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ABSTRACT 
The growing penetration of renewable energy sources and power-to-hydrogen (P2H) systems 
demands high-fidelity, large-scale optimization frameworks that capture the nonlinear physics of 
both AC power flow and hydrogen thermodynamics. However, existing approaches rely on DC 
approximations and simplified electrolyzer models, neglecting critical operational constraints. As 
a result, accurately modeling such systems leads to large-scale nonlinear programs that are com-
putationally intractable for conventional CPU-based solvers. This motivates the need for scalable 
optimization frameworks capable of handling both physical fidelity and computational complexity. 
This paper proposes a fully GPU-native framework for solving large-scale multi-period AC optimal 
power flow (AC-OPF) problems with integrated power-to-hydrogen systems. High-fidelity ther-
modynamic models of hydrogen production, compression, cooling, and storage are coupled with 
AC power flow constraints, resulting in large-scale nonlinear programs (NLPs) with up to 14.4 mil-
lion variables and 22.4 million constraints in the largest benchmark case (9, 591-bus network with 
a 168-hour horizon). To enable scalable solutions, condensed-space KKT reformulations and GPU-
accelerated sparse Cholesky factorization are employed within an end-to-end GPU optimization 
pipeline. Numerical results on benchmark networks up to 9, 591 buses demonstrate 10–600× 
speedups over CPU solvers, whereas CPU-based solvers fail to converge on the largest instances. 
Operational studies further highlight the importance of thermodynamic constraints in realistic hy-
drogen system scheduling. 

Keywords: AC optimal power flow, power-to-hydrogen, integrated energy systems, GPU-accelerated optimi-
zation, nonlinear programming 

1. INTRODUCTION 
Global electricity demand is growing rapidly due to 

the electrification of industrial processes, the expansion 
of data centers, and the increasing penetration of electric 
transportation systems [1]. Achieving carbon neutrality 
under these trends requires a fundamental transfor-
mation of power systems toward renewable energy 
sources (RES). However, the inherent intermittency and 
uncertainty of RES introduce significant temporal mis-
matches between electricity supply and demand, posing 
critical challenges to secure and efficient system opera-
tion. 

Addressing these challenges necessitates flexible 
energy storage solutions that enable sector coupling 

across multiple energy domains. Among the available op-
tions, Power-to-Hydrogen (P2H) technology offers a 
promising solution by converting surplus electricity into 
hydrogen, enabling long-duration storage and cross-
sectoral decarbonization [2].  

Despite the potential of integrated systems, existing 
optimization frameworks often rely on significant simpli-
fications to manage computational complexity. On the 
grid side, many studies utilize Direct Current (DC) power 
flow approximations, which ignore voltage limits and re-
active power requirements [3]. On the hydrogen side, 
electrolyzers are frequently represented as idealized, 
controllable electrical loads [4]. Such formulations ne-
glect critical physical characteristics of hydrogen sys-
tems, including the nonlinear auxiliary power 
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consumption of balance-of-plant components (e.g., 
compressors and cooling systems) and the thermody-
namic dynamics of hydrogen storage vessels, such as 
pressure and temperature evolution. Ignoring these ef-
fects can lead to inaccurate assessments of system flex-
ibility and suboptimal operational decisions.  

To address these limitations, this paper proposes a 
high-fidelity, integrated optimization framework that 
couples a multi-period Alternating Current Optimal Power 
Flow (AC-OPF) model with detailed hydrogen production 
and storage dynamics. The AC-OPF formulation explicitly 
captures voltage magnitudes, active and reactive power 
flows, and transmission losses, while the hydrogen sub-
system is modeled with rigorous operational and thermo-
dynamic constraints. This integrated formulation enables 
a physically consistent representation of the coupled 
power–hydrogen system across multiple time periods. 

The resulting optimization problem is a large-scale, 
nonlinear program (NLP) characterized by strong tem-
poral coupling and complex network constraints. Solving 
such problems using conventional CPU-based nonlinear 
solvers becomes computationally prohibitive for realisti-
cally sized systems, particularly at the national scale. 

To overcome this computational challenge, the pro-
posed framework is implemented using ExaModels.jl, a 
GPU-based algebraic modeling system, and solved with 
MadNLP.jl, a GPU-accelerated nonlinear solver [5]. By 
leveraging the massive parallelism of modern graphics 
processing units (GPUs), this computational strategy en-
ables the efficient solution of large-scale, high-fidelity in-
tegrated energy system models that were previously in-
tractable. 

The proposed approach is validated through case 
studies ranging from regional to national-scale power 
networks. The results demonstrate both the operational 
importance of detailed hydrogen process modeling and 
the substantial computational advantages of GPU-accel-
erated nonlinear optimization. 

The remainder of this paper is organized as follows. 
Section 2 presents the mathematical formulation of the 
multi-period AC-OPF and hydrogen system models. Sec-
tion 3 describes the GPU-accelerated computational 
framework. Section 4 reports numerical results and per-
formance analyses, and Section 5 concludes the paper. 

2. MATHEMATICAL MODELING 
This section presents the mathematical formulation 

of the proposed multi-period AC-OPF problem with inte-
grated hydrogen production and storage. Figure 1 illus-
trates the overall structure of the coupled power-hydro-
gen system, including the electrical network, electrolyzer, 
compressor, cooling system, and hydrogen storage tank, 
as well as their physical and operational interactions. 

The proposed formulation extends the conventional 

AC power flow representation [6] by explicitly incorpo-
rating the inter-temporal dynamics and operational con-
straints of hydrogen subsystems. The model is imple-
mented using ExaModelsPower.jl, an open-source mod-
eling library for creating GPU-compatible nonlinear AC 
optimal power flow models [7].  

The integrated system is formulated as a large-
scale NLP problem over a discrete time horizon 𝑡𝑡 ∈ 𝒯𝒯 . 
Building upon [8], the proposed formulation augments 
the basic power-to-hydrogen model with rigorous ther-
modynamic constraints for compression and cooling. At 
selected buses 𝑖𝑖 ∈ ℋ ⊆ 𝒩𝒩 , hydrogen production and 
storage facilities are installed and electrically coupled to 
the power grid. Each hydrogen facility consists of a pro-
ton exchange membrane (PEM) electrolyzer, a compres-
sor for pressurized hydrogen storage, and a cooling sys-
tem to maintain safe operating temperatures. The cou-
pling between the power grid and the hydrogen subsys-
tem is realized through the electrical power consumption 
of these components, which directly enters the nodal 
power balance equations of the grid. 

 
Figure 1. Schematic of the integrated power–hydrogen 
system. Selected buses in the transmission network are 
equipped with hydrogen production facilities, each 
comprising a PEM electrolyzer, compressor, and cooler. 
The electrical power consumption of these components 
the nodal power balance equations of the grid. 

2.1 Multi-period AC-OPF with Integrated 
Hydrogen Loads 

The core of the integrated energy system is the 
nonlinear AC power flow model, which ensures the phys-
ical feasibility of power system operation. For each bus 
𝑖𝑖 ∈ 𝒩𝒩 and time period 𝑡𝑡 ∈ 𝒯𝒯, the nodal active and reactive 
power balance equations are formulated as 

� 𝑝𝑝�,�
� − 𝑝𝑝�,�� − 𝑝𝑝�,��2

�∈��

= � 𝑝𝑝��,�
�∈��

,∀𝑖𝑖 ∈ 𝒩𝒩, 𝑡𝑡 ∈ 𝒯𝒯   (1) 

� 𝑞𝑞�,�
� − 𝑞𝑞�,��

�∈��

= � 𝑞𝑞��,�
�∈��

,∀𝑖𝑖 ∈ 𝒩𝒩, 𝑡𝑡 ∈ 𝒯𝒯  (2) 

where 𝑝𝑝�,�
�  and 𝑞𝑞�,�

�  denote the active and reactive power 
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generation, and 𝑝𝑝�,��  and 𝑞𝑞�,��  represent the fixed active and 
reactive power demands, respectively. The term 𝑝𝑝�,��2 de-
notes the total active power consumption of the hydro-
gen facility. This term is non-zero only for the subset of 
buses equipped with hydrogen systems, 𝑖𝑖 ∈ ℋ ⊆ 𝒩𝒩, and 
is decomposed as 

𝑝𝑝�,��2 = 𝑝𝑝�,����� + 𝑝𝑝�,�
���� + 𝑝𝑝�,�����,  (3) 

where 𝑝𝑝�,�����,𝑝𝑝�,�
���� , and 𝑝𝑝�,�����  denote the electrical power 

consumption of the PEM electrolyzer, hydrogen com-
pressor, and cooling system, respectively. 

The branch active and reactive power flows be-
tween buses 𝑖𝑖 and 𝑗𝑗 are defined using the standard polar 
form of the AC power flow equations as 

𝑝𝑝��,� = 𝐺𝐺��𝑉𝑉�,�2 − 𝑉𝑉�,�𝑉𝑉�,��𝐺𝐺��𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃��,� + 𝐵𝐵��𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃��,��,  (4) 

𝑞𝑞��,� = −𝐵𝐵��𝑉𝑉�,�2 − 𝑉𝑉�,�𝑉𝑉�,��𝐵𝐵��𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃��,� + 𝐺𝐺��𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃��,��,  (5) 

where 𝑉𝑉�,� and 𝜃𝜃�,� are the voltage magnitude and angle at 
bus 𝑖𝑖, and 𝐺𝐺�� and 𝐵𝐵��  are the elements of the bus admit-
tance matrix. Operational security is ensured by enforc-
ing voltage magnitude limits, generator output limits, and 
branch flow limits. 

2.2 Hydrogen Production Model 
For notational simplicity, the bus index 𝑖𝑖 is omitted 

in the hydrogen subsystem equations. All hydrogen-re-
lated variables are defined for each hydrogen-equipped 
bus 𝑖𝑖 ∈ ℋ and time period 𝑡𝑡 ∈ 𝒯𝒯, unless otherwise stated. 
The hydrogen production system is based on a PEM elec-
trolyzer, modeled based on electrochemical principles 
described in [9]. The hydrogen generation rate is mod-
eled as a function of the electrolyzer current. The hydro-
gen production rate ℎ�

���� is given by 

ℎ�
���� = 3600 ⋅ 𝑁𝑁� ⋅ 𝐴𝐴 ⋅ 𝑀𝑀�2 ⋅ 𝑖𝑖� ⋅ 𝜂𝜂�(𝑖𝑖�)

2𝐹𝐹 ,  (6) 

where 𝑁𝑁� is the number of cells, 𝐴𝐴 is the electrode active 
area, 𝑀𝑀�2

 is the molar mass of hydrogen, 𝑖𝑖� is the current 
density, 𝐹𝐹  is Faraday’s constant, and 𝜂𝜂�(𝑖𝑖�)  is the Fara-
daic efficiency.  

The Faradaic efficiency is modeled as a logarithmic 
function of the current density following,  

𝜂𝜂�(𝑖𝑖�) = 0.98 − 0.02𝑙𝑙𝑙𝑙(𝑖𝑖�),  (7) 

where the current density 𝑖𝑖� is restricted to the practical 
operating range 0.5 ≤ 𝑖𝑖� ≤ 2.5 A/cm2. 

The electrical power consumption of the electro-
lyzer is modeled as  

𝑝𝑝����� = 𝑉𝑉�(𝑖𝑖�) ⋅ 𝑖𝑖� ⋅ 𝐴𝐴 ⋅ 𝑁𝑁�,  (8) 

where 𝑉𝑉�(𝑖𝑖�) is the voltage of a single cell, which de-
pends nonlinearly on the operating current density. The 
electrochemical parameters for cell voltage are adopted 

from [10]. 

2.3 Compressor and Cooling Power Models 
Hydrogen produced by the electrolyzer is com-

pressed prior to injection into the storage tank. The com-
pressor power consumption is modeled based on isen-
tropic compression: 

𝑝𝑝�
���� = 𝛾𝛾𝛾𝛾𝑇𝑇����

(𝛾𝛾 − 1)𝜂𝜂����
∙ 𝑛𝑛���� ∙ ��

𝑃𝑃�
����,���

𝑃𝑃�2

�

�−1
�
− 1�,  (9) 

where 𝛾𝛾 is the specific heat ratio, 𝑅𝑅 is the gas constant, 
𝑇𝑇����  is the electrolyzer outlet temperature, 𝜂𝜂����  is the 
compressor efficiency, 𝑛𝑛���� is the molar flow rate entering 
the storage tank, and 𝑃𝑃�

comp, out  and 𝑃𝑃�2
  denote the com-

pressor outlet and inlet pressures, respectively. 
The outlet temperature of the compressor is given 

by  

𝑇𝑇�
����,��� = 𝑇𝑇���� + 𝑇𝑇����

𝜂𝜂����
��
𝑃𝑃�
����,���

𝑃𝑃�2

�

�−1
�
− 1�,  (10) 

The cooling system removes excess thermal energy 
to maintain safe tank temperatures. The cooling power is 
derived from a simple energy balance: 

𝑝𝑝����� = 𝑄𝑄
𝐶𝐶𝐶𝐶𝐶𝐶 =

ℎ���� ∙ 𝑐𝑐� ∙ ∆𝑇𝑇
𝐶𝐶𝐶𝐶𝐶𝐶 ,  (11) 

where 𝑐𝑐� is the specific heat capacity, Δ𝑇𝑇 is the required 
temperature reduction, and 𝐶𝐶𝐶𝐶𝐶𝐶 denotes the coefficient 
of performance of the cooling system. 

2.4 Hydrogen Storage Dynamics and 
Thermodynamic Constraints 

The hydrogen storage tank is modeled using dy-
namic mass and energy balance equations. The hydro-
gen inventory evolves as 

ℎ��� = ℎ�−1�� + ℎ���� − ℎ����,  (12) 

where ℎ����  and ℎ����  denote hydrogen charged into 
and discharged from the storage tank, respectively. The 
hydrogen inventory in the storage tank is bounded by its 
minimum and maximum storage capacities: 

𝑆𝑆��� ≤ ℎ��� ≤ 𝑆𝑆���,  (13) 

The tank temperature dynamics are governed by 
the internal energy balance: 

𝑐𝑐� ∙ 𝑛𝑛��� ∙ 𝑇𝑇����� = 𝑐𝑐� ∙ 𝑛𝑛�−1�� ∙ 𝑇𝑇�−1���� 

+ 𝑐𝑐� ∙ 𝑛𝑛���� ∙ 𝑇𝑇����,�� − 𝑐𝑐� ∙ 𝑛𝑛���� ∙ 𝑇𝑇�����,  
(14) 

where 𝑐𝑐� is the constant-volume specific heat, 𝑛𝑛��� is the 
molar quantity stored in the tank, and 𝑇𝑇����,�� denotes the 
inlet temperature after cooling. 
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The tank pressure is determined by the ideal gas law: 

𝑃𝑃����� = 𝑛𝑛���𝑅𝑅𝑇𝑇�����

𝑉𝑉 ����
,  (15) 

where 𝑉𝑉 ���� denotes the storage volume. 
To ensure operational safety and compatibility with 

downstream systems, the compressor outlet pressure 
satisfies 

𝑃𝑃�
����,��� = 𝑃𝑃����� + ∆𝑃𝑃������,  (16) 

where ∆𝑃𝑃������ represents the pressure margin required 
for reliable injection into the storage vessel. 

3. GPU-BASED COMPUTATIONAL 
FRAMEWORK 

This section presents the computational framework 
developed to solve the proposed large-scale, multi-pe-
riod nonlinear AC-OPF problem with integrated hydrogen 
production and storage. The framework adopts a fully 
GPU-native optimization pipeline based on ExaModels.jl 
for algebraic modeling, MadNLP.jl for nonlinear program-
ming, and GPU-accelerated sparse linear solvers for 
Newton step computation. This end-to-end GPU execu-
tion enables scalable solution of tightly coupled, high-di-
mensional energy system optimization problems. 

3.1 Computational Challenges in Large-Scale 
Nonlinear Optimal Power–Hydrogen Flow 

The integrated power–hydrogen optimization prob-
lem formulated in Section 2 can be expressed as a large-
scale NLP problem: 

min� 𝑓𝑓(𝑥𝑥) 
s. t. 𝑔𝑔(𝑥𝑥) = 0,  

   ℎ(𝑥𝑥) ≤ 0 

where 𝑥𝑥  comprises generator outputs, bus voltages, 
branch flows, and hydrogen system states (e.g., current 
density, tank pressure, temperature, and stored mass) 
across all buses and time periods. 

Dimensionality and inter-temporal coupling: The 
problem dimension scales with both network size and 
time horizon length. The incorporation of hydrogen dy-
namics introduces additional state variables and con-
straints with strong inter-temporal coupling, substantially 
increasing memory requirements and computational 
complexity. For large-scale instances, this leads to NLPs 
with tens of millions of variables and constraints. 

Nonlinearity and nonconvexity: The AC power flow 
equations introduce strong nonlinearities and noncon-
vexity, necessitating the use of Newton-type iterative 
methods to achieve reliable convergence. Each iteration 
requires solving a Karush–Kuhn–Tucker (KKT) system: 

�∇
2𝐿𝐿(𝑥𝑥, 𝜆𝜆) 𝐽𝐽(𝑥𝑥)�

𝐽𝐽(𝑥𝑥) 0
� �Δ𝑥𝑥
Δ𝜆𝜆
� = − �

∇𝐿𝐿(𝑥𝑥, 𝜆𝜆)
𝑔𝑔(𝑥𝑥) � 

where 𝐿𝐿(𝑥𝑥, 𝜆𝜆) is the Lagrangian and 𝐽𝐽(𝑥𝑥) is the Jaco-
bian of constraints. 

These systems are typically ill-conditioned due to 
wide variable scaling, tight operational constraints, and 
strong coupling between electrical and thermodynamic 
subsystems. 

Large-scale sparse linear algebra: On conventional 
CPU architectures, sparse factorization of these systems 
dominates the computational cost, severely limiting 
scalability. These challenges motivate the development 
of a GPU-based computational framework capable of ef-
ficiently handling large-scale nonlinear optimization 
problems. 

3.2 Algebraic Modeling Using ExaModels.jl 
The proposed formulation is implemented using Ex-

aModels.jl, which provides a GPU-oriented abstraction 
for algebraic modeling and parallel automatic differentia-
tion. All nonlinear objective and constraint functions are 
formulated within this algebraic framework, enabling the 
automatic generation of first- and second-order deriva-
tive information required by Newton-type optimization 
methods. 

ExaModels employs a single-instruction multiple-
data (SIMD) parallel abstraction that maps residual eval-
uation, Jacobian assembly, and Hessian computation di-
rectly onto GPU threads. This design enables highly par-
allel evaluation of derivative information and significantly 
accelerates the linearization steps performed at each 
Newton iteration [5]. 

The hydrogen production and storage models intro-
duced in Section 2 are incorporated into this algebraic 
framework, enabling a unified representation of the elec-
trical and thermodynamic subsystems within a single op-
timization model. This unified formulation preserves con-
sistency across coupled physical domains and facilitates 
efficient execution on GPU architectures. 

3.3 GPU-Accelerated Nonlinear Optimization 
with MadNLP.jl 

The resulting nonlinear programming problem is 
solved using MadNLP.jl, a high-performance primal–dual 
interior-point solver designed for large-scale and GPU-
accelerated nonlinear optimization. At each iteration, 
MadNLP solves a structured Newton system derived 
from the KKT optimality conditions. 

A central challenge in implementing interior-point 
methods on GPUs lies in solving the associated KKT lin-
ear systems. In standard formulations, the KKT matrix is 
indefinite and requires sparse symmetric factorization 
with numerical pivoting to ensure numerical stability. 
However, pivoting introduces data-dependent branching 
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and irregular memory access patterns, which are poorly 
suited for massively parallel GPU architectures. Moreover, 
as the interior-point iterations approach the solution, bar-
rier terms associated with active constraints lead to in-
creasingly ill-conditioned KKT systems, making purely it-
erative solvers difficult to deploy robustly. 

To address these challenges, MadNLP adopts con-
densed-space KKT reformulation strategies that trans-
form the original indefinite KKT system into symmetric 
positive definite (SPD) forms, thereby enabling the use of 
pivoting-free Cholesky factorizations that are well suited 
for GPU execution. Two complementary strategies are 
employed. 

MadNLP employs condensed-space KKT reformula-
tions — including Lifted KKT and HyKKT strategies — that 
transform the indefinite KKT system into symmetric pos-
itive definite form, enabling pivoting-free Cholesky fac-
torization suitable for GPU execution [11, 12]. 

These reformulations allow MadNLP to achieve ro-
bust and scalable convergence for highly ill-conditioned 
multi-period optimization problems with substantial per-
formance improvements over conventional CPU-based 
implementations. 

3.4 GPU-Based Newton Step Computation 
and Sparse Linear Solvers 

The condensed-space KKT reformulations de-
scribed in Section 3.3 produce SPD systems, which can 
be efficiently factorized using Cholesky-based sparse di-
rect solvers such as NVIDIA's cuDSS library [13]. 

Since the condensed KKT matrices are positive def-
inite, cuDSS performs Cholesky factorization without nu-
merical pivoting, avoiding the data-dependent branching 
that hinders parallel execution. The factorization consists 
of a symbolic analysis phase — performed only once 
since the sparsity structure remains fixed across interior-
point iterations — and a numerical factorization phase 
that is reused at each iteration.  

The computational workflow proceeds as follows: 
sparse Jacobian and Hessian matrices are evaluated in 
parallel using ExaModels and assembled directly into 
GPU-resident memory, the KKT matrix is factorized using 
cuDSS, and the Newton direction is recovered via GPU-
accelerated triangular solves. Throughout this process, 
all data remains GPU-resident, minimizing host–device 
data transfers. 

4. CASE STUDY 
This section presents numerical experiments to 

evaluate the computational performance of the GPU-
based framework and to analyze the operational charac-
teristics of the integrated power–hydrogen system. The 
results demonstrate the scalability of the proposed ap-
proach and reveal the operational trade-offs arising from 

rigorous thermodynamic modeling of hydrogen produc-
tion and storage. 

4.1 Experimental Setup 
This subsection outlines the optimization problem 

formulation, benchmark networks, hydrogen system 
modeling assumptions, and computational setup adopted 
in the case study. These components collectively define 
the experimental environment for evaluating both com-
putational performance and operational behavior. 

4.1.1 Optimization Problem 
The objective of the case study is to minimize total 

generation cost over a multi-period planning horizon, 
subject to electrical and hydrogen operational con-
straints. The objective function is defined as: 

min � ��𝑎𝑎�(𝑝𝑝�,�
� )2 + 𝑏𝑏�𝑝𝑝�,�

� + 𝑐𝑐��
�∈��∈�

 (17) 

where 𝑝𝑝�,�
�  denotes the active power output of generator 

𝑖𝑖 , and 𝑎𝑎�, 𝑏𝑏�, 𝑐𝑐�  are the corresponding cost coefficients. 
This objective is minimized subject to the AC power flow 
constraints (Eqs. 1-5) and the hydrogen system con-
straints (Eqs. 6-16) detailed in Section 2.  

Additionally, a fixed hydrogen demand profile is im-
posed at each hydrogen bus to represent downstream 
industrial consumption requirements: 

ℎ�
���� − ℎ���� + ℎ���� ≥ 𝐷𝐷� (18) 

where 𝐷𝐷� is the hydrogen demand at time 𝑡𝑡.  

4.1.2 Hydrogen System Specifications 
The parameters for the hydrogen subsystems are 

listed in Table 1. A nominal electrolyzer configuration with 
a maximum hydrogen production capacity of approxi-
mately 1000 kg/h is assumed at each installation site. The 
storage tank is sized to buffer fluctuations over the plan-
ning horizon.  

Table 1. Hydrogen production and storage system spec-
ifications. 

Parameter  Value 
Number of cells 𝑁𝑁�  
Active cell area 𝐴𝐴  cm2 
Hydrogen production capacity ℎ���

����  kg/h 
Operating temperature 𝑇𝑇����  K 
Hydrogen outlet pressure 𝑃𝑃�2

  bar 
Tank volume 𝑉𝑉 ����  m3 
Operating pressure range 𝑃𝑃���� - bar 
Operating temperature range 𝑇𝑇���� - K 

4.1.3 Modeling Configurations 
Two modeling configurations are considered to as-

sess the impact of thermodynamic detail on both solution 
accuracy and computational requirements.  
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The isothermal model assumes constant tempera-
ture and pressure throughout the hydrogen process. Ad-
iabatic compression work is approximated using a simpli-
fied linear correlation [14], and storage thermal dynamics 
are neglected. This simplification reduces problem di-
mensionality and significantly improves computational 
efficiency. 

The thermodynamic model incorporates the full rig-
orous formulation presented in Section 2. This includes 
isentropic compression (Eq. 9-10), cooling power re-
quirements (Eq. 11), storage mass balance (Eq. 12), and 
temperature dynamics via the energy balance (Eq. 14). 
Tank pressure is determined by the ideal gas law (Eq. 15). 
This model captures the operational flexibility limits and 
auxiliary power consumption of the integrated system. 

4.1.4 Test Networks and Problem Scale 
We evaluate the framework on seven benchmark 

networks from the PGLib library [15], ranging from the 
30-bus IEEE system to a 9591-bus synthetic grid. To sim-
ulate a wide deployment of P2H technology, hydrogen 
production facilities (electrolyzer, compressor, storage) 
are assumed to be colocated with all active power gen-
erators. This placement strategy is motivated by the 
practical consideration that hydrogen production facili-
ties require access to substantial electrical infrastructure, 
which is typically available at generation sites. 

Table 2. Problem dimensions for benchmark cases with 
integrated hydrogen systems (60-min resolution). k=𝟏𝟏𝟏𝟏𝟑𝟑, 
m=𝟏𝟏𝟏𝟏𝟔𝟔 

Case Peri-
ods 

Isothermal Thermodynamic 
nvars ncons nvars ncons 

case30 24 6.0k 8.9k 6.3k 9.1k 
case118 24 29.8k 41.8k 32.0k 44.1k 
case300 24 68.1k 96.0k 75.0k 102.8k 
case793 24 164.0k 227.3k 185.0k 248.3k 
case2312 24 490.6k 701.9k 540.2k 751.6k 
case4020 24 897.8k 1.4m 908.5k 1.4m 
case9591 24 2.0m 3.2m 2.1m 3.2m 
case4020 168 6.3m 9.7m 6.4m 9.8m 
case9591 168 14.3m 22.2m 14.4m 22.4m 

 
Table 2 summarizes the problem dimensions for 

each test case under both modeling configurations. We 
consider two planning horizons: a standard 24-hour day 
(24 periods) and a week-long 168-hour horizon (168 pe-
riods), both with hourly resolution. The inclusion of ther-
modynamic variables and constraints significantly in-
creases the problem size. For the largest instance 
(case9591, 168h), the thermodynamic formulation in-
volves over 14.4 million variables and 22.4 million con-
straints, a scale that poses significant challenges for 

conventional CPU-based solvers. 

4.1.5 Computational Platform  
All GPU experiments are conducted on an NVIDIA 

H200 GPU using MadNLP v0.8.6 as the nonlinear pro-
gramming solver and cuDSS v0.4.0 for sparse Cholesky 
factorization. For comparison, CPU-based solvers includ-
ing MadNLP with UMFPACK and Ipopt with MUMPS are 
evaluated on a dual Intel Xeon 8480C system (112 cores 
total, 3.8 GHz max turbo). 

4.2 Computational Performance 
We evaluate the computational efficiency and scala-

bility of the proposed GPU-native optimization frame-
work (MadNLP-GPU) against two CPU-based alterna-
tives. Figure 2 reports the wall-clock solution times for all 
benchmark networks under both the isothermal and ther-
modynamic formulations. 

For the isothermal formulation, both CPU-based 
solvers exhibit reliable convergence on small- to me-
dium-scale instances (up to case793). However, their 
performance degrades rapidly as network size and plan-
ning horizon increase. Ipopt successfully solves the 24-
hour case9591 instance in approximately 4, 200 seconds, 
while MadNLP-CPU fails on instances larger than 
case793. In contrast, MadNLP-GPU demonstrates con-
sistently strong performance across all test cases, with 
solution times ranging from less than 1 second for case30 
to approximately 470 seconds for the largest instance 
(case9591, 168-hour), highlighting the excellent scalabil-
ity of the GPU-based approach. 

The thermodynamic formulation introduces tight 
bounds on temperature and pressure states, as well as 
strong nonlinear coupling between electrical and thermo-
dynamic variables. These factors, combined with the 
wide range of variable scales, significantly degrade the 
numerical conditioning of the KKT system, consistent 
with the conditioning challenges discussed in Section 3, 
and pose severe challenges for CPU-based solvers. 

Under this formulation, Ipopt fails to converge for all 
benchmark instances, and MadNLP-CPU solves only up 
to case793, requiring approximately 3 hours. By contrast, 
MadNLP-GPU maintains robust convergence across the 
full test set, solving the largest instance (14.4 million var-
iables, 22.4 million constraints) in approximately 6, 650 
seconds. 

On instances where both GPU and CPU solvers con-
verge, the GPU achieves speedups of 10-600× depend-
ing on problem size and model complexity. More im-
portantly, the GPU-based framework extends the tracta-
ble problem size: from case2312 onward, CPU-based 
solvers fail, whereas MadNLP-GPU scales efficiently to 
problems with millions of variables. These results confirm 
that the proposed framework enables high-fidelity mod-
eling of integrated power-hydrogen systems at scales 
previously inaccessible to conventional approaches.  
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Figure 2. Wall-clock solution times for GPU and CPU 
solver configurations. Hollow and filled markers denote 
isothermal and thermodynamic formulations, 
respectively. GPU refers to MadNLP-GPU. Missing data 
points indicate solver failure. 

4.3 Hydrogen System Operational Analysis 
To illustrate the operational behavior captured by 

the proposed framework, Figure 3 presents the optimal 
24-hour dispatch for a hydrogen production facility at 
bus 69 of the case118 network. This bus is connected to 

a generator and is well-connected to neighboring buses, 
providing sufficient electrical capacity for hydrogen pro-
duction. The optimization minimizes total generation cost 
while satisfying a fixed hydrogen demand of 42 kg/h.  

Figure 3(a) shows the hydrogen production rate 
alongside the baseline electrical load profile. Production 
varies between 39 and 45 kg/h, exhibiting an inverse cor-
relation with system load. During off-peak hours (hours 
1–8), the electrolyzer operates above the required de-
mand at 43–45 kg/h, with the surplus directed to storage. 
As system load increases (hours 9–10 and 16–23), pro-
duction decreases to 39–41 kg/h, falling below the fixed 
demand. This pattern is consistent with both generation 
cost minimization and network capacity constraints. 

Figure 3(b) illustrates the storage dynamics. The 
tank inventory follows a diurnal cycle, increasing from 50 
kg to 60 kg during low-load periods, then decreasing as 
stored hydrogen compensates for reduced production 
during high-load periods. The storage thus decouples in-
stantaneous production from the fixed demand. 

Figure 3(c) presents the power consumption break-
down. The electrolyzer dominates at 1.86–2.04 MW, ex-
hibiting approximately 9% variation over the horizon. 
Auxiliary equipment (compressor and intercooler) con-
sumes less than 1 kW under the moderate pressure ratio 
(30 to 60 bar) considered in this study, representing a 

 
Figure 3. 24-hour operational profiles at bus 69 for the IEEE 118-bus system: (a) hydrogen production rate and 
electrical baseline load with fixed hydrogen demand, (b) storage charging/ discharging dynamics and inventory 
level, (c) electrolyzer and auxiliary (compressor and cooler) power consumption, and (d) compressor outlet and 
storage tank pressure/temperature profiles. 
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negligible fraction of total consumption. For higher stor-
age pressures (350–700 bar), compression power would 
become significant, and the detailed thermodynamic 
model would be essential. 

Figure 3(d) shows pressure and temperature pro-
files. The compressor outlet reaches pressures above 60 
bar and temperatures exceeding 400 K during active 
charging. Following intercooling, the storage tank oper-
ates at approximately 30 bar and 300–320 K, within the 
specified limits (0–700 bar, 270–375 K). 

The compressor outlet temperature, exceeding 400 
K, must be managed through intercooling to maintain 
safe storage conditions. Isothermal models would not 
capture these thermal requirements, potentially yielding 
schedules that violate equipment limits. This justifies the 
thermodynamically consistent formulation proposed in 
this work, demonstrating the practical value of high-fidel-
ity modeling for integrated power–hydrogen system op-
eration. 

5. CONCLUSION 
This paper proposed and demonstrated a GPU-ac-

celerated framework for multi-period AC-OPF with inte-
grated hydrogen systems, incorporating high-fidelity 
thermodynamic constraints for electrolyzer, compressor, 
cooling, and storage operations. The GPU-based solver 
achieved 10–600× speedups over CPU alternatives, ena-
bling the solution of problems with over 14 million varia-
bles, while CPU-based solvers failed to scale beyond me-
dium-sized instances. Operational analysis on the IEEE 
118-bus system demonstrated that hydrogen production 
is inversely correlated with electrical load, with storage 
buffering production and demand. The thermodynamic 
model captured critical constraints—such as compressor 
outlet temperatures exceeding 400 K—that simplified 
isothermal formulations fail to capture. 

Future work will extend this framework to optimal 
placement of hydrogen facilities, large-scale integration 
of renewable energy sources, and CO₂ emission mapping 
for decarbonization-oriented power–hydrogen system 
planning. 
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