical precision was explored
only for the CasADi implementation, while the gPROMS
results correspond to those reported in the reference
study.

A potential limitation of this proposed framework is
related to usability. Commercial modelling environments
such as gPROMS or MATLAB provide highly integrated
modelling interfaces, built-in generic solvers for ODEs
and PDEs, and graphical tools that simplify model imple-
mentation and debugging. In contrast, Python-based im-
plementations using CasADi typically require a greater
level of programming expertise and manual configuration
of the simulation and optimization workflow. Also, in the
case of models described by systems of PDEs such as
the SMB process, the model must be transformed into a
system of ODEs via spatial discretization to enable the
use of the CasADi framework.

CONCLUSION AND FUTURE WORK

The proposed CasADi-based framework provides a
robust alternative to traditional iterative optimization
techniques, such as the triangle theory, for the analysis
and optimization of Simulated Moving Bed processes.
The developed model is highly flexible and can be readily
extended to other tubular flow systems governed by par-
tial differential equations, including plug flow reactors
and pressure swing adsorption columns. Moreover, the
implementation relies exclusively on open-source tools,
enabling the simulation and optimization of complex pro-
cess systems without the need for commercial software
such as gPROMS or MATLAB, thus improving accessibil-
ity for process systems engineering applications.

Future work will focus on extending the proposed
state-space formulation toward dynamic and real-time
optimization of PDE-governed systems, allowing opera-
tion under optimal conditions even in the presence of
plant-model mismatch.
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