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ABSTRACT

Water supply in the countryside of Sdo Paulo state, Brazil, is based on groundwater resources
that can be contaminated with substances such as heavy metals or fluoride, requiring the usage
of water treatment technologies such as Reverse Osmosis (RO); however, RO systems create a
stream of high-salinity brine, with negative environmental consequences. Besides, regulatory
constraints demand that well operations must be interrupted for a daily contiguous period. In this
work, a Mixed-Integer Linear program (MILP) was implemented to define water network topolo-
gies and well exploitation schedules, under these downtime constraints, aiming the minimization
of RO plant capacity (and, therefore, of brine discharges). This model was then applied to the
water supply of a small city in the Sdo Paulo countryside, with around 8000 inhabitants, where
high fluoride concentrations warranted the implementation of an RO system. Demand variations
between weekdays and weekends (with demands 52.7% higher) were modeled using a multi-
scenario formulation. This model was optimized under different conditions of tank capacity and
membrane technologies. Different membrane systems (with salt retention rates varying from
85% to 99.5%) associated with different storage tanks (with volumes between 50 and 1000 m?3)
led to different system topologies, and a trade-off was observed between plant capacity, tank
capacity, and operating pressure: while a low pressure system with a small tank capacity re-
quired larger plant capacities (up to 44.02 m3/h), high pressure systems associated with large
storage tanks required smaller plants for treatment (with a capacity as small as 11.15 m3/h).

Keywords: Water Networks, Membranes, Planning & Scheduling, Optimization, Water, Reverse Osmosis,
Multi-scenario Optimization, MILP

growing population, and improvements in living stand-

INTRODUCTION ards increase design and operation requirements of wa-
ter production and distribution systems. Hence, the en-
Water Production Networks and Reverse hancement of currently existing systems, the explora-

tion of alternative water resources and the adoption of

Osmosis Plants ) .
. different water treatment technologies are often need-
In an urban center, the water supply system is ed

comprised of networks of water abstraction, treatment
and consumption units. The abstraction units send raw
water to the treatment units, where it is converted to
drinking water for distribution to the consumers.

The production of drinking water under adequate
quality constraints and in sufficient volume to match the
demands of the consumers is a key challenge for sever-
al urban centers: climate change-fueled water scarcity,
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Among these new technologies, the usage of Re-
verse Osmosis (RO) systems for the treatment of
groundwater sources is an attractive possibility. In these
membrane-based separation plants, a brackish water
stream is split in two: a high-salinity stream (the “reject”
or “concentrate”) and a low-salinity stream (the “perme-
ate”). This separation technology is one of the possible
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alternatives for the purification of water resources with
high concentrations of monovalent ions, such as fluo-
ride, but some disadvantages (such as its high energy
needs and the discharge of a considerable volume of
brine) warrant careful considerations before implemen-
tation [1].

Optimization of Water Production Networks

Due to the widespread presence of water net-
works, in the most varied engineering fields, several
optimization strategies have been applied to their de-
sign and operation. These methods can be categorized
in two groups: “pinch” approaches, which require less
computational resources but don't necessarily lead to an
optimal solution, and systematic approaches, in which
all mass balances of each equipment in the system be-
come constraints in a mathematical program. This ap-
proach can yield demonstrably optimal solutions, and
makes the selection of generic objective functions
straightforward; however, more computational re-
sources are required [2]. For instance, when the con-
centrations of contaminants are important to the prob-
lem (as is the case in urban water production networks),
the resulting mathematical program can be classified as
a pooling problem, which must either be solved as a
non-convex, nonlinear optimization program, or linear-
ized through the usage of integer variables [3].

Classical analyses of water networks usually fo-
cused on systems that operate in a steady-state regime,
relevant to industrial contexts. However, in an urban
water supply context the dynamic operation of the sys-
tem needs to be taken into account: not only the water
demand is variable, the water resources might only be
available in selected periods of the day. Hence, a more
sophisticated mathematical tooling is required, and
these systems must be modeled through an Optimal
Control formulation. In this technique, the temporal do-
main is discretized, and the optimization variables be-
come the state of each equipment in the system in a
selected set of time instants [4].

Sao Paulo State Legal Requirements

One additional operational requirement, particular
to S&o Paulo state, is the legally-mandated contiguous
daily downtime period: every day, pumping from each
well operation has to be interrupted for a single period
of four hours, to allow the water level in the well to re-
cover. This constraint is absent from previously pub-
lished models, but is paramount to the water manage-
ment company, allowing it to replace ad-hoc heuristics
with results from a deterministic optimization model.

MATERIALS AND METHODS

Mathematical Programming
CALLIL-SOARES et al. / LAPSE:2026.0490
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The optimal control problem was initially converted
to a Disjunctive Programming formulation: the optimiza-
tion horizon was divided in H intervals and the water
production network was modeled as a set of equip-
ments (nodes) connected between themselves. For
every equipment E, for every instant h e {1,2,...,H},
were defined flowrates Qg (in m3/h) and contaminant
loads F# (in g/h) for each of its inputs and outputs. Each
equipment of the system was modeled linearly, as
shown below, and the inputs and outputs of connected
equipments were subjected to equality constraints. The
logical constraints were converted to a Mixed-Integer
Linear Programming (MILP) formulation, and the result-
ing program was solved.

Equipments and connections

All equipments were modeled in a straightforward
fashion; however, a more sophisticated formulation was
required for wells (contiguous downtime requirement),
splitters (linearization of bilinearities) and tanks (multi-
scenario optimization with the usage of design days).

Wells

For a well W, its downtime fraction Dy, was known,
as well as its contaminant concentration cy, and its max-
imum water production Q.. Initially, were defined
output flowrates Q%, and contaminant loads Fj. for each
instant h, as wells as their limits (1 and 2, respectively).

0<Ql < QuawVhe{l,2,....H} )]

For the downtime modeling, two boolean variables
were defined for each instant h: X}, was True if and only
if the well was inactivated in instant h (3), and Y{; was
True if and only if X}, was True and X};-! was False (4).

[ hW ] v [ h v (3)
Qy=0 0<Qp < Qmax,W
X A-XEl = YRVh €{2,3,..., H} @)

X5 AXE =Y

The downtime (5) and its contiguity (6) were con-
strained through the number of True X% and Y%, re-
spectively.

card{h € {1,2,...,H}: X}\,} > HDy, (5)
card{h € {1,2,..., H: Y} } <1 (6)

RO plants and brine discharges

A RO plant P is characterized by its minimum and
maximum feed flowrates Q,p and Q. p, its yield np,
defined as the ratio between permeate and feed
flowrates, and its salt retention pp, defined as the rate
between brine and feed contaminant loads. For each
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instant h, were defined feed, permeate and concentrate
flowrates (Qf p, Qhemp anNd Qly,.p, respectively) and
contaminant loads (F p, Fjtm p and Fli,. p, respectively).

The yield (7), salt retention (8), mass balances (9) and
operation limits (10) were modeled.

Qgerm,PznPQi}:x,P (7)
thrme,P =PPF£,P (8)
Qh Pngerm,P+Q€Lrine,P )
Fih F;lerm P+Flﬁ'ine,P

Quinp < Qfhp < Quua,p (10)

Each plant requires a brine discharge unit R with
input flowrates and contaminant loads (respectively,
QR r and FZp) with a maximum contaminant load cg,
which limits brine concentration (11).

Fllg < crQhr (1)

Mixers, splitters and selectors

A mixer M is associated with mass balances con-
straints (12), that ensure that its output flowrates and
contaminant loads (QoutM and F, OutM, respectively) match
the sum of its ny, input flowrates i, i,,...,i,, and con-
taminant loads (le v and le Mo respectlvely, for je

{]., 2, .. .,nM}).
Z leJM QoutM

nM h
ZJ 1F1ntj,M FoutM

(12)

Splitters, on the other hand, required a more so-
phisticated model. For a splitter, S, with two output
streams (o; and o,), mass balances were introduced
through constraint (13), but the same-concentration
constraint (14) had to be replaced by a linear formula-
tion.

h _nh h
Qin S_Qout ,015 S+Qout ,02,S

(13)
Fih Fg{n ,01,8 Fout ,02,8
Qm S out ,01,8 Qout ,015 S m S (1 4)

Constraint (14) was linearized with a logarithmic
piecewise discretization [5]. Initially, the number Gg=2Ns
of possible split fractions was chosen, with Ng € N.
Then, for each n €{1,2,...,Ng} two continuous variables
were defined (Q}mans aNd Fiemans), @s well as a bool-
ean variable W"S These variables were constrained with
a Disjunctive Programming formulation (15) and the con-
tinuous variables were combined to yield output
flowrates and contaminant loads (16).

CALLIL-SOARES et al. / LAPSE:2026.0490
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h
Wn,S

W,
AR n,S
Qh _2"Qips h
internal,n,S — 1_2-Ns thernal n, S=O (1 5)
nph
—2"Fins F! internal,n,S — =0
mtemal nS— 1—2~Ns

Ng
out ,01,S Z thernal n,S

out 01,8 Z

Finally, for topology optimization, a simplified split-
ter, with integer and constant split fraction, is intro-
duced. This unit defines to which of its two possible
outputs all input flowrate and contaminant loads are
directed. Constraint (17) makes use of a boolean varia-
ble (V5) to model a given selector, S.

(16)

1nternal n,S

Vs Vs
Qout ,01,8 Qm S Qout ,01,8
Qout,oz,Szo \Y2 Qout ,02,8 Qm S (1 7)
Fglut ,01,S Fiﬁ,s Fout ,01,8 =0
F(flut,oz,SZO Fglut ,02,S Fin,S

Consumers and associated tanks

The water supplied to a population center must
obey the legal requirements for contaminant load con-
centration, and the supplied volume must be enough to
cover the local water demand. In this model, consumers
and storage tanks were modeled as a single unit: while
offering less flexibility, by constraining contaminant load
requirements in the tank input, and demand in its out-
put, no bilinearity is introduced, reducing the complexity
of the mathematical program.

For a consumer C, are known the capacity of the
associated tank (V) the demand in each instant h
{1,2,....H} (Q%unac) @and the minimum and maximum
contaminant concentrations (¢, c and cpuc, respec-
tively). For each instant h were defined input and output
flowrates (respectively, Q% .~ and Q" ), input contami-
nant load (F! ), and volume of water stored (V). Con-
straints (18) and (19) model the behavior of the tank,
constraint (20) ensures that water demand is met, and
constraint (21) ensures that input contaminant concen-
tration lies between the legally allowed limits. Constraint
(22) ensures that the daily operation of the tank is cycli-
cal, that is, the difference AV, between the volumes
stored in the tank at the start (instant 0) and end (in-
stant H) of the day is equal to 0.

0 < V& < Ve (18)
an C Qout C+Vh_1=VCh
Vh € {2,3,...,H} 19)
e — Quu, C+VH_VC+AVC
Qout c= demand C (20)
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Fiﬁ,c S cmax,CQf:l,C (21)

Fiﬁ,C 2 cmin,CQi};,C

Superstructure optimization

To assess the inclusion or exclusion of a given unit
U, a binary variable z; is defined, and constraint (23)
forces the inactivation of the unit if this binary variable
is zero.

zy=0= QI ,=0Vh € {1,...,H} (23)

Multi-scenario modeling

Assuming that a given period of time can be split in
D sets of N; days each with similar water supply and
demand (for instance, week days and weekends, or
days in different months of the year), a multi-scenario
approach can be employed, instead of optimizing the
system for each time instant [6]. Under this model, d
“clones” of the system are optimized simultaneously,
with the inclusion of extra constraints to ensure that the
optimal design is the same for the entire period: for all
pairs (d,d") of sets of days, all selectors S must acti-
vate/inactivate the same output (23), all units U which
could be included or excluded from the system are in-
cluded/excluded (24) and the volume of each tank C
must be a continuous function of time (25) (constraint
(22), defined in the previous section, must be discard-
ed). Finally, the volume stored in the tank must be
greater than zero and smaller than its capacity (25).

VS,dZVS,dr (24)
Zy,d=Zu.d/ (25)
VE +(N; — 1AV
C,;i[ ( d H) C,d1 (26)
+Qinc,a — Qour,c,d=Vc,an
0 < VEAH(Ng — DAV c.g < Viaxc (27)

The contiguity of the downtime periods required a
few more constraints, however. As defined in constraint
(5), the number of intervals in which some well W had to
be inactivated is Ay =[HDy,|. If D=2, it can be shown that
the contiguity of the downtime periods is assured (even
if the downtime is divided between two days) if Con-
straint (26) applies.

Y oW =y, At e (2, Ay} (28)

Finally, to avoid global deficit or surplus, V{5, is
defined as V¢, in Constraint (26).

Objective function

Finally, the objective function was defined as the
total permeate production in the plant (27), as a proxy
for capital and operational costs. However, the model

CALLIL-SOARES et al. / LAPSE:2026.0490
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accepts different objective functions, with the possibil-
ity of minimizing water usage or other system proper-
ties.

min ZdD:l(N d Zle Qf,‘erm,p)

s.t. constraints (1-13) (29)
constraints (15-21)
constraints (23-28)

Case Study

The model defined in the previous sections was
applied to the optimization of the design and operation
of the water production system in a small city in Sao
Paulo state, Brazil (Figure 1), where the water demands
of a population of c. 8000 people was supplied by five
wells (Table 1) with high fluoride concentrations. The
modeling scenarios investigated contemplated fluoride
removal by RO (plant P, in the figure) and daily contigu-
ous periods of four hours in which water production
from each well was interrupted. The permeate produced
by this RO plant, with a low concentration of fluoride,
was then mixed with the raw well water, to adjust the
fluoride concentration in the distributed water to the
legally allowed concentraion interval (between 0.6 and
0.8 mg/L). This stream supplied a water storage tank T,
which supplied the city. In the base case, the storage
tank had a capacity of 500 m3, and the plant operated
with a recovery of 80% and a salt retention of 95%. Af-
terwards, sensitivity analyses were performed to assess
the impact of tank capacity and salt retention.

o ||

Figure 1. Schematic representation of the water produc-
tion network studied, showing an RO plant with a per-
meate production Q,., and a salt retention », supplying
a tank with capacity V,,,. Two water pipes must be im-
plemented: one (a subset of the structure shown in
pink) feeds the water treatment system and the other
(in teal) supplies the storage tank T. A splitter S splits
the stream that feeds the plant in an excess water
stream (which is sent to the storage tank) and a plant
feed stream. Mixers, selectors, and the brine discharge
are not shown, for clarity.
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Table 1: Properties of the wells.

Well Maximum flowrate Fluoride concentration
(m3/h) (mg/L)

P1 16.0 6.15

P2 28.0 6.03

P3 23.0 6.62

P5 30.0 1.09

P6 16.0 1.04

The water demand exhibited hourly and daily variations,
with the weekend demand of 1, 608 m3/day being 52.7%
higher than demand in weekdays (equal to 1, 056
m3/day). Hence, a multi-scenario approach was adopt-
ed, with two sets of days (N;=5 week days and N,=2
weekend days).

The goal of the optimization was to determine the
optimal plant capacity and network topology, obeying
legal requirements for minimum and maximum fluoride
concentrations and producing drinking water, with water
quality within the legal drinking water standards, to sup-
ply the demand of the city. The water storage tank ac-
cumulated excess drinking water produced during the
week to cover the needs of the (higher demand) week-
ends. Finally, plant input and output flowrates were set
to be constant, requiring the introduction of a new con-
straint (30), where Qe p Was a continuous variable also
constrained by (10). As the flowrates were the same in
every period, the objective-function was simply the sum
of of the permeate output in all instants considered,
without need for the weights N, adopted in (29).

nyﬁrm,P,szperm,P (30)
vd € {1,2},Vh €{1,...,H}

In this model, constraint (27) was adapted, replac-
ing the factor (N4 —1) by the factor N,. This modifica-
tion, which allowed one extra day of weekend or week
day demand, was required to improve the robustness of
the model, permitting the operation of the system in
“long weekend” conditions.

In this model, a bi-hourly discretization was adopt-
ed (that is, H=12), and the granularity of the logarithmic
approximation of the splitter was set to Gg=16=2*. This
granularity leads to small (<5%) differences between the
optimal split fractions obtained from the linearized mod-
el and the results which would be obtained from the
nonlinear program.

The model was implemented in the modeling lan-
guage CasADi [7], in a Python script, and solved with
the Mixed-Integer Linear solver CPLEX 22.1.1.0. The
Mixed-Integer gap was set to 0.01%. The script was
executed in a personal computer running Debian
GNU/Linux 12, with an 8-core/16-thread AMD Ryzen 7
2700 CPU and 48 GB of RAM.

CALLIL-SOARES et al. / LAPSE:2026.0490

RESULTS AND DISCUSSION

Base case

Initially, the system was implemented adopting
p=95% and V,,,, r=500 m3. It was possible to optimize the
resulting mathematical program to optimality in a rea-
sonable time frame, obtaining a minimal plant capacity
Of Qperm,p=17.76 m* (Table 2).

Table 2: Properties of the mathematical program and
software performance.

MILP properties (after presolve)
Number of variables 2077
Continuous variables 1741
Binary variables 336

Constraints 1294
Software performance

Feasibility Feasible

Mixed-Integer Gap 0.00%

Execution time (s) 107.69

Best objective function value 1065.74

Syst Control Trans 5:2303-2310 (2026)

In the optimal solution, the storage tank, as ex-
pected, accumulated excess drinking water production
during the week days and used this water to cover the
increased weekend demand (Figure 2a). In the optimal
solution, the production of wells 1, 2 and 3 was directed
to the RO plant, while the production of wells 5 and 6
was sent directly to the tank (as illustrated in Figure 3,

point “e”). The downtimes of each well obeyed the legal
requirements (Figure 2b).

Tank capacity and plant salt retention effects

To assess the impacts on plant capacity require-
ments of changing tank capacity or the selection of
membrane elements (properties that lead to complex
financial trade-offs: larger plants require higher volumes
of feedwater and lead to higher reject flowrates, mem-
brane elements with higher salt retention rates have
higher energy demands, and the CAPEX of a tank grows
with its capacity) a sensitivity analysis was performed.
300 pairs (1, Vyaxr) Of salt retention and tank capacity
values were selected in a centered square lattice with 5
between 85 and 99.5% and V,,r between 50 and 1000
m3. Then, the resulting mathematical program was op-
timized, as the base case was in the previous section.
Of the initial 300 points, 274 were in the feasible region.

By comparing the optimal plant capacity values and
the optimal system topologies in each analyzed point,
some global trends could be observed (Figure 3). First,
the optimal topology of the network depended on the
storage tank capacity and membrane design (both its
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capacity and its rejection characteristics). In a scenario
with higher plant capacity requirements (Figure 3a) all
wells were connected to the plant, but in a scenario
where a smaller plant was required (Figure 3f) only the
wells with higher contaminant concentrations demanded
RO treatment.

(a)

Vimax
400
300
200
100 {,/

Stored volume [m?]

24 48 72 96 120 144 168
Time [h]

P1 | |
P2

HNE BB
Il [ N

week day operation

H W H B
el ] I N N

Well

Well

weekend operation

Time [h]
0 15 30 45 60

Well output [m3/h]

Figure 2. Operation of the tank (a) and wells (b) on
week days and weekend days.

Second, while Quem p Changed smoothly with both 7
and V,,,, r for smaller values of 7, there were some dis-
continuous regions for n<90%; besides, as this parame-
ter grows, eventually an unfeasible region was reached,
initially for systems with smaller tanks, and then for sys-
tems with progressively larger storage capacities. How-

CALLIL-SOARES et al. / LAPSE:2026.0490
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ever, no general relations between plant capacity dis-
continuities and changes in optimal topology were ob-
served.

Finally, the complexity of the mathematical land-
scape, illustrated in the figure, demonstrated that no
global recommendations for the improvement of the
system could be made: while increasing salt retention
(by selecting different membrane elements) or storage
capacity might lead to a significantly smaller plant, there
are diminishing returns for these modifications, specially
for higher values of n and V. 7.

CONCLUSION

A Mixed-Integer approach was developed and im-
plemented for the optimization of water production
networks with Reverse Osmosis water treatment units,
in which there are legal requirements for daily contigu-
ous downtime periods. This model was then applied to a
case study, were large demand variations between
weekends and week days required a multi-scenario op-
timization strategy with the usage of “design days” to
model demand in each scenario without needing to op-
timize the operation of the system over the entire opti-
mization horizon.

The application of the model to the case study
demonstrated its reasonable performance (with global
optimization achieved in less than two minutes, in the
base case), and yielded important results: first, it was
shown that the implementation of an RO system is a
feasible alternative to lower the high contaminant con-
centration in the water supply of the city; second, a
sensitivity analysis performed by optimizing systems
with different membrane technologies and equipped
with different storage capacities exhibited pathways for
system improvement, defining a landscape of trade-offs
between tank CAPEX, energy usage, and water abstrac-
tion and waste.

However, further research is warranted: given the
random nature of water demand, which is affected by
several environmental and social factors, a stochastic
optimization approach would increase the robustness of
the proposed schedules. This modeling approach would
also allow the consideration of contaminant concentra-
tion variations, which can be significant.

Finally, while the current mathematical program
minimizes plant flowrate, as a proxy for water treatment
expenses, a future research avenue lies in minimizing
the system costs as a whole, considering CAPEX and
OPEX for each equipment (wells, plants, tanks) and min-
imizing total annualized costs.
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