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ABSTRACT

This study presents different approaches for introducing mixed integer problems into a meta-heu-
ristic algorithm. The algorithms are developed to address the simultaneous design and optimiza-
tion of a heat pump unit. A distinction is made between integer variables such as nominal tube
diameters and the adsorbent employed in the process. The choice of adsorbent is named as a
“key variable” due to its high impact on the process. To optimize the selection of these “key vari-
ables”, a branched version of Particle Swarm Optimization (PSO) is presented and compared with
the non-Branched version and a deterministic solver (IPOPT). Advanced Convergence Criterion is
also implemented to mitigate the computational effort of these approaches. In the studied cases,
Branch_PSO presents a higher degree of consistency and can even outperform the traditional PSO
in simultaneous process optimization and material screening. However, its computational effort in
cases with a large number of branches might be an obstacle.

Keywords: Optimization, Particle Swarm Optimization, Adsorption, Energy Systems, Energy Efficiency, Mixed

Integer nonlinear problems, Key Variables, Heat Pumps, Material Screening

INTRODUCTION

Mixed Integer Nonlinear Programs (MINLP) are com-
plex optimization problems that combine nonlinear objec-
tives or constraints with integer variables. They fre-
quently arise in fields such as engineering, economy, and
logistic planning. Classic examples of such problems are
the development of superstructures to determine which
equipment shall be used in a certain process to maximize
profit or operation scheduling to make the most of the
resources available according to the requested ship-
ments [1].

A possible approach to MINLP is the adaptation to a
Nonlinear Program (NLP) via the relaxation of the integer
variables into continuous ones. Another approach relies
on the model adaptation by converting the nonlinear
equations into linear ones, diminishing the problem's
complexity. When no simplification is used, MINLP opti-
mization can be achieved through deterministic methods,
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such as Branch-and-Bound (BB). A comprehensive re-
view of those methods and commercial solvers applied to
MINLPs can be found in Krongvist et al. [2].

Nonetheless, there are some limitations to the de-
terministic methods. For example, they are usually unre-
liable when it comes to nonconvex problems, forcing a
conversion into a convex problem, which is not always
possible, or they fail to reach the global optimum by get-
ting stuck in local optima or due to the premature cut of
the branch that contained it (in the case of branch-based
methods) [3].

Therefore, Evolutionary Algorithms have emerged
for MINLP to avoid the previously mentioned problems. In
the case of genetic algorithms (GA) [4] and Artificial Bee
Colony (ABC) [5], the coding and decoding processes
can be modified to encompass the existence of discrete
variables. For Particle Swarm Optimization (PSO), the
methodologies vary. The most common one is consider-
ing the discrete variables as continuous in terms of
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evolution and rounding them off before the evaluation
[6]. The rounding operation can be performed by simply
using the round operator in the code language or by ver-
tex approximation, as described further in the work of
Chowdhury et al. [7]. An alternative approach uses oper-
ators such as sigmoid functions that affect the velocity
of binary or discrete variables, ensuring their integer na-
ture [8].

It is also common to encounter cases in the litera-
ture where multiple optimization strategies are combined
to take advantage of their individual strengths. An exam-
ple of this can be seen in Nema et al. [9], where a Hybrid
PSO-BB is implemented. In that case, branch-and-bound
is used to enhance convergence and PSO ensures the
exploration of the problem domain to avoid being trapped
in local minima.

However, the integer variables are rarely used as a
key to altering the properties of the problem. From a pro-
cess engineering perspective, the integer side of the
problem is more commonly associated with variables
such as the nominal pipe diameter or number of trays
within a distillation column. This means that the variables
considered have a sense of continuity despite their dis-
continuous nature, since the insufficiency of a variable
value leads to the evaluation of the next higher value
available, much similar to climbing a ladder.

When other types of integer variables such as the
type of catalyst, solvent, or adsorbent materials are con-
sidered, the evaluation may not have that continuity. The
optimal operating conditions for each material are rarely
the same due to their different properties. By changing
the evaluated material, the optimum for the process op-
eration is likely to change, hampering the process optimi-
zation. As such, the sense of continuity is not naturally
present in their evaluation. It is easier to think of such
variables as keys on a key chain. When looking for the
right key, trial-and-error is usually the chosen approach.
It is not uncommon for the first try (key B) not leading to
an open door, but neighboring keys (A and C) have no
correlation with key B and choosing the next key to try is
not evident.

Some techniques can be employed to mitigate this
problem. One can use logic criteria to order the variables
(ex. sort the adsorbents by their maximum capacity of
adsorption). In the specific case of evolutionary algo-
rithms that rely on random attributes for determining the
values to be used in the next iteration, such as PSO, it is
also possible to increase the number of evaluations to
ensure proper exploration. That increase comes at the
cost of higher computational effort, but can be an ad-
vantage for statistical analysis of the results obtained. At
last, one can isolate the “key variables” and solve the op-
timization problem individually for each of the possibili-
ties and then analyze the overall results. This last ap-
proach might not be viable if the problem considers

Silva et al. / LAPSE:2026.0486

Syst Control Trans 5:2272-2279 (2026)

multiple “key variables” (e.g. evaluating multiple catalysts
for a reactor superstructure)

The present work aims to explore the impact of the
“key variables” in MINLP optimization when using PSO al-
gorithms. For that purpose, a base PSO algorithm consid-
ering rounding of operations was compared to a
Branch_PSO. Additionally, advanced convergence crite-
rion was also considered. A deterministic solver (IPOPT)
was also considered in the comparison. The different al-
gorithms were compared based on the performance ob-
tained during the optimization of a material screening
with simultaneous process optimization for adsorption
heat pumps.

METHODS

In this work, four different PSO algorithms were
compared:

= Base_PSO

= Branch_PSO

= Base_PSO_ACC

= Branch_PSO_ACC

These four algorithms were also compared with the
deterministic method known as IPOPT (Interior Point OP-
Timizer). The case study considered in this study was the
simultaneous design and optimization of adsorption heat
pumps, as presented by Silva et al. [6].

The algorithms and the case studies are detailed in
the following subsections.

Base_PSO

Amongst the different variations of the PSO algo-
rithms presented in the literature, the one chosen as a
comparison base was Constraints-based Sliding Particle
Swarm Optimizer (CSPSO). CSPSO was introduced by
Nogueira et al. [10] and adapted for later works in the op-
timization of chemical processes [6, 11-14]. CSPSO will
be referred to as Base_PSO for the remainder of this pa-
per.

The Base_PSO evaluates the MINLP by considering
the integer variables as continuous ones and then round-
ing up their value upon the objective function evaluation.

For better understanding of Base_PSO, the corre-
sponding equations and algorithm can be consulted in
the referred papers or in the Supporting Information.

Branch_PSO

To evaluate the impact of the rounding operation on
the previous algorithm, the integer variables were up-
dated externally through the logic statements presented
in Algorithm 1.
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Algorithm 1. Branch_PSO operation.

Define Ny.
Create C.
Define Ng.
for i=1:Ng:
Run PSO for C(i), updating only the con-

tinuous variables.

Save Yglobest_branch and Xglobest_branch
end

Find Yglobest = min or maX(Yglobest_branch) and re-

spective Xgopest

In this algorithm, N, is the number of discrete varia-
bles, C is the list of all the possible combinations
(branches) of values for the discrete variables, N is the
number of possible combinations (branches) obtained,
C(i) is the branch that is being evaluated in the ith run of
the PSO algorithm, Y gopest pranck 1S the vector that stores
the global optimum found for each branch correspondent
with the particle position Xgiopest pranchs Y giobest 1S the best
optimum amongst all branches in the Xy, POsition. The
position of the N, particles defines the values for the de-
cision variables.

Advanced Convergence Criterion (ACC)

During a PSO run, the number of iterations required
to reach the optimal solution is often overestimated. Due
to that, the PSO algorithm keeps on running even after
effective convergence has been achieved, merely con-
centrating the particles around the optimal region without
significant improvement in the global best solution. To
overcome this limitation, an advanced convergence cri-
terion is proposed.

Instead of relying exclusively on a predefined maxi-
mum number of iterations (Nj,, . ), the proposed criterion
monitors the variation of the global best value between
successive iterations. Convergence is assumed when the
difference between the current and previous best values
remains below a predefined threshold (error,;) for a
given number of consecutive iterations (c;,, ). This ap-
proach ensures that the optimization process is termi-
nated only after a consistent solution has been identified,
avoiding redundant and unnecessary iterations. This pro-
cedure is presented in Algorithm 2.

Algorithm 2. Advanced Convergence Criterion.

Y —
Set globestbefore

Set k=0
Set cit =0
while k<]\]i

tmax

Silva et al. / LAPSE:2026.0486

Run one PSO iteration.

errory = Yglobest - Yglobestbefm.e

if errory < error,
then Set ¢y =¢; +1

else Set ¢; =0

end
if cit = Cityyy
then break
end

Set Yglobestbefwe = Yglobest

Set k=k+1
end

Syst Control Trans 5:2272-2279 (2026)

In this algorithm, ¢;, is the number of consecutive it-
erations that were assumed converged based on the cut-
of criterion.

The application of this criterion to the Base_PSO and
Branch_PSO  resulted in Base_PSO_ACC and
Branch_PSO_ACC algorithm, respectively.

IPOPT solver

To compare the performance of the developed al-
gorithms, the IPOPT solver was also implemented to the
same case study as the PSO.

The IPOPT (Interior Point OPTimizer) is used for
large-scale Nonlinear Problems and is available as an
open-source software package. The solver was imple-
mented through the cyipopt library in Python [15].

The solver is based on barrier methods and there-
fore requires information about the derivatives of the
constraints and objective function, unlike the PSO algo-
rithm [16].

To approximate the Branch_PSO behavior, the
solver was used in a similar way as described in Algorithm
1, with the integer (“key”) variables being handled exter-
nally.

The calculation of the Objective Function derivative
was made based on the forward finite-differences
method with a step of 10-6.

Case study: Design and optimization of
adsorption heat pumps

Since the major distinction made between “ladder”
and “key” variables lies with the physical and processual
meaning the integer variables acquire within a process or
operation, the different algorithms were compared within
a design and optimization problem of a given processual
unit. The comparison of the algorithm’s performance un-
der typical benchmark problems could not demonstrate
the impact of the “key” variables evaluation methods and
is not presented in the present paper.

The processual unit chosen for the case study was
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an adsorption heat pump (AHP). Adsorption-based heat
pumps offer a sustainable alternative to conventional
heating technologies due to their low electricity con-
sumption and ability to operate with renewable or waste
heat sources [17, 18]. Their performance strongly de-
pends on the choice of the adsorbent-adsorbate pair,
making material screening and optimization essential to
identify high-efficiency systems [19-21]. Usually, the op-
eration cycle of AHPs is generically represented as pic-
tured in Figure 1.

Isosteric heating and isobaric desorption are the
steps where heat is supplied to the adsobent bed in the
amounts Q.. and Qges, respectively, and Q.ynq is pro-
duced as the working fluid is condensed. During the iso-
steric cooling and isobaric adsorption, heat is released to
the environment in the amounts Q. and Q,4s and the
working fluid is once again evaporated with the heat pro-
vided Qeyap-
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Figure 1. Diagram of In(P) vs -1/T of an adsorption heat
pump’s cycle operation [vapor liquid equilibrium, isosteric
heating (a), isobaric desorption (b), isosteric cooling (c),
and isobaric adsorption (d)].

The performance of the equipment is measured by
the coefficient of performance (COP,.,), calculated by
Equation 1. This coefficient expresses the amount of heat
produced by unit of heat required to operate the unit.
Qevap 1S cOnsidered ambient provided heat and therefore
not considered within the required heat.

Qcond+Qads+Qcool
COPyyeyy = —200 20 <00 (m
heat Qdes+Qneat

In the study of Silva et al. [6], it is possible to en-
counter more details about the model equations, the ad-
sorbent materials and the parameters considered in the
model simulation. These are not included here for the
sake of brevity.

The optimization problem is summarized below.

max COPheat (2)
Tevap:Tcond Tdes,Material

s.t.
Silva et al. / LAPSE:2026.0486

&1 = min ~ qmax <0 (3)
82 = Teyap — Teona +5 <0 (4)
83 = Teond = Taes <0 (5)
84=Ty —Tyes <0 (6)
8 =Teona— T4 <0 (7)
8e=T,— Ty <0 (8)
8 =Teona— L <0 (9)
Tpap € [280.0,303.0] K (10)
Toona € [309.0,365.0] K (11)
Tyes € [345.0,473.0] K (12)
Material € {1,2,3,4,5,6,7,8,9, 10} (13)

In this formulation, q,,;, and q,,., are the minimum and
maximum adsorbed amount (dependent on all the deci-
sion variables), T, = T4/ Tovap @aNd Ty = Topap Taes/ Teond-

In the PSO algorithms, the constraints were enforced by
assigning the value of 100 (penalization) to the objective
function whenever the constraints were not verified. In
the IPOPT implementation, the constraints g,-g, were ap-
plied within the solver algorithm. The same did not occur
with the constraint g; because the IPOPT algorithm re-
quires information about the derivatives of the con-
straints and that handling was not perceived as trivial,
given the intricate equations at stake. Therefore, g, was
handled with the penalization system in both PSO and
IPOPT.

Simulation

The material screening with simultaneous process
optimization for adsorption heat pumps was imple-
mented in a computer with 32 GB of RAM and an Intel(R)
Core(TM) i7-14650HX (2.20 GHz), using Spyder 6.1.0, as-
sociated with Python 3.10.13 64-bit.

The parameters used in the four PSO algorithms
considered can be found in Table 1.

Table 1. Parameters used in the PSO algorithms.

Np Nit_max errorey c

itmin
Base_PSO 3000 200
Base_PSO_ACC 3000 200 10714 20
Branch_PSO 300 200
Branch_PSO_ACC 300 200 10714 20

Syst Control Trans 5:2272-2279 (2026)

When it comes to the number of particles and itera-
tions in the branched and base operation, the common
rule is to maintain the number of iterations constant and
then calculate the number of particles by ensuring that
Ny _branched_pso Ne = Np_gqse_pso fOr better comparison.

In IPOPT, the convergence criterion was user-
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defined to better compare with the PSO algorithms. The
absolute tolerance was defined as 1074, and the bounds
relaxation factor was considered as 0.0. The initial guess
for the continuous decision variables was considered as
the mid-interval value.

RESULTS

Material Screening of Adsorption Heat Pumps

The results for the maximization of the performance
coefficient for heating operations (COP,,,;) are presented
in Table 2. The optimal values obtained by each optimizer
are reported with a high number of significant figures to
clearly highlight the differences between them, with the
final digits shown in bold for added emphasis.

Table 2. Computation time and max(COP,,,,) obtained for
the different algorithms applied.

Base_PSO
t/s 3870
max(COPpq) 1.863846575137443118
Base_PSO_ACC
t/s 198
max(COPpq;) 1.863846575137442896
Branch_PSO
t/s 1650
max(COPpq;) 1.863846575137444228
Branch_PSO_ACC
t/s 524
max(COPpq;) 1.863846575137442896
IPOPT
t/s 51
max(COPpq) 1.8638465751374385

As can be perceived, Branch_PSO surpasses
Base_PSO used in the previous study. The computation
time isreduced by 57%. In addition to this, the most prob-
able value (MPV) for the optimum is slightly better in
Branch_PSO for the maximization of COP,,,,, although all
the differences in results displayed in Table 2 are not sig-
nificant when one considers a practical application.

In the case of the advanced convergence algo-
rithms, the time reduction in computational time is quite
significant when compared to the algorithms where the
number of iterations was set from the beginning (95% for
Base_PSO and 68% for Branch_PSO). However, the solu-
tion in cases that do not consider accelerated conver-
gence is slightly more accurate than the ACC version.
Nevertheless, since only one run was performed for each
case, the different randomness of the initial particle colo-
cation amongst algorithms can also be a factor in this
analysis. It can also be seen that Base_PSO_ACC is 62%
faster than Branch_PSO_ACC. This is due to the fact that

Silva et al. / LAPSE:2026.0486
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Branch_PSO_ACC needs to meet the convergence crite-
rion in all the branches and Base_PSO has 10x more par-
ticles in the unconstrained search for the global optimum.

Comparing the IPOPT results with the PSO ones,
IPOPT is the fastest one (74% faster than
Base_PSO_ACC) but is also the one where the optimal
value of the objective function found is the lowest.

To better analyze the different methods, the
heatmaps of the evaluations made by each algorithm
were plotted and are presented in Figure 2.

Several notes can be taken from the data in the
heatmaps. The first one is that Base_PSO algorithms did
not execute any evaluation in the quadrants where the
optimum for materials 1and 7 were located (signaled with
the pink dotted boxes). This highlights the problem of
“key” variables because if the algorithm cannot locate the
optimum within a given discrete option of adsorbent or
configuration of the unit, then the comparison is not be-
ing performed fairly. It is important to note that these ma-
terials were not the worst two of the ten that were eval-
uated, as materials 9 and 2 display a lower or equal
max(COP,,,,) value.

The second note worth mentioning is the inability of
IPOPT to locate the optimum for material 9. In fact, IPOPT
failed to make a single evaluation that is not penalized.
The penalization on its own is not an exclusive limitation
to the success of the optimization, as material 8 also had
some penalized evaluations and the algorithm still got
within the optimal quadrant. The fact that the evaluation
of material 9 could not produce any non-penalized eval-
uation is cause for raising doubts on the effectiveness of
IPOPT for the evaluation of more complex problems
where the equations are not easily differentiated with re-
spect to the decision variables. One can argue that the
initial guess of the optimum has an effect, but making a
more educated guess also requires more information on
the problem, or a trial-and-error approach. With
Branch_PSO, all materials were evaluated fairly, with a
very similar number of evaluations in the optimal regions
of all materials, even with the ACC. It is also interesting
that material 9 was the most penalized material for the
PSO algorithms as well, but they still converged to the
optimal region (including the Base_PSO ones that fail in
the other two materials, 1 and 7).

Hence, despite the lower computational time, [IPOPT
has a worse performance when considering optimum
evaluations and the flexibility provided in the problem
evaluation stage. Within the PSO methods, Branch_PSO
outperformed Base_PSO in terms of balance across the
evaluation of the different materials, Base_PSO_ACC can
be considered a viable alternative as well for fast evalu-
ation, but the convergence problems due to the “key”
variables misevaluation are still a possibility.

CONCLUSIONS
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Figure 2. Heatmaps for the evaluations performed in Base_PSO (a),
Branch_PSO_ACC (d), IPOPT with the same scale as the PSO maps (e) and with autoscale (f). The values in the
Heatmap are expressed in logio(Number of experiments (N,)). The pink dotted squares represent quadrants that
were not evaluated in the Base_PSO algorithms (correspondent with the location of that material optima). P stands
for the evaluations that resulted in penalizations due to the non-observation of the constraints (only g; in the IPOPT

Base_PSO_ACC (b), Branch_PSO (c)

Four different PSO algorithms were presented to
solve MINLP. The algorithms were designed to assess
the impact of “key variables” on optimization and process
design problems. Their performance was compared to a
deterministic solver (IPOPT).

For the design and optimization of adsorption heat
pumps, Branch_PSO outperformed Base_PSO and high-
lighted the discontinuous problem of “key variables”. Ad-
vanced convergence (ACC) had a large advantage in
shorter computation time and can be employed in real-
life applications if the error values are not prohibitive

Silva et al. / LAPSE:2026.0486
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upon comparison with the remaining approaches.

Although IPOPT was the fastest algorithm, it deliv-
ered the lowest optimal value and showed limited robust-
ness in constrained regions. IPOPT failed to produce any
non-penalized evaluations for material 9, indicating diffi-
culties in handling complex, non-smooth problems with
stringent constraints.

Heatmap analyses showed that Base_PSO failed to
explore the optimal regions of materials 1 and 7, which
highlights the issue of key-variable misidentification, i.e.,
the inability of the algorithm to correctly explore variables
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such as material selection. In contrast, Branch_PSO en-
sured a balanced evaluation of all materials, even with
ACC enabled.

Overall, Branch_PSO_ACC provides the best com-
promise between robustness and computational effi-
ciency, while Base_PSO_ACC remains a viable faster al-
ternative with some risk of missing optima due to incom-
plete exploration of key variables.

As a final note, and despite the better performance
of Branch_PSO, the algorithm presents a limitation in the
incremental computational effort when a larger number
of branches is considered. The breaking point when the
computational effort nullifies the other advantages is a
parameter that can only be evaluated case by case. How-
ever, with the increase in computational power and core-
based parallelization, this problem can be surpassed with
multiple particles being evaluated simultaneously, reduc-
ing computational time.

DIGITAL SUPPLEMENTARY MATERIAL

Base_PSO algorithm can be found in Supporting In-
formation (LAPSE:2026.0035).
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