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ABSTRACT 
The state task network (STN) representation is a widely used modeling approach for optimal mul-
tipurpose batch production scheduling. In practice, STNs have been traditionally formulated as 
mixed-integer programming (MIP) problems and solved using general-purpose MIP solvers relying 
on branch-and-bound and branch-and-cut. In the meantime, alternative modeling and solution 
paradigms for optimization have been developed, enabling the incorporation of alternative variable 
types and optimization algorithms. Specifically, this work relies on the Hexaly software, which in-
troduced set-based models and their solution through general-purpose hybrid algorithms, i.e., 
methods that combine traditional MIP with constraint programming, local search, large neighbor-
hood search, among other tools. So far, Hexaly has shown promising results when tackling optimal 
scheduling problems, however, set-based models and solution approaches for STN optimization 
have not been studied in the literature. Aiming to fill this gap, this work introduces the first set-
based models for the STN problem and performs preliminary benchmarking tests with Hexaly’s 
general-purpose hybrid algorithms. Results from two case studies suggest that set-based models 
may perform better than the traditional MIP STN formulation when dealing with a simple STN with 
sequential connectivity and a long-term scheduling instance of a STN with fixed integer batching 
variables. Overall, this work establishes the foundations for advancing research on set-based ap-
proaches for network scheduling, opening new directions beyond traditional MIP optimization. 
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INTRODUCTION 
Scheduling problems represent some of the most 

prominent applications of mathematical optimization [1]. 
In particular, the state task network (STN) [2] scheduling 
model is a seminal mixed-integer programming (MIP) for-
mulation that led to the development of a variety of net-
work scheduling MIP formulations such as the resource 
task network (RTN) [3] model, among other extensions 
[4, 5]. The main practical feature of network scheduling 
models is their flexibility in supporting complex tasks with 
multiple inputs and outputs, enabling material mixing and 
splitting, i.e., the STN and RTN models do not require ma-
terials to be handled sequentially [6]. This modeling flex-
ibility has led to a variety of real-world applications, e.g., 
optimal scheduling in a vegetal oil refinery [7], multipur-
pose batch plant scheduling in the chemical-pharmaceu-
tical industry [8], electricity scheduling for cement plants 

[9], among others [10, 11]. Despite several extensions 
and variants are available in the literature, this work con-
centrates on the standard STN formulation. 

Traditional mathematical programming has powered 
the generation of optimal STN scheduling solutions in 
chemical engineering. Most works in the literature rely on 
MIP modeling and algorithms, e.g., branch-and-bound 
and branch-and-cut [10]. This is because STN scheduling 
applications are usually linear and only require binary or 
integer variables combined with continuous variables. 
Nonetheless, the generalized disjunctive programming 
(GDP) modeling formalism has also been proposed to de-
rive STN formulations, through the incorporation of Bool-
ean variables, disjuncts and logic relationships [12, 13]. In 
addition to MIP and GDP, a higher-level modeling formal-
ism available in the literature is set-based modeling, 
which not only enables all the modeling features from MIP 
and GDP, but also introduces the idea of using sets as 
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variables. Set-based optimization has resulted in com-
pact formulations yielding computational advantages 
compared to MIP in a variety of scheduling applications, 
e.g., job-shop, open-shop, resource-constrained, among 
others [14]. However, the field of optimal set-based STN 
scheduling has not yet been explored. 

This work brings novelty by deriving and testing the 
first set-based formulations for the STN scheduling prob-
lem. Set-based models introduce three key variable 
types, namely set variables, list variables and interval 
variables. In this work, we aim to contribute novel mixed-
interval disjunctive program (MIDP) and mixed-interval-
list disjunctive program (MILDP) STN models. Our sec-
ondary objective is to evaluate the computational perfor-
mance of commercial software Hexaly given these set-
based formulations. How we choose to model the STN 
directly contributes to the efficiency with which the opti-
mization problem is solved. However, deriving the best 
set-based model (e.g., intervals, intervals + sets, inter-
vals + lists) is not straightforward. While Hexaly exploits 
this type of modeling, the progress made by their propri-
etary algorithms and heuristics is not directly visible to 
the practitioner. Thus, observing how different formula-
tions of the STN interact with Hexaly is vital for determin-
ing which combinations of set-based modeling para-
digms are most efficient. 

This study is organized as follows: first we provide 
modeling background. Then, we describe the proposed 
MIDP and MILDP STN models. Two case studies are then 
used to illustrate the performance of the proposed set-
based formulations. Concluding remarks and future work 
are provided at the end.  

BACKGROUND 
Background on STN MIP modeling is provided first, 

followed by background on set-based modeling. 

Mixed-integer program (MIP) 
Optimal STN scheduling relies on four key fixed sets 

that are used to define a problem: tasks 𝑖𝑖 ∈ 𝐼𝐼 (e.g., 𝑖𝑖 ∈
{manufacture product A, separate A from B, …}); units 𝑗𝑗 ∈
𝐽𝐽 available to perform these tasks (e.g., 𝑗𝑗 ∈ {reactor 1, re-
actor 2, distillation column, …}); states 𝑘𝑘 ∈ 𝐾𝐾 that act as 
initial, intermediate or final storage defining the feasible 
interconnection between tasks, and a scheduling horizon 
that is discretized into 𝑛𝑛� + 1 time points 𝑡𝑡 ∈ 𝑇𝑇 =
{0, 1, 2, … ,𝑛𝑛�}. Based on these four sets, additional fixed 
sets are used to specify the interconnections between 
tasks, units and states, namely 

𝐼𝐼𝐼𝐼× = {(𝑖𝑖, 𝑗𝑗) ∈ 𝐼𝐼 × 𝐽𝐽| 𝑖𝑖 can be performed in 𝑗𝑗},  (1) 

𝐼𝐼𝐾𝐾+ = {(𝑖𝑖, 𝑘𝑘)  ∈ 𝐼𝐼 × 𝐾𝐾| 𝑖𝑖 feeds 𝑘𝑘},   (2)  

𝐼𝐼𝐾𝐾− = {(𝑖𝑖, 𝑘𝑘)  ∈ 𝐼𝐼 × 𝐾𝐾| 𝑘𝑘 feeds 𝑖𝑖}.   (3)  

Generally, two variable types need to be optimized 
in a STN problem: discrete timing variables and continu-
ous batch size variables. In a traditional MIP model, timing 
variables 𝑥𝑥�,�,� ∈ {0, 1} decide if task 𝑖𝑖 is executed in unit 𝑗𝑗 
starting at time 𝑡𝑡. Non-overlapping constraints are 
needed to ensure that a given unit can only perform one 
task at a time, i.e.,  

∑ ∑ 𝑥𝑥�,�,�′�′∈�
�−��,�+1≤�′≤�

�∈�
(�,�)∈��×

≤ 1,∀𝑗𝑗 ∈ 𝐽𝐽,∀𝑡𝑡 ∈ 𝑇𝑇,  (4)  

where 𝜏𝜏�,� is the number of discrete time points needed to 
execute task 𝑖𝑖 in unit 𝑗𝑗, i.e., a discrete processing time. 
 Batch size variables 𝑏𝑏�,�,� ∈ �0, 𝛽𝛽����� ⊂ ℝ define the 
amount of material processed in task 𝑖𝑖 by unit 𝑗𝑗 at time 𝑡𝑡, 
where 𝛽𝛽�,���� and 𝛽𝛽�,���� are the fixed maximum and minimum 
capacities of unit 𝑗𝑗 when executing task 𝑖𝑖. Variable 𝑏𝑏�,�,� is 
bounded by 𝛽𝛽�,���� and 𝛽𝛽�,���� when a task is executed, as 
defined by the following capacity constraints: 

𝛽𝛽�,����𝑥𝑥�,�,� ≤ 𝑏𝑏�,�,� ≤ 𝛽𝛽�,����𝑥𝑥�,�,�,∀(𝑖𝑖, 𝑗𝑗) ∈ 𝐼𝐼𝐼𝐼×,∀𝑡𝑡 ∈ 𝑇𝑇. (5)  

STN problems stand out due to the consideration of 
states 𝑘𝑘, representing storage facilities in which incoming 
materials from previous task executions can be stored 
until they are released to subsequent tasks. This means 
that there is a mass balance inherently embedded within 
the scheduling problem. These mass balances are 
needed to ensure that, at a given time point, enough ma-
terials are available for the execution of subsequent tasks 
and storage facilities do not overflow. Mathematically, 
storage modeling requires intermediate storage states 
𝑠𝑠�,� ∈ ℝ to define the mass balance constraints in (6) and 
(7), as well as the state tracking constraints in (8). 

𝑠𝑠�,0 = 𝛾𝛾����� − ∑ 𝜌𝜌�,�− 𝑏𝑏�,�,0(�,�)∈��×
(�,�)∈��−

,∀𝑘𝑘 ∈ 𝐾𝐾,   (6) 

𝑠𝑠�,� = 𝑠𝑠�,�−1 +∑ 𝜌𝜌�,�
+ 𝑏𝑏�,�,�−��,�(�,�)∈��×

(�,�)∈��+,�−��,�≥0
−   

∑ 𝜌𝜌�,�− 𝑏𝑏�,�,�(�,�)∈��×
(�,�)∈��−

,∀𝑘𝑘 ∈ 𝐾𝐾,∀𝑡𝑡 ∈ 𝑇𝑇\{0},   (7)  

𝛾𝛾���� ≤ 𝑠𝑠�,� ≤ 𝛾𝛾����,∀𝑘𝑘 ∈ 𝐾𝐾,∀𝑡𝑡 ∈ 𝑇𝑇.  (8)  

These constraints introduce parameter 𝛾𝛾����� denot-
ing the initial storage in state 𝑘𝑘; the maximum (𝛾𝛾����) and 
minimum (𝛾𝛾����) storage capacity of state 𝑘𝑘, and the frac-
tion of material in state 𝑘𝑘 consumed (𝜌𝜌�,�− ) or produced 
(𝜌𝜌�,�+ ) by task 𝑖𝑖. 

A common completion constraint is that all executed 
tasks must have finished by the end of the scheduling 
horizon, which can be expressed as 

𝑥𝑥�,�,� = 0,∀(𝑖𝑖, 𝑗𝑗) ∈ 𝐼𝐼𝐼𝐼×,∀𝑡𝑡 ∈ �𝑛𝑛� − 𝜏𝜏�,� + 1, … ,𝑛𝑛��. (9)  

The constraints in (4)-(9) are standardly used to 
model STN problems, however, additional requirements 
are often imposed depending on specific application 
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requirements. Other modeling features considered in the 
case study section include constraint (10) to ensure that 
every task is executed at most once, or constraint (11) to 
ensure that the number of times task 𝑖𝑖 is executed in unit 
𝑗𝑗 matches integer batching parameter 𝜓𝜓�,�. 

∑ ∑ 𝑥𝑥�,�,��∈��∈�
(�,�)∈��×

≤ 1,∀𝑖𝑖 ∈ 𝐼𝐼,∀𝑡𝑡 ∈ 𝑇𝑇,   (10) 

∑ 𝑥𝑥�,�,��∈� = 𝜓𝜓�,� ,∀(𝑖𝑖, 𝑗𝑗) ∈ 𝐼𝐼𝐼𝐼×.   (11) 

Set-based modeling 
Set-based modeling relies on three variable types 

that are not used in MINLP or GDP modeling defined as: 

Interval variables 

Let 𝑛𝑛,𝑚𝑚 ∈ ℤ be fixed numbers with 𝑚𝑚 ≥ 𝑛𝑛 and 
⦅𝑛𝑛,𝑚𝑚⦆ = {(𝑛𝑛′,𝑚𝑚′) ∈ ℤ2| 𝑛𝑛′ ≥ 𝑛𝑛,𝑚𝑚′ ≤ 𝑚𝑚,𝑚𝑚′ ≥ 𝑛𝑛′}. 
We define an interval variable (𝑥𝑥, 𝑦𝑦) ∈ ⦅𝑛𝑛,𝑚𝑚⦆, 
i.e., (𝑥𝑥, 𝑦𝑦) can take tuples in ⦅𝑛𝑛,𝑚𝑚⦆ as values. 

For instance, take 𝑛𝑛 = 0 and 𝑚𝑚 = 2. Then, it is possi-
ble to define interval variable (𝑥𝑥, 𝑦𝑦) ∈ ⦅𝑛𝑛,𝑚𝑚⦆, where ⦅𝑛𝑛,𝑚𝑚⦆ 
is equal to {(0, 1), (0, 2), (1, 2), (0, 0), (1, 1), (2, 2)}. Note that in-
terval variables are herein defined as tuples, but they re-
semble intervals in the sense that the second entry 𝑦𝑦 (the 
“end”) is always greater than or equal to the first entry 𝑥𝑥 
(the “start”). By convention, an interval variable is said to 
be empty when its start and end points match. 

Set variables 

Consider some fixed set 𝐴𝐴 and take ℙ(𝐴𝐴) as the 
power set of 𝐴𝐴, i.e., the set of subsets of 𝐴𝐴. We 
define a set variable 𝑋𝑋 ∈ ℙ(𝐴𝐴), i.e., 𝑋𝑋 can take 
sets in ℙ(𝐴𝐴) as values.  

For example, take 𝐴𝐴 = {0, 1}. Then, it is possible to 
define set variable 𝑋𝑋 ∈ ℙ(𝐴𝐴) with ℙ(𝐴𝐴) = �{0}, {0, 1}, {1}, {}�. 
Note that sets {0, 1} and {1, 0} are the same, i.e., set varia-
bles do not distinguish between different orderings of el-
ements. List variables are similar to set variables, except 
that these account for permutations.  

List variables 

Consider some fixed set 𝐴𝐴 and its power set 
ℙ(𝐴𝐴). Also, take 𝕊𝕊(𝐴𝐴) = ⋃ 𝒮𝒮(𝑋𝑋)�∈ℙ(�)

, where 
𝒮𝒮(𝑋𝑋) is the set of lists obtained by permuting 
the elements of 𝑋𝑋 . We define a list variable 𝑦𝑦 ∈
𝕊𝕊(𝐴𝐴), i.e., 𝑦𝑦 can take lists in 𝕊𝕊(𝐴𝐴) as values. 

Again, take 𝐴𝐴 = {0, 1} as an example. Then, it is pos-
sible to define list variable 𝑦𝑦 ∈ 𝕊𝕊(𝐴𝐴) with 𝕊𝕊(𝐴𝐴) =
{⟨0⟩, ⟨0, 1⟩, ⟨1, 0⟩, ⟨1⟩, ⟨⟩ }. Note that set and list variables may 
take the empty set {} or empty list ⟨⟩ as valid values. 

In the previous definitions, 𝐴𝐴 is called a “fixed set” in 
the sense that it is not a set variable. In fact, Hexaly only 

supports 𝐴𝐴 being a finite range set of the form 
{0, 1, 2, … ,𝑛𝑛 − 1}. However, Hexaly supports establishing 
one-to-one relationships between 𝐴𝐴 and other sets of the 
same size, even if they contain variables, e.g., a one-to-
one function between 𝐴𝐴 and a set of interval variables 
that needs to be shuffled through a list variable. For no-
tation simplicity, this work avoids one-to-one functions 
and allows 𝐴𝐴 being a finite set of variables explicitly. 

MATHEMATICAL MODELS 
In this section, we introduce the constraints needed 

to formulate MIDP and MILDP set-based STN models.  

 Mixed-interval disjunctive program (MIDP) 
We propose a STN MIDP model that replaces timing 

variables 𝑥𝑥�,�,� ∈ {0, 1} by timing interval variables. To do 
that, we define execution subindex 𝑞𝑞 ∈ 𝑄𝑄�,�, where 𝑄𝑄�,� is 
the fixed set of all potential executions of task 𝑖𝑖 in unit 𝑗𝑗 
defined as 

𝑄𝑄�,� = �1, 2, … , �𝑛𝑛�/𝜏𝜏�,���,∀(𝑖𝑖, 𝑗𝑗) ∈ 𝐼𝐼𝐼𝐼×,   (12) 

with ⌊∙⌋ being the floor operator. This allows to define in-
terval variables (𝔵𝔵�,�,������, 𝔵𝔵�,�,���� ) ∈ ⦅0,𝑛𝑛�⦆,∀(𝑖𝑖, 𝑗𝑗) ∈ 𝐼𝐼𝐼𝐼×,∀𝑞𝑞 ∈ 𝑄𝑄�,�. 
Interval (𝔵𝔵�,�,������, 𝔵𝔵�,�,���� ) represents the potential execution 𝑞𝑞 
of task 𝑖𝑖 in unit 𝑗𝑗, starting at time point 𝔵𝔵�,�,������ (inclusive) 
and finishing at time point 𝔵𝔵�,�,����  (exclusive).  

For some (𝑖𝑖, 𝑗𝑗) ∈ 𝐼𝐼𝐼𝐼×, not every interval 𝑞𝑞 ∈ 𝑄𝑄�,� is 
necessarily going to be executed. Therefore, we use the 
convention that the length of (𝔵𝔵�,�,������, 𝔵𝔵�,�,���� ) is 0 (i.e., 𝔵𝔵�,�,���� −
𝔵𝔵�,�,������ = 0) when interval 𝑞𝑞 is not executed. Otherwise, the 
interval is executed and its length is equal to the pro-
cessing time of the task-unit pair (𝔵𝔵�,�,���� − 𝔵𝔵�,�,������ = 𝜏𝜏�,�), i.e., 
we impose the following interval presence constraints:  

�𝔵𝔵�,�,���� − 𝔵𝔵�,�,������ = 𝜏𝜏�,��∨�𝔵𝔵�,�,���� − 𝔵𝔵�,�,������ = 0�,   

∀(𝑖𝑖, 𝑗𝑗) ∈ 𝐼𝐼𝐼𝐼×,∀𝑞𝑞 ∈ 𝑄𝑄�,�,    (13)  

where ∨ is the or operator. Now, we introduce a new op-
erator defined as 𝐢𝐢𝐢𝐢(Ω) = {1 if Ω = True, 0 if Ω = False), 
where Ω is a logical condition. Hexaly supports this oper-
ator for a variety of logical conditions. This operator al-
lows us to define non-overlapping constraints as 

� � 𝐢𝐢𝐢𝐢�𝑡𝑡 ≥ 𝔵𝔵�,�,�������
�∈��,��∈�

(�,�)∈��×

− 𝐢𝐢𝐢𝐢�𝑡𝑡 ≥ 𝔵𝔵�,�,���� � ≤ 1,  

∀𝑗𝑗 ∈ 𝐽𝐽,∀𝑡𝑡 ∈ 𝑇𝑇.    (14)  

Next, we introduce MIDP capacity constraints as 

𝐢𝐢𝐢𝐢 � ⋁
�∈��,�

�
𝔵𝔵�,�,������ = 𝑡𝑡

𝔵𝔵�,�,���� − 𝔵𝔵�,�,������ ≠ 0
�� 𝛽𝛽�,���� ≤ 𝑏𝑏�,�,�,  
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𝑏𝑏�,�,� ≤ 𝐢𝐢𝐢𝐢 � ⋁
�∈��,�

�
𝔵𝔵�,�,������ = 𝑡𝑡

𝔵𝔵�,�,���� − 𝔵𝔵�,�,������ ≠ 0
�� 𝛽𝛽�,����,  

∀(𝑖𝑖, 𝑗𝑗) ∈ 𝐼𝐼𝐼𝐼×,∀𝑡𝑡 ∈ 𝑇𝑇,     (15)  

which link timing interval variables with continuous batch 
size variables that remain unchanged with respect to the 
traditional MIP STN model. Note that 𝑥𝑥�,�,� is equivalent to 
the 𝐢𝐢𝐢𝐢 operator multiplying 𝛽𝛽�,���� and 𝛽𝛽�,���� in (15), i.e., if 
𝑥𝑥�,�,� = 1, then there is some interval 𝑞𝑞 ∈ 𝑄𝑄�,� of non-zero 
length starting at time 𝑡𝑡. 

Since batch size variables 𝑏𝑏�,�,� remain unchanged in 
this formulation, mass balance and state tracking con-
straints (6)-(8) remain unchanged with respect to the MIP 
formulation. Furthermore, MIP completion constraints in 
(9) are readily enforced by (𝔵𝔵�,�,������, 𝔵𝔵�,�,���� ) ∈ ⦅0,𝑛𝑛�⦆, i.e., the 
end of an interval 𝔵𝔵�,�,����  is bounded above by 𝑛𝑛� . In sum-
mary, MIP constraints (4), (5) and (9) are the counterpart 
of MIDP constraints (13)-(15), while both MIP and MIDP 
share constraints (6)-(8).  

After defining the main components of the MIDP 
STN model, we now examine how the additional MIP 
modeling features in (10) and (11) can be incorporated 
into the MIDP formulation. An equivalent version of con-
straint (10) in the MIDP model to ensure that each task is 
executed at most once is of the form 

∑ ∑ 𝐢𝐢𝐢𝐢�𝔵𝔵�,�,���� − 𝔵𝔵�,�,������ > 0��∈��,��∈�
(�,�)∈��×

≤ 1,∀𝑖𝑖 ∈ 𝐼𝐼. (16) 

Regarding constraint (11), major modifications are 
needed if the number of times task 𝑖𝑖 is executed in unit 𝑗𝑗 
is known and equal to 𝜓𝜓�,�. Firstly, set 𝑄𝑄�,� in (12) must be 
redefined as  

𝑄𝑄�,� = �1, 2, … ,𝜓𝜓�,��,∀(𝑖𝑖, 𝑗𝑗) ∈ 𝐼𝐼𝐼𝐼×,   (17) 

So that only 𝜓𝜓�,� intervals are considered in the for-
mulation. Secondly, these intervals must be scheduled, 
meaning that interval presence constraints in (13) sim-
plify to the following interval length constraints:  

𝔵𝔵�,�,���� − 𝔵𝔵�,�,������ = 𝜏𝜏�,� ,∀(𝑖𝑖, 𝑗𝑗) ∈ 𝐼𝐼𝐼𝐼×,∀𝑞𝑞 ∈ 𝑄𝑄�,�.  (18)  

Lastly, all intervals have length 𝜏𝜏�,�, thus the condi-
tion within the 𝐢𝐢𝐢𝐢 operator in (15) simplifies and capacity 
constraints reduce to 

𝐢𝐢𝐢𝐢 � ⋁
�∈��,�

�𝔵𝔵�,�,������ = 𝑡𝑡�� 𝛽𝛽�,���� ≤ 𝑏𝑏�,�,�,  

𝑏𝑏�,�,� ≤ 𝐢𝐢𝐢𝐢 � ⋁
�∈��,�

�𝔵𝔵�,�,������ = 𝑡𝑡�� 𝛽𝛽�,����,  

∀(𝑖𝑖, 𝑗𝑗) ∈ 𝐼𝐼𝐼𝐼×,∀𝑡𝑡 ∈ 𝑇𝑇.    (19)  

Mixed-interval-list disjunctive program 
(MILDP) 

The interval variables from the MIDP formulation can 
be included in sets that define list variables, so that some 
constraints of the MIDP formulation can be reformulated 
in terms of list variables in a MILDP model. To do that, we 
create the following sets with 𝑄𝑄�,� defined in (12): 

𝐴𝐴� = ��𝔵𝔵�,�,������, 𝔵𝔵�,�,���� � ∈ ⦅0,𝑛𝑛�⦆ |(𝑖𝑖, 𝑗𝑗) ∈ 𝐼𝐼𝐼𝐼×,𝑞𝑞 ∈ 𝑄𝑄�,��,  

∀𝑗𝑗 ∈ 𝐽𝐽,      (20) 

which for every unit 𝑗𝑗 contain all the intervals (i.e., tasks) 
that can be potentially performed in that unit. To decide 
which intervals are going to be scheduled and their order, 
we define list variables 𝑦𝑦� ∈ 𝕊𝕊(𝐴𝐴�). We denote 𝑦𝑦� =
�𝑦𝑦�(1), 𝑦𝑦�(2), … , 𝑦𝑦��||𝑦𝑦�||��, where the components 𝑦𝑦�(𝑝𝑝),∀𝑝𝑝 ∈
{1, 2, … , ||𝑦𝑦�||} provide ordered access to the individual in-
tervals in 𝑦𝑦�. With this new variable, interval presence 
constraints take the following form:  

𝔵𝔵�,�,���� − 𝔵𝔵�,�,������ = 𝐢𝐢𝐢𝐢��𝔵𝔵�,�,������, 𝔵𝔵�,�,���� � ∈ 𝑦𝑦��𝜏𝜏�,� ,  

∀(𝑖𝑖, 𝑗𝑗) ∈ 𝐼𝐼𝐼𝐼×,∀𝑞𝑞 ∈ 𝑄𝑄�,�.   (21) 

Also, non-overlapping constraints can now be com-
pactly formulated as 

𝑦𝑦�(𝑝𝑝) < 𝑦𝑦�(𝑝𝑝 − 1),∀𝑝𝑝 ∈ �2, 3, … , ||𝑦𝑦�||�,∀𝑗𝑗 ∈ 𝐽𝐽,  (22) 

where the strict < constraint between two intervals 
means that the second entry of the right-hand-side in-
terval tuple is less than or equal to first entry of the left-
hand-side interval tuple. Note that having ||𝑦𝑦�|| as variable 
in (22) is an accepted cardinality expression in Hexaly’s 
set-based modeling platform. 

Capacity constraints remain unchanged with re-
spect to those defined for the MIDP model in (15). Also, 
mass balance and state tracking constraints (6)-(8) re-
main unchanged in the MILDP formulation. Similarly to the 
MIDP model, completion constraints of tasks within the 
scheduling horizon are not needed because these are 
readily satisfied by interval variables. In summary, MIP 
constraints (4), (5) and (9) are the counterpart of MILDP 
constraints (15), (21) and (22), while both MIP and MILDP 
share constraints (6)-(8). 

Now that the main MILDP constraints have been de-
fined, we explain how constraints (10) and (11) are trans-
lated from the MIP formulation to the MILDP model. On 
the one hand, constraint (10) takes the form of constraint 
(16) from the MIDP model. On the other hand, imposing a 
constraint equivalent to (11) in the MILDP model requires 
defining set 𝑄𝑄�,� as in (17) instead of (12), imposing inter-
val length constraint (18) instead of (21), imposing capac-
ity constraints (19) instead of (15), and enforcing the fol-
lowing constraint on the size of lists: 

||𝑦𝑦�|| = ∑ 𝜓𝜓�,��∈�
(�,�)∈��×

,∀𝑗𝑗 ∈ 𝐽𝐽.   (23) 
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CASE STUDY 
We assess the performance of the proposed MIDP 

and MILDP formulations in comparison with the tradi-
tional MIP formulation through two case studies. The ob-
jective functions and parameters defining these case 
studies are introduced below. 

Case Study 1 
This case study was proposed by Hirn and 

Grapendal [15], who proposed a STN model for the opti-
mal scheduling of electromagnetic compatibility tests 
with limited scheduling time and equipment. That is, 15 
devices of different sizes are scheduled to be tested in 3 
testing chambers with different capacities. For this case 
study, each task represents a device that needs to be 
tested once; therefore, special constraint (10) is en-
forced. Additionally, a profit maximization objective is 
considered. For the MIP formulation the objective func-
tion is defined as 

max∑ ∑ 𝜐𝜐�𝑥𝑥�,�,��∈�(�,�)∈��×
,    (24) 

where 𝜐𝜐� is the fixed profit generated by one execution of 
task 𝑖𝑖, which readily considers the difference between 
revenue and task execution costs. Objective function 
(24) translates into  

max∑ ∑ 𝜐𝜐�𝐢𝐢𝐢𝐢�𝔵𝔵�,�,���� − 𝔵𝔵�,�,������ > 0��∈��,�(�,�)∈��×
,  (25) 

for set-based formulations. The resulting optimization 
problem is shown in Table 1, while all the fixed parame-
ters are available as supplementary material (Appendix 
A). 

Table 1: MIP, MIDP and MILDP problem formulations. 

MIP MIDP MILDP 
Eq () st Eq () st Eq () st 

Eqs ()-() Eqs ()-() 
()-() () 

Eqs ()-() () 
() () () 

() 

Case Study 2 
This case study was adapted from the work by Ve-

lez and Maravelias [16], who studied MIP formulations for 
long-term STN scheduling. It considers the well-studied 
Kondili et al. [2] STN, which includes one mixing task per-
formed in a separation unit, three reaction tasks sched-
uled in two reactors and one separation task with its cor-
responding separation unit. This STN has three inputs for 
which purchasing costs are considered and two products 
that generate revenue. For this case study, it is assumed 
that the number of times each task is executed in each 
unit is known, thus, special constraint (11) is enforced. In 
this case, the profit maximization objective takes the fol-
lowing form: 

max∑ 𝜔𝜔�𝑠𝑠�,���∈� −∑ 𝛼𝛼�,�𝜓𝜓�,�(�,�)∈��×
,   (26)  

where 𝜔𝜔� is the revenue from selling the material in state 
𝑘𝑘 and 𝛼𝛼�,� is the cost of running task 𝑖𝑖 in unit 𝑗𝑗. Altogether, 
the optimization problem considered is summarized in 
Table 2, while all the fixed parameters are available in the 
supplementary material (Appendix B). 

Table 2: MIP, MIDP and MILDP problem formulations. 

MIP MIDP MILDP 
Eq () st Eq () st Eq () st 
Eqs ()-() 

() 
Eqs ()-() 

() ()-() 
Eqs ()-() 

()-() () 
() 

RESULTS AND DISCUSSION 
This section evaluates the performance of the MIP, 

MIDP, and MILDP models by solving multiple instances of 
case studies 1 and 2 across varying levels of complexity. 
All optimization runs were performed in the Python API of 
Hexaly 14.0 with a time limit of 3600 seconds on a 1.7 
GHz, 64 GB, Intel Core® Ultra™ 7 165U, Dell Inc. Latitude 
7350 laptop.  

Case Study 1 
Different instances of this case study were gener-

ated by testing different time horizons 𝑛𝑛�  from 5 to 17, 
while keeping the scheduling time step fixed. Since tasks 
can be executed only once, increasing 𝑛𝑛�  results in in-
creased flexibility to accommodate more tasks within the 
scheduling horizon. The performance plots obtained with 
solution time and objective gap as performance metrics 
are shown in Figures 1 and 2, respectively.  

In the y-axis, Figure 1 shows the fraction of prob-
lems solved to global optimality within the solution time 
shown in the x-axis. Similarly, Figure 2 shows the fraction 
of problems solved to either feasibility or global optimal-
ity within the percentual objective gap in the x-axis. From 
Figure 1, the MIDP formulation clearly outperforms the 
MIP and MILDP formulations for this case study. Within 
the time limit, the MIDP formulation can solve 11 out of 
the 13 tested instances to global optimality. On the con-
trary, the MIP and MILDP formulations are unable to close 
the objective gap to satisfactory levels (see Figure 2). 

Figure 2 shows that the MILDP model achieves bet-
ter effectiveness at closing the optimality gap reported 
by the solver compared to the standard MIP, despite not 
performing as well as the MIDP formulation. Furthermore, 
all formulations reached the same primal objective within 
the imposed time limit. This outcome suggests that the 
set-based formulations used enable Hexaly’s optimiza-
tion algorithm to compute tighter objective lower bounds 
for this test problem. Based on publicly available docu-
mentation, the observed increased performance of set-



 

Liñán et al. / LAPSE:2026.0479 Syst Control Trans 5:2209-2217 (2026) 2214  

based formulations at solving the dual problem and find-
ing better objective bounds is attributed to a combination 
of column generation, column elimination and/or branch-
cut-price strategies tailored to list and interval variables. 
Particularly, the energetic relaxation implemented in Hex-
aly has been shown to be effective for deriving lower 
bounds in scheduling problems [17]. 

The results obtained in this work align with the pre-
vious findings by Hirn and Grapendal [15], who high-
lighted how increasing the time horizon affects the num-
ber of nodes that a standard MIP algorithm (GLPK) must 
explore to close the optimality gap. As the time horizon 
𝑛𝑛�  increases, more devices can be scheduled, which 
adds combinatorial complexity and forces GLPK to move 

from exploring roughly 1 node to about 1 × 107 nodes be-
fore finding the optimal solution, until all devices can fi-
nally be scheduled at 𝑛𝑛�=16. This is in line with the best-
performing set-based model (MIDP), which only strug-
gles to close the optimality gap for the instances with 
𝑛𝑛�=14 and 𝑛𝑛�=15, reporting gaps of 3.21% and 1.61%, re-
spectively. In contrast, the MIP formulation solved with 
Hexaly consistently reports optimality gaps larger than 
90%, further highlighting the computational benefits of 
the proposed MIDP model. 

Case Study 2 
A total of 20 different instances of this case study 

were generated by adjusting the fineness (or accuracy) 

 
Figure 1. Solution time performance profile for case 1. 

 
Figure 2. Objective gap performance profile for case 1. 
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for time discretization, ranging from 2 (i.e., 𝑛𝑛� = 1), to 121 
(i.e., 𝑛𝑛� = 120) discretization points. The remaining pa-
rameters of the formulation were adjusted to maintain a 
physical scheduling horizon of 120 hours. The perfor-
mance plots obtained with solution time and objective 
gap as performance metrics are shown in Figures 3 and 
4, respectively. 

Figure 3 illustrates improvements in the perfor-
mance of the MIP formulation relative to the previous 
case study. Specifically, the MIP formulation outperforms 
the MILDP formulation for solution times below 1500 sec-
onds. However, at higher time limits the MILDP model ex-
hibits a slight increase in performance, solving one addi-
tional instance to global optimality within the 3600 

seconds limit. In contrast, the MIDP formulation outper-
forms both the MIP and MILDP models, solving more than 
80% of the test problems to global optimality.  

Similarly to the previous case study, both the MIDP 
and MILDP models outperform the original MIP model in 
closing the objective gap (see Figure 4). However, not all 
formulations reach the same primal solution in this case 
study. The MILDP model consistently identified the best-
known primal solution across all instances. This indicates 
that the advantage of set-based formulations arises not 
only from dual strategies that yield tighter objective lower 
bounds, but also from primal heuristics that quickly gen-
erate high-quality feasible solutions. Specifically, Hexaly 
leverages local search and large neighborhood search 

 
Figure 3. Solution time performance profile for case 2. 

 
Figure 4. Objective gap performance profile for case 2. 
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strategies that operate directly on interval and list varia-
ble domains, eliminating the need for binary reformula-
tions. For example, consider a task-unit pair (𝑖𝑖, 𝑗𝑗). The 
MIDP and MILDP formulations avoid introducing one bi-
nary variable 𝑥𝑥�,�,� for each time point 𝑡𝑡 ∈ {0, 1, 2, … ,𝑛𝑛�}, 
and instead replace them with 𝜓𝜓�,� interval variables, 
where 𝜓𝜓�,� is a fixed integer. In terms of variable reduc-
tion, the best-case scenario in the set-based formula-
tions compared to the MIP formulation would occur when 
𝜓𝜓�,� = 1 and 𝑛𝑛� = 120. In that case, 121 binary variables in 
the traditional MIP formulation are replaced by a single 
interval variable in the MIDP and MILDP formulations. At 
solving time, Hexaly does not reformulate interval and list 
variables as binary variables, but applies powerful primal 
heuristics combined with exact algorithms to the set-
based representation directly. Thus, this study shows 
that exploiting set-based formulations rather than relying 
on standard binary variable models enables the primal 
solver within Hexaly to scale better with large scheduling 
instances and get good quality solutions faster. 

The results discussed through this and the previous 
section highlight instances where at least one of the pro-
posed MIDP and/or MILDP formulations outperform a tra-
ditional MIP formulation when using Hexaly. Neverthe-
less, set-based formulations are not always expected to 
bring computational improvements. To illustrate this, we 
have performed a computational experiment that is a 
modified version of the current case study, with the only 
difference being that integer batching variables are now 
left unfixed, i.e., constraint (11) is removed from the MIP. 
In the MIDP formulation, this translates to using definition 
(12) instead of (17), constraint (13) instead of (18), and 
constraint (15) instead of (19). Similarly, the MILDP for-
mulation needs to be modified by using definition (12) in-
stead of (17), constraint (21) instead of (18), constraint 
(15) instead of (19), and removing constraint (23). 

Assuming a 300-second time limit, the solving-time 
performance profiles of this modified case study are 
shown in Figure 5. Recall that, within 300 seconds, the 
MIDP formulation solves 80% of the test problems to op-
timality, compared to 65% solved by the MIP model in the 
original version of this case study (see Figure 3). In this 
modified version, the MIP performance-profile line lies 
above both the MIDP and MILDP lines in Figure 5, indicat-
ing that the MIP formulation is now outperforming the 
set-based formulations, e.g., the MIP formulation solves 
55% of the tested instances to optimality within 40 sec-
onds, compared to 25% solved to optimality by the MIDP 
formulation. These results highlight that STN optimal 
scheduling benefits from the proposed MIDP and MILDP 
formulations when dealing with problems with fixed inte-
ger batching variables; however, this outcome does not 
generalize to problems with unfixed integer batching var-
iables for the case study under consideration. 

 
Figure 5. Solution time performance profile for the 
modified version of case 2. 

CONCLUSIONS 
The optimal STN scheduling problem has tradition-

ally been addressed through standard MIP formulations 
and classical solution algorithms. In contrast, this work 
introduced the first set-based STN models, opening a 
new avenue for research in optimal network scheduling. 
Documentation suggests Hexaly performs well for spe-
cific classes of industrial-scale problems, such as sched-
uling and vehicle routing, precisely because it exploits 
this set-based modeling paradigm effectively. We have 
shown promising results for determining a strong set-
based model for representing and solving STN formula-
tions using Hexaly, namely a mixed-interval disjunctive 
programming (MIDP) formulation.  

As future work, we aim to continue refining and 
studying the proposed set-based formulations. Also, a 
systematic comparison of set-based, constraint pro-
gramming, and MIP optimization beyond Hexaly and 
across multiple modeling and solution platforms was out-
side the scope of this work. The solver embedded in Hex-
aly is known to be competitive with commercial and 
open-source solvers such as Gurobi, CPLEX, HiGHS, and 
OR Tools, e.g., in job shop scheduling [18]. Consequently, 
a broader benchmarking study with a larger set of test 
instances is necessary to further clarify how STN sched-
uling benefits from the proposed set-based formulations. 

DIGITAL SUPPLEMENTARY MATERIAL 
A file containing the parameters needed to define 

the case studies and to replicate the sensitivity analyses 
shown in the result section are available at 
https://psecommunity.org/LAPSE:2026.0003. All results 
can be replicated by running the code available at 
https://psecommunity.org/LAPSE:2026.0002. 
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