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ABSTRACT 
The Heterogeneous Capacitated Vehicle Routing Problem (HCVRP) is a fundamental extension of 
the classical Vehicle Routing Problem in which customer demands must be satisfied using a fleet 
of vehicles with varying capacities and costs. In this paper, a novel and intuitive decomposition-
based formulation for HCVRP is presented that decomposes the problem into two tractable sub-
problems: (i) a route generation and an optimal customer sequencing problem and (ii) a vehicle 
route assignment problem. In the first stage, all feasible customer combinations are constructed 
as routes, and for each route an optimization problem is solved to identify the optimal customer 
sequence that results in the minimum distance travelled. In the second stage, the optimal routes 
are selected, and vehicles are assigned using a mixed integer linear programming (MILP) formula-
tion that minimizes the fixed cost of vehicle utilisation and total transportation costs, ensuring 
demand satisfaction for all customers while meeting vehicle capacity limitations. Computational 
results demonstrate that the decomposition strategy preserves optimality while significantly re-
ducing solution time. 
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INTRODUCTION 
Vehicle routing problem (VRP), introduced by Dan-

tzig and Ramser (1959), determines optimal routes for 
delivering products from a depot to multiple locations 
with minimum cost [1]. In classical VRP, a set of homoge-
neous vehicles is supposed to start from the depot, visit 
the customer nodes once to fulfil their demand and come 
back to the depot [2]. The total products to be delivered 
are constrained by the vehicle capacity, generating the 
capacitated vehicle routing problem (CVRP) [3]. A more 
practical extension of this problem is where customers 
are served by a heterogeneous set of vehicles with dif-
ferent capacities and costs. In these heterogeneous ca-
pacitated vehicle routing problems (HCVRP), the fleet 
composition also becomes a decision variable [4]. The 
schematic for the HCVRP is presented in Figure 1. Since 
its introduction in Golden et al. (1984) [5], HCVRP is one 
of the most studied problems in literature, with multiple 
variants involving different complexities[6], [7], [8], [9], 
[10]. 

The contributions on VRP and its variants in the last two 
decades are surveyed in Golden et al. (2023)[11] and Ar-
chetti et al. (2026)[12]. The solution method used to 
solve VRP can mostly be segregated into three types: 1) 
Exact, 2) heuristics-assisted, and 3) metaheuristic meth-
ods[13]. With the advancements in AI and ML, recently, 
large-scale VRPs have been solved by incorporating AI 
and ML techniques into the solution methods[14], [15], 
[16].  

Despite HCVRP being a well-known problem, due to 
its NP-hard nature, finding an optimal solution remains a 
challenge, especially with exact methods. Yaman (2006) 
[17] proposed four formulations for the HCVRP based on 
the subtour elimination constraints of Miller, Tucker, and 
Zemlin (1960) [18]. Later, Baldacci et al. (2009) proposed 
some valid inequalities that strengthen the linear relaxa-
tion of the MILP formulation[19]. Pessoa et al. (2008)[20] 
proposed an improved branch-cut-and-price model 
(BCP) based on the formulation presented by Fukasawa 
et al. (2006)[21]. Recently, several improvements on the 
BCP framework have been proposed that can solve 
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large-scale HCVRP instances[22], [23], [24], [25]. How-
ever, the design and implementation of such a complex 
and sophisticated algorithm require substantial effort, 
limiting the application to real-world problems, which 
sometimes deviate from classical HCVRPs discussed in 
the literature[22], [26].  

To address these problems, this paper presents a 
novel decomposition-based formulation for the HCVRP. 
The proposed formulation is inspired by the set-partition-
ing approach of Balinski and Quandt (1964)[27]. The key 
contribution of our work is to decompose the HCVRP into 
two problems: 1) A route generation, invalidation and op-
timal customer sequencing problem, and 2) Vehicle and 
route assignment problem. At first, based on the cus-
tomer locations, all possible route combinations are gen-
erated. Each route starts and ends at the same depot. For 
each customer combination, a mathematical optimization 
problem is solved to find the minimum distance option 
and the corresponding customer sequence. 

 

 
Figure 1. General Depiction of HCVRP 

Once the optimal customer sequence for each cus-
tomer combination is found, these routes are sent to the 
heterogeneous vehicle route assignment MILP problem.  

In the vehicle assignment problem, each vehicle is 
assigned to go only on one route in such a way that all 
the customer demands on that route can be met. Con-
strained by the capacity of the vehicle, multiple vehicles 
might be required to cater to the demands of all custom-
ers. The objective function of the assignment MILP prob-
lem minimizes the fixed cost of using the vehicles along 
with the overall transportation cost.   

The rest of the paper is organised as follows: in Sec-
tion 2, the HCVRP problem is described, and a traditional 
arc-based formulation with MTZ subtour elimination con-
straints, taken from the literature, is presented. The novel 
decomposition-based HCVRP model is described in de-
tail in Section 3, followed by the computational results 
and a discussion about the efficacy of the proposed 
model in Section 4. Section 5 summarizes the results and 
key takeaways.  

PROBLEM DESCRIPTION 

An HCVRP problem consists of 𝑙𝑙 ∈ 𝐿𝐿 locations in 
which location 𝐿𝐿0 represents the depot and other loca-
tions 𝑙𝑙 ∈ 𝐿𝐿� denotes the customer locations. Each cus-
tomer 𝑙𝑙 ∈ 𝐿𝐿� has a known demand of 𝐷𝐷𝐷𝐷�. The demand of 
depot is considered to be 0. The distance between each 
pair of locations (𝑑𝑑�,�′) or the transportation cost (𝑐𝑐�,�′) are 
given. Multiple vehicles (𝑣𝑣 ∈ 𝑉𝑉) with heterogeneous ca-
pacity (𝑉𝑉𝑉𝑉����) are used to travel from the depot to cus-
tomer locations to cater to the demands. The objective is 
to find the optimal path to serve the customers with min-
imal cost. 

The traditional mathematical model to solve the 
abovementioned HCVRP problem is taken from Yaman 
(2006), which uses Miller-Tucker-Zemlin (MTZ) based 
sub-tour elimination constraints. We define 𝑦𝑦𝑦𝑦𝑦𝑦�,�′,� be the 
binary variable that assumes a value of 1 if the vehicle 𝑣𝑣 
has travelled from the location 𝑙𝑙 to 𝑙𝑙′ or 0 otherwise. All 
vehicles need not be used, and whether a vehicle is used 
for delivery or not is captured through a binary variable 
𝑦𝑦𝑦𝑦�. We define 𝑧𝑧𝑧𝑧� be the variable for the position or order 
of the stops in that location. 

The objective function minimizes the cost of trans-
portation, along with the fixed cost associated with vehi-
cle use and is presented in Equation 1.  

min 𝑥𝑥𝑥𝑥𝑥𝑥 = � �  � 𝑐𝑐�,�′ ∗  𝑦𝑦𝑦𝑦𝑦𝑦�,�′,�
�∈��′∈����

+ � 𝐹𝐹𝐶𝐶� ∗ 𝑦𝑦𝑦𝑦�
�∈V

      (1) 

� 𝑦𝑦𝑦𝑦𝑙𝑙�,�′,�
�∈�,�≠�′

= � 𝑦𝑦𝑦𝑦𝑙𝑙�′,�,�
�∈�,�≠�′

 ∀𝑙𝑙′ ∈ 𝐿𝐿�, ∀𝑣𝑣 ∈ 𝑉𝑉 (2) 

� 𝑦𝑦𝑦𝑦𝑙𝑙�,�′,�
�∈�,�∈�,�≠�′

= 1  ∀𝑙𝑙′ ∈ 𝐿𝐿� (3) 

� 𝑦𝑦𝑦𝑦𝑙𝑙�,�′,�
�′∈��

≤ 1  ∀𝑣𝑣 ∈ 𝑉𝑉, 𝑙𝑙 ∈ 𝐿𝐿0 (4) 

� 𝑦𝑦𝑦𝑦𝑙𝑙�′,�,�
�′∈��

≤ 1, ∀𝑣𝑣 ∈ 𝑉𝑉, ∀𝑙𝑙′ ∈ 𝐿𝐿� (5) 

� 𝐷𝐷𝐷𝐷� ∗  � 𝑦𝑦𝑦𝑦𝑙𝑙�,�′,�
�∈��, �≠�′�∈�� 

≤ 𝑉𝑉𝑉𝑉����, ∀𝑣𝑣 ∈ 𝑉𝑉 (6) 

� 𝑦𝑦𝑦𝑦𝑙𝑙�′,�,�
�∈�0 �′∈��,�≠�′

≤ 𝑦𝑦𝑦𝑦�, ∀𝑣𝑣 ∈ 𝑉𝑉 (7) 

𝑧𝑧𝑧𝑧� − 𝑧𝑧𝑧𝑧�′ + 𝑉𝑉𝑉𝑉����𝑦𝑦𝑦𝑦𝑙𝑙�,�′,� ≤ 𝑉𝑉𝑉𝑉���� − 𝐷𝐷𝐷𝐷� 

∀𝑙𝑙 ∈ 𝐿𝐿�, 𝑙𝑙′ ∈ 𝐿𝐿�𝑙𝑙, 𝑙𝑙 ≠ 𝑙𝑙′, 𝑣𝑣 ∈ 𝑉𝑉 (8) 

The equation (2) is the flow conservation equation, stat-
ing if a vehicle enters a node, it must leave, equation (3) 
guarantees that every customer is visited by only once 
and by only one vehicle, equation (4) ensures that each 
vehicle starts at most one route, equation (5) ensures 
that each vehicle ends at depot, equation (6) links the 
vehicle to the route stating that vehicle is only used if and 
only if it is selected, equation (7) defines the vehicle ca-
pacity constraint stating total demand served by the 
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vehicle does not exceeds its capacity and equation (8) 
eliminates subtours by the use of MTZ subtour elimina-
tion constraints. 

 
Figure 2. Route Generation, Invalidation and Sequencing 
Algorithm 

PROPOSED FRAMEWORK 

The proposed framework consists of three stages: 
1) Route generation and invalidation, 2) optimal customer 
sequencing stage and 3) optimal route selection and ve-
hicle allocation. 

In the first stage, based on the location details of 
depot(𝐿𝐿0) and the customers (𝑙𝑙 ∈ 𝐿𝐿�), the pairwise dis-
tances (𝑑𝑑�,�′), all possible combinations of customers are 
generated. The algorithm for the same is described in 
Figure 2.  

The algorithm creates a list of feasible routes by ex-
ploring all possible combinations of the customers with 
the depot. These combinations are created using nested 
loops in which the outer loop determines the size of the 
combination and the inner loop iterates from right to left, 
checking for an increment in the right-most position. If it 
is not possible, it moves to the left, resetting the right po-
sition in a lexicographical manner. It needs to be noted 
that at this stage, all possible combinations regarding the 
sequence of customer locations are explored and stored 
as routes, with the default starting and ending point for 
each route being the depot.  

It should be noted that till this point, routes are es-
sentially a set of locations (combining the depot and cus-
tomer locations) without the sequence in which these lo-
cations can be travelled. Once the routes are generated, 
using the customer demands and maximum vehicle ca-
pacity, a route invalidation logic can be implemented, 
which limits the maximum number of customer locations 
that can be travelled, essentially eliminating the routes in 
which the sum of customer demands exceeds the maxi-
mum vehicle capacity available to the depot.  

It should be noted that the route invalidation logic 
depends on customer demand and vehicle capacity. 
Consequently, although this logic significantly reduces 
the computational time and memory requirements of the 
proposed algorithm, it necessitates solving the algorithm 
separately for each demand scenario. In contrast, ex-
cluding the invalidation logic may increase memory usage 
or execution time; however, in this case, the algorithm’s 
outcome becomes independent of demand scenarios. As 
long as the customer set remains unchanged (i.e., no 
customer is added or removed), the route generation and 
sequencing algorithm needs to be executed only once.  

In the route sequencing stage, an optimisation prob-
lem is solved to find the optimum sequence in which the 
distances travelled to cover all customer locations on 
that route are minimum. We define 𝑦𝑦�,�′ , a binary variable, 
that assumes the value 1 if the vehicle travels directly 
from 𝑙𝑙 to 𝑙𝑙′, and to be 0 otherwise, and 𝑧𝑧𝑧𝑧� be an integer 
variable that indicates the position of the location 𝑙𝑙 on 
that route. It should be noted that the following distance 
minimization optimization problem is solved for each 
route 𝑟𝑟 and the corresponding optimum distance is stored 
in the variable 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥�. 
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min 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥� = � � 𝐷𝐷��′ ∗ 𝑦𝑦�,�′
��

�′=1:(�≠�′)

��

�=1
(9) 

� 𝑦𝑦�,�′
��

�′=1:(�≠�′)
= 1, ∀𝑙𝑙 ∈ {1, … , 𝑛𝑛� − 1} (10) 

� 𝑦𝑦��,�′
��−1

�′=1
= 0 (11) 

�𝑦𝑦�,1
��

�=2
= 0 (12) 

� 𝑦𝑦�,�′
��

�=1:(�≠�′)
= 1, ∀𝑙𝑙′ ∈ {2, … , 𝑛𝑛�} (13) 

𝑧𝑧𝑧𝑧�� = 𝑛𝑛� (14) 

𝑧𝑧𝑧𝑧1 = 1 (15) 

𝑧𝑧𝑧𝑧�′ − 𝑧𝑧𝑧𝑧� − 𝑦𝑦�,�′ − (𝑛𝑛� − 2)(1 − 𝑦𝑦�,�′) ≤ 0
           ∀𝑙𝑙, 𝑙𝑙′ ∈ 1, … , 𝑛𝑛� 𝑎𝑎𝑎𝑎𝑎𝑎 𝑙𝑙 ≠ 𝑙𝑙′ (16)

 

Where equation (9) is the objective function which 
minimizes the distance, equation (10) and equation (11) 
enforces exactly one leaving arc from each node except 
the terminal node, equation (12) ensures no incoming arc 
to the depot, whereas equation (13) ensure only one out-
going arc from depot. Equation (14) and (15) calculates 
the position of the depot as starting node and terminal 
node in the route. Equation (16) essentially determines 
the positions of other nodes and eliminates subtours us-
ing big-M constraint. The proposed mathematical model 
provides the optimal sequence of customers for each 
route and the corresponding minimum distance of the en-
tire route. Customer positions are stored and sent to the 
third stage, in which an optimal route will be chosen for 
each assigned vehicle that minimises the overall distribu-
tion cost while meeting the demands of all customers.  

For finding the optimal route and the corresponding 
vehicle allocation an efficient mixed integer linear pro-
gramming (MILP) approach is proposed. Here, we define 
𝑦𝑦𝑦𝑦𝑅𝑅�,� be a binary variable, and it takes the value of 1 if 
vehicle 𝑣𝑣 is assigned to route 𝑟𝑟 and assumes 0 otherwise. 
Another binary variable 𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦� is defined to denote 
whether the vehicle 𝑣𝑣 is utilized or not. 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥�,� captures 
the amount delivered to the customer(𝑙𝑙) by vehicle 𝑣𝑣 and 
𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥� denotes the total amount supplied by the vehicle 
𝑣𝑣, the total route distance as calculated in the route se-
quencing stage(𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥�) are captured as an input parame-
ter 𝐷𝐷�, and the fixed cost of using a vehicle is denoted as 
𝐹𝐹𝐶𝐶� and the total cost be 𝑥𝑥𝑥𝑥𝑥𝑥. The objective function to 
be minimised is as follows: 

min 𝑥𝑥𝑥𝑥𝑥𝑥 = � 𝐷𝐷�
�∈�,�∈�

∗  𝑦𝑦𝑦𝑦𝑦𝑦�,� + � 𝐹𝐹𝐹𝐹� ∗ 𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦�
�∈�

  (17) 

Subject to  

� 𝑦𝑦𝑦𝑦𝑦𝑦�,�
�∈�

≤ 𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦� ∀𝑣𝑣 ∈ 𝑉𝑉 (18) 

𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥� ≤ 𝑉𝑉𝑉𝑉���� ∗ 𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦� ∀𝑣𝑣 ∈ 𝑉𝑉 (19) 

𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥� ≤ 𝑉𝑉𝑉𝑉���� ∗ � 𝑦𝑦�,�
�∈�

 ∀𝑣𝑣 ∈ 𝑉𝑉 (20) 

𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥� = � 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥�,�
�∈��

 ∀𝑣𝑣 ∈ 𝑉𝑉 (21) 

𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥�,� ≤ 𝐷𝐷𝐷𝐷� ∗ � 𝑦𝑦�,�
�∈��

 ∀𝑣𝑣 ∈ 𝑉𝑉, ∀𝑙𝑙 ∈ 𝐿𝐿� (22) 

𝐷𝐷𝐷𝐷� = � 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥�,�
�∈�

 ∀𝑙𝑙 ∈ 𝐿𝐿� (23) 

Where equation(18) ensures that the vehicle is only 
assigned to a maximum of one route if it is selected, 
equation(19) ensures that the vehicle carries a load only 
if it is selected, and equation(20) defines that the total 
load carried by the vehicle equals the total demand in 
that route. Equation(21) equates the total load of a vehi-
cle to the combined demand of customers it caters to. 
Equation(22) ensures that the vehicle delivers only to the 
customers belonging to the assigned route, and Equa-
tion(23) ensures full demand satisfaction of the customer 
locations. It should be noted that Equation (23) facilitates 
that the demand of one customer can be quenched by 
multiple vehicles.  

RESULT AND DISCUSSIONS 
To demonstrate the efficacy of the abovementioned 

approach, we designed 9 instances of HCVRP problems 
spanning between 5 and 15 customer nodes with 2-3 
heterogeneous vehicles. We also include 3 instances 
from CVRP library[28] and modify them as HCVRP in-
stances. The computational efficiency of the proposed 
model is demonstrated by comparing it with the HCVRP 
model proposed by Yaman (2006), which uses MTZ sub-
tour elimination routines. All instances are solved in Fico 
Xpress Optimization Suite[29] on an Intel®Core™ i9-
14900K (3.7 GHz) machine with 64 GB RAM. The termi-
nation criteria were set to either 0% Optimality Gap or 
3600 s, whichever is attained early. The problem charac-
teristics and the result comparison are shown in Table 1. 
In the case of the smaller instances 1-5, each model at-
tains the same solution (Figure 3) with 0% optimality gap, 
proving that the proposed decomposition strategy does 
not affect the optimal solution. In the large-scale in-
stances 6-9, a significant reduction in computational time 
is observed in the proposed model, substantiating the 
computational efficiency.  
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It should also be noted that Instances 1-9 are solved 
without using the route invalidation logic mentioned in 
Figure 2. The majority of the computational time is de-
voted to the route enumeration algorithm, as can be seen 
from Table 1. In a real-world situation, this route enumer-
ation algorithm only needs to be solved if a new customer 
enters the supply chain or leaves the supply chain. Com-
pared to this, the vehicle route assignment problems take 

minimal time and can be solved daily based on the cus-
tomer demand.  

However, with increasing customer locations (>20), 
the route generation and sequencing step may require a 
significant amount of memory and time, which can be re-
duced by implementing the route invalidation logic. To 
test the efficacy of the proposed algorithm combined 
with route invalidation logic, 3 instances from the CVRP 

Table 1: Model Performance and Characteristics 

 

 
Figure 2. Impact of Invalidation Logic on Resultant Routes and Computational Time 

 

Proposed ModelYaman (2006)

Time (s)OptimalityBest Known 
SolutionTime (s)Optimality 

Gap (%)
Best Known 

SolutionVehiclesCustomer 
NodesInstance Gap (%)

TotalVRRE
1.510.011.5001172.460.1201172.46251
3.210.013.201177.520.3901177.52262
7.920.027.901177.557.301177.55273

16.420.0216.401736.72341.401736.72284
28.90.428.501590.75360076.51629.92395
52.60.552.101795.77360078.91814.053106

271.22.226902014.19360082.52043.473127
191221189102586.5360086.32599.173148
344038340202606.31360086.52682.813159

186120411.83360040.32440.1681510
1129.25.211240358360021.1037242011
14341014240373360021.651639042112
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library are taken and suitably modified to create HCVRP 
instances. Figure 3 demonstrates the efficacy of route in-
validation logic on the reduction of route generation and 
sequencing efforts when applied to Instance 10. The 
other two instances taken from CVRP Library are also 
solved using the invalidation logic and are solved to opti-
mality in a reasonable time.  

CONCLUSION 
This paper presented a novel decomposition-based 

formulation for the heterogeneous capacitated vehicle 
routing problem aimed at improving computational effi-
ciency while preserving optimality. By separating the 
original NP-hard problem into two intuitive and modular 
subproblems: 1) route generation and optimal customer 
sequencing, and 2) optimal route selection and vehicle 
assignment problem, the proposed approach alleviates 
the combinatorial burden typically encountered in mono-
lithic MILP formulations. Unlike sophisticated exact meth-
ods such as branch-cut-and-price algorithms, the pro-
posed framework is conceptually simple and requires 
substantially less modelling and implementation effort, 
making it more suitable for practical decision-support ap-
plications.  

Furthermore, due to the simplicity of the proposed 
decomposition-based formulation, it can be easily ex-
tended to incorporate the complexities of HCVRP, such 
as time windows, split deliveries, multiple depots, etc. 
One major limitation of the proposed algorithm, however, 
is the memory- and time-intensive route-generation 
stage, which renders the problem intractable as the num-
ber of locations grows (>25), thereby motivating future 
research to address this challenge.  
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