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ABSTRACT

Renewable powered water electrolysis offers a promising strategy to decarbonize industrial sec-
tors with high demand for hydrogen. Operational optimization of industrial electrolyzer systems is
often formulated as mixed-integer linear programming (MILP) problems, where a constant hydro-
gen production to electrical power consumption ratio is assumed instead of the nonlinear relation-
ship. Incorporating a nonlinear electrolyzer model into a linear optimal hydrogen dispatch frame-
work remains a significant challenge. This study addresses this challenge by formulating the opti-
mization problem in two ways. First, the model is solved as a nonlinear programming (NLP) problem
by incorporating a nonlinear model of an alkaline electrolyzer (AEL) into the optimization frame-
work. The binaries and integers are relaxed to continuous variables and associated penalty terms
are added to the objective function to enforce integrality. The NLP is solved using the local non-
linear solver Interior Point OPTimizer (IPOPT) using a multi-start approach, where the solver is
executed from random initial points and the minimum objective value is taken as the best guess
for the global minimum. Second, a linearized model of the AEL is used in an MILP formulation. The
univariate nonlinear terms within the model are approximated using three piecewise linearization
techniques, i.e., convex combination, convex combination with SOS2 variables and a slope based
big-M formulation. The bilinear terms are relaxed using the McCormick envelope. Results show
that the MILP formulation achieves faster solution times, with varying accuracy depending on the
linearization method, whereas the NLP approach more accurately captures the hydrogen produc-
tion curve, albeit having longer convergence times.

Keywords: Alkaline electrolyzer, Renewable hydrogen system, Piecewise linearization, McCormick relaxation,
Operational optimization

INTRODUCTION

Optimal dispatch problems for electrolysis require
robust and quickly solvable process models to enable
real-time control decisions. For this reason, mixed-inte-
ger linear programming (MILP) models are often em-
ployed [1-3]. Among the simplest models are those as-
suming a constant electrolyzer efficiency or a fixed hy-
drogen production to electrical power consumption ratio.
Baumhof et al. [4] showed that such models exhibit sig-
nificant deviations in the partial load range of the electro-
lyzer resulting in sub-optimal solutions. In fact, there ex-
ists a nonlinear relationship between power consumption
and hydrogen production that can be modeled using
https://doi.org/10.69997/sct.159644
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detailed physical models or semi-empirical models of the
electrolyzer [5]. Baumhof et al. [4] incorporated the
widely adopted semi-empirical model of an alkaline elec-
trolyzer (AEL) first proposed by Ulleberg [6] and later ex-
tended by Sanchez et al. [7] into their MILP framework by
piecewise linearizing the power consumption vs hydro-
gen production curve obtained from a separate nonlinear
AEL model. Furthermore, the study builds the MILP by in-
troducing different operational states, i.e., on, off and
stand-by, of the AEL.

Due to the inherent complex nature, incorporating a
nonlinear component model into a linear optimization
problem remains a challenge. On one hand nonlinear
solvers like Interior Point OPTimizer (IPOPT) only works
2201
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with continuous variables [8] and thus cannot handle in-
tegers and binary variables. On the other hand linear
solvers only work with linear objective function and linear
constraints [9]. This study incorporates the nonlinear AEL
model into a linear operational optimization problem by
first solving the problem as a nonlinear program (NLP),
where the integer and the binary variables are relaxed to
continuous variables and associated penalty terms are
added to the objective function to enforce integrality.
Second, the problem is reformulated as an MILP by line-
arizing the univariate nonlinear terms within the AEL
model using three different piecewise linearization tech-
niques, and relaxing the multilinear terms using McCor-
mick envelope. Furthermore, this paper extends the work
of Baumhof et al. [4] by developing an AEL system model
tailored to a multi-stack configuration. This work is part
of the development of a digital twin for a renewable pow-
ered 40 MW AEL system designed to supply hydrogen to
a refinery in Corinth, Greece within the framework of the
EU project EPHYRA [10].

The paper has two primary objectives. First, it tries
to identify the best linearization method when linearizing
the nonlinear semi-empirical AEL model when applied to
a hydrogen dispatch problem, evaluating performance in
terms of accuracy and computational speed. Second, it
compares the results of the MILP with the NLP to assess
the merits of each approach and evaluates if the linear-
ized model can accurately reproduce the variable trajec-
tories when compared to the NLP formulation.

DESCRIPTION OF THE SYSTEM

The industrial system, illustrated in Figure 1, has a
40 MW pressurized AEL at its core that produces hydro-
gen for arefinery. The AEL is primarily powered by a pho-
tovoltaic (PV) plant, with supplementary power produced
through waste heat recovery from the refinery via an Or-
ganic Rankine Cycle (ORC). When required, power can be
drawn from the grid for meeting additional hydrogen de-
mand. The AEL system is divided into 8 stacks with each
operating at a pressure of 20-25 bar and consuming 5
MW power when operating at full capacity. The produced
hydrogen is compressed and routed through a hydrogen
storage system operating at 350 bar before being deliv-
ered to the refinery. The system operates in such a way
that it meets the hydrogen demand of the refinery at each
time step.

MODEL FORMULATION

The optimal hydrogen dispatch problem is first for-
mulated as a mixed-integer nonlinear problem (MINLP)
and solved as an NLP by relaxing the binary and integer
variables to continuous variables and then introducing
penalty terms within the objective function to encourage
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integrality. Then it is converted to an MILP by linearizing
the nonlinear terms within the AEL model. The optimiza-
tion framework is implemented in the Python based opti-
mization framework Pyomo. The NLP is solved using the
local nonlinear solver Interior Point OPTimizer (IPOPT),
whereas the MILP formulation is solved using the linear
solver Gurobi. The objective function and the constrains
within the optimization problem are described in detail in
the following paragraphs.

-
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Figure 1. Process flow diagram of the industrial setup.

Objective function

The objective of the optimization problem is to min-
imize the total operating costs associated with the sys-
tem over a period of n hours. The objective function is
thus formulated as:

; n £ at Nitack 1,8
min thl[Pgringrid + ZS:I Zsu Csu] (1)

where, B4 is the power drawn from the grid, ¢, the cost
to purchase one unit of grid electricity, z,, a binary varia-
ble denoting the start-up of one AEL stack, discussed in
detail in the following section, ¢, the cost associated with
the start-up of a stack, n the total number of time steps,
and N, the total number of stacks. The superscripts ¢
and s are the time step and the AEL stack indices and are
used throughout the model. The objective function in the
NLP adds further penalty terms for enforcing integrality
of the binary and the integer variables.

Operational States of the AEL Stacks

The operational states of the AEL stacks are mod-
eled in a similar way to Baumhof et al. [4]. However, in
this work, the model is further extended to be compatible
with a multi-stack AEL system. Each stack has three op-
erational states, i.e., on, off and standby. These opera-
tional states are described by the three binary variables
Zons Zon @Nd zg,. At any time step, only one of the states
can be active, which can be written as:
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t,s t,s t,s
Zon + Zog + Zgp, =1 (2)

The cold start-up of a stack is indicated by the binary
variable z,,. The variable z, is O at the start and becomes
1 whenever transitioning from off to on state between
two consecutive time steps. The constraints are thus
written as:

259 =0 (3)

t,s t—1,s

zel >z — Zog =z fort=2,...,n (4)

An additional constraint is added to avoid a stack from
transitioning from off to standby state:

t-1,8 S

Zog T+ z;i) < 1fort=2,..,n (5)

AEL Model

The AEL is modeled using the widely adopted semi-
empirical model proposed first by Ulleberg [6] and later
extended by Sanchez et al. [7]. For brevity, only the
equations that were linearized are mentioned in this pa-
per.

The reversible cell voltage of an AEL cell can be
written as:

¢, ts |, RTGhacq, (@Phn—Pmy0)™*
Ut = Uygo + e (P20 ) (6)
where, U, is the reversible cell voltage, U,.,, the standard
reversible cell voltage, T, the stack temperature, F the
Faraday number, p.; the cell pressure, py,o the partial
vapor pressure, and ay,o the water activity. The cell volt-
age U, is expressed as:
st 4k el L
Ul = Uiy + K1yt + slog(K2 o 1) 7)

where, I, is the cell current, A, the cell area, and s an
empirical coefficient. K; and K, are two nonlinear terms
that are dependent on Ty, . The Faraday efficiency g, agay
is calculated as:

ne’ =B, +B, exp(K3 %) (8)
cell

where, 7y is the Faraday efficiency, B; and B, two empiri-

cal coefficients, and K; a nonlinear term that depends on

T.cc- At each time step, the total amount of hydrogen

produced by an AEL stack 71,4 « is described by the Far-

aday law as:

LSyl s
.1, N5 Lo
m — /F cellM

t,s
prod, st — oF Hchellzon (9)

where, N, is the number of cells in the stack, and My,
the molar mass of hydrogen. The total amount of hydro-
gen produced ri,o4 is the summation of the hydrogen
produced by each stack:

.t _ Ny, . t,s
mprod - ZSZS[1‘Ck mprod, st (10)
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The power consumed by an AEL stack B, can be
written as:

t,s __ t,S yt, s _t,S t,s
Ruex = NeenUcenlcenZon + PsvZgh (1)

where, U is the cell voltage that is assumed to be same
for all the cells in a stack, and P, the power consumed by
a stack in its standby state. B, has to be between the
maximum capacity P,, and the minimum load Pp;, of the
stack:

t,s Ls ts
Rick < RapZon + PepZgp, (12)

t,s t,s ts
Rk 2 PminZon + PspZg, (13)

s =

Constraints (6) to (8) were approximated using a
composite linearization approach, where piecewise ap-
proximation [11] and the McCormick envelope method
[12] were used sequentially. Furthermore, the multilinear
terms in equations (9) and (11) were relaxed using the
same McCormick relaxation. The linearization methods
used in this study are discussed in detail in the next sec-
tion.

Power Balance

At every time step, the power balance of the whole
system can be expressed by:

By + Rige + Big = B + By (14)

where, By is the power produced by the PV plant, B¢ is
the power produced by the ORC, B is the total power
consumed by the AEL system, and R, is the power con-
sumed by the hydrogen storage compressor. B is the
summation of the power consumption of each stack, ex-
pressed as:

Pet — ZNslack pis

s=1 °stack

(15)

Bomp is @ function of the specific power consumption
of the compressor w,,, and the storage inlet mass flow
rate rig, 1, [13]. To keep the model simple, we,y, is taken
as a constant parameter. Therefore, the constraint is
written as:

t — st
Péomp - wcompmsto, in (1 6)

Ry is modeled as a function of solar irradiance and
module efficiency [14]. The polynomial equation to calcu-
late Ryrc, expressed as a function of the temperature of
the heat source and the cooling air (ambient) tempera-
ture, was obtained from the manufacturer of the ORC unit
while the heat source temperature data were provided by
the refinery.

Mass Balance

The mass balance of the system at every time step
is written as:
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.t ot .t .y
mprod =my+ Mto,in — Mito, out (17)

where, riv,.4 is the total hydrogen produced, riy the hy-
drogen demand, and m, ., the mass flow rate of the hy-
drogen exiting the storage.

Hydrogen Storage

The operation of the hydrogen storage at each time
step can be expressed by the following two constraints:

Mo, ou) AL (18)
t=

mstoo = Mo, ini (19)

t t—1 st
Mypo = My, + (msto, in —

where, mg, is the amount of stored hydrogen at any time
step, and my, ;, is the amount of hydrogen stored at the
start of the operation. Both my, ;, and ri, ., are limited
by the maximum inlet and outlet flowrates of the storage,
Mg, in, max AN Hlgo our, maxs FESPECtIVElY:

msto in < msto in, max (20)

msto out < Mo, out, max (21)

The maximum amount of stored hydrogen is limited by
the volumetric storage capacity V,, m.x and is given by:

méto S V;to, mapoz (22)

where, the density of hydrogen, py,, is calculated using
the standardized equation for hydrogen gas density,
given in [15]. Two further constraints are added to pre-
vent the storage from being charged and discharged at
the same time:

<z

msto in = chmsto in, max (23)

méto, out < (1 - Zéh)msto, out, max (24)

where, z, is a binary variable indicating the charging of
the storage.

LINEARIZATION METHODS

The nonlinearities in the optimization problem, de-
scribed by equation (1) to (24), can be divided into two
categories. The first category contains the univariate
nonlinear terms that are linearized using piecewise linear
approximation methods. Three different piecewise line-
arization techniques [11] are implemented and are dis-
cussed below. The second category consists of the mul-
tilinear terms, i.e. the bilinear and trilinear terms, that are
approximated by the McCormick relaxation [12].

Piecewise Linearization Methods

Convex combination (CC)

A nonlinear function f(x) is approximated by discre-
tizing the domain of x into k —1 segments with k being
the number of breakpoints. The linear approximations of
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x and f(x) are weighted sums (convex combination) of
their values at the breakpoints, where the weights 4; sum
to 1. In (29) to (32), the binary variables z; ensure that at
most two adjacent A; can be non-zero. The convex com-
bination method can be written as:

FEDINICAVE (25)
X = Zlexi A (26)
>0 (27)
TiAi=1 (28)
Ylz=1 (29)
M <z (30)
A<z +z;fori=2,...,k—1 (31
A Sz (32)

Convex combination with SOS2 variables (CC-
S0S2)

To avoid the use of binary variables z;, as seen in
(29) to (32), the set of variables {1, 1,, ...,4,} can be for-
mulated as a Special Ordered Set of type 2 (SOS2), which
ensures the adjacency rule of the A; variables. With 4; €
S0S2, the formulation is then fully described by (24) to
(27). It has to be noted that a suitable solver capable of
handling SOS2 variables needs to be chosen.

Slope based Big-M formulation

To avoid the use of continuous variables 4; in (25) to
(32), the nonlinear function f(x) can be approximated us-
ing a big-M formulation. Constraints (33) and (34) restrict
the variable x to lie within the active segment, while (35)
and (36) employ a Big-M formulation to define the func-
tion value f by the slope and the intercept of the selected
segment.

X2 Xi — (1 - Zi)(xmax - xmin) (33)
x < Xiy1 + (1 - Zi)(xmax - xmin) (34)
f 2 aix+bi_(]. —Zi)M (35)
f S a;x + bi + (1 - Zi)M (36)
Ylz=1 (37)

= {07 0D ang b, = f(x;) — ax;. M is a suffi-

Xiy1—Xi
ciently large positive constant used to activate or deac-
tivate constraints (35) and (36).

where, q;

McCormick Relaxation

The McCormick envelope relaxes the product of two
continuous variables, w = xy, where x € [xy,, x,,] and y €
[y, Yupl, by defining the convex hull of the feasible set
through the following linear inequalities:
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Figure 2. Hydrogen production-power consumption curve: NLP vs. MILP formulations using different linear
approximation methods with 3 breakpoints (top left), 6 breakpoints (top right), 9 breakpoints (bottom left) and
12 breakpoints (bottom right).

processor.

Table 1: Dimensions of the MILP formulations and the

W 2 XppY + Y1pX = XipY1p (38)
W = XypY + YubX — XubVub (39)
W < XypY + Y1bX — XubV1b (40)
W < XppY + YubX — XipYub (41)

NLP

If the bilinear term consists of a continuous variable
X € [x,, xup] @and a binary variable z € {0,1}, the McCor-
mick relaxation reduces to the following inequalities:

(42)
(43)

XpZ S W < XypZ

X—xgp(1—2)<w<x—xp(1—2)

RESULTS

The NLP is solved using a multi-start approach using
the local nonlinear solver IPOPT, in which the optimiza-
tion problem is executed 50 times from random initial
points and the solution with the minimum objective value
is taken as the best guess for the global minimum. The
MILP is solved with the linear solver Gurobi using the
three piecewise linearization methods, described in the
section above, by gradually increasing the number of
breakpoints to potentially enhance the accuracy of the
decision variables. The optimization was done over a 15-
hour period. The dimensions of the different formulations
are listed in Table 1. All the simulations were run using a
computer with a 13th Gen Intel(R) Core(TM) i7-1365U

Mustafa Kamal et al. / LAPSE:2026.0478

Method Variable Constraint
count count
CC (3 breakpoints) 8040 11257
CC (6 breakpoints) 12360 13417
CC (9 breakpoints) 16680 15577
CC (12 breakpoints) 21000 17737
CC-S0S2 (3 breakpoints) 6600 8377
CC-S0S2 (6 breakpoints) 8760 8377
CC-S0S2 (9 breakpoints) 10920 8377
CC-S0S2 (12 breakpoints) 13080 8377
Big-M (3 breakpoints) 5880 12457
Big-M (6 breakpoints) 8040 21097
Big-M (9 breakpoints) 10200 29737
Big-M (12 breakpoints) 12360 38377
NLP 2655 2287

Syst Control Trans 5:2201-2208 (2026)

We first assess the accuracy of the linearization
methods by comparing the hydrogen production curve
(hydrogen production versus power consumption) ob-
tained from the MILP formulations using the three linear-
ization methods with that of the NLP. Given that the NLP
formulation retains the original nonlinear model, we take
the hydrogen production curve from the NLP as the ref-
erence. We see from Figure 2 that the curves from all of
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Figure 3. Power consumption (top) and hydrogen production (bottom) profiles: MILP formulations with different
linearization methods vs. NLP.

the MILP formulations deviate from that of the NLP, but
to varying degree. As expected, the CC and the CC-S0S2
produce very similar results since their underlying princi-
ples are the same. The performance of the big-M formu-
lation heavily depends on the choice of the big-M param-
eter, which is difficult to appropriately determine. As a
rule of thumb, the big-M was initially set equal to the dif-
ference between the maximum and minimum values of
the nonlinear function being linearized. While this was
sufficiently large for three breakpoints, the big-M value
had to be increased every time the number of break-
points was increased to prevent infeasibility, causing the
feasible region to increase resulting in loose relaxation.
Consequently, the big-M linearization method exhibits
larger deviation in the hydrogen production curve as the
number of breakpoints increases. This is also evident in
Figure 3, where we see that beyond three breakpoints,
the big-M formulation produces unusable results. Due to
the difficulty in choosing an adequately large value of
big-M, we come to the conclusion that the CC and the
CC-S0OS2 methods are the better choices for linearizing
the nonlinear AEL model.

A further interesting observation is the impact of the
number of breakpoints on the accuracy of the hydrogen
production curve. As can be seen in Figure 2, increasing
the number of breakpoints does not noticeably improve
the accuracy of the curve, which is somehow unex-
pected. This behavior can be explained by the fact that
the univariate nonlinear terms might exhibit only mild
nonlinearities within the specified variable bounds.
Mustafa Kamal et al. / LAPSE:2026.0478
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Future investigations will be carried out to understand
this behavior in more detail.

Big-M
cC

B® CC-S0S2
Il Nonlinear

500 A

400 A

300 A

200 4

Energy consumption [MWh]

6 bpts

9bpts 12 bpts NL

Figure 4. Total energy cosumption over a 15-hour period:
MILP formulations vs. NLP.

We also see from both Figure 2 and Figure 3 that
regardless of the linearization method used, compared to
the NLP, the MILP formulations always underestimate the
power consumption per kilogram of hydrogen produced.
The constraints for the hydrogen production (equation 9)
and the power consumption (equation 11) contain bilinear
and trilinear terms, which were relaxed in the MILP using
McCormick envelope. Since the McCormick relaxation
provides an outer approximation of a multilinear term, the
relaxation can lie below the actual function value causing
the underestimation. This is further evident in the total
energy consumption of the AEL over the 15-hour
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optimization period, shown in Figure 4. However, a par-
titioned McCormick envelope, that will be implemented in
the future, could provide a more accurate approximation.

Finally, we examine the total computational time of
the different solution approaches. From Table 2 we see
that CC-SOS2 performs the fastest when having three
breakpoints. However, as the number of breakpoints in-
creases, the computational time of CC-SOS2 grows more
rapidly than that of the standard CC formulation, making
CC the more flexible option. As discussed previously, the
Big-M method with more than three breakpoints does not
produce satisfactory results. Therefore, its computation
times are not considered meaningful for comparison. The
reported MILP solution times were consistent across mul-
tiple runs. In contrast, the time taken for each run of the
NLP varies widely with the multi-start strategy taking a
total of 257 seconds for 50 runs. This wide spread of the
objective values, ranging from 7909.76 to 28620.28, in-
dicates the presence of local optima and makes it difficult
to estimate in advance how many runs are required to re-
liably identify the best solution. Advanced optimization
algorithm, such as BO-IPOPT [16, 17], which is a hybrid
algorithm based on Bayesian optimization and IPOPT, will
be employed in future work to address this issue.

Table 2: Solution times of the MILP formulations and the
NLP.

Method Solution time
(seconds)
CC (3 breakpoints) 1.12
CC (6 breakpoints) 10.08
CC (9 breakpoints) 54.45
CC (12 breakpoints) 100.19
CC-S0S2 (3 breakpoints) 0.92
CC-S0S2 (6 breakpoints) 33.95
CC-S0S2 (9 breakpoints) 101.37
CC-S0S2 (12 breakpoints) 148.47
Big-M (3 breakpoints) 1.72
Big-M (6 breakpoints) 7.45
Big-M (9 breakpoints) 9.96
Big-M (12 breakpoints) 40.39

NLP 0.82-61.14 (single run)
257.03 (50 runs)

CONCLUSION

This study addresses a major challenge of integrat-
ing a nonlinear AEL model into a linear optimal dispatch
problem of a renewable powered industrial AEL system.
Two approaches were taken and compared. The first ap-
proach includes solving the operational optimization
problem as an NLP by relaxing the binaries and integers
within the model to continuous variables and then adding
associated penalty terms to promote integrality. The NLP
is then run using a multi-start strategy from random initial
Mustafa Kamal et al. / LAPSE:2026.0478
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points. The minimum objective value is taken as the best
guess for the global minimum. The second approach for-
mulates the optimal dispatch problem as an MILP by lin-
earizing the univariate nonlinear terms within the AEL
model using piecewise approximation and relaxing the
multilinear terms using McCormick envelope. The hydro-
gen production curve of the NLP is taken as reference
since the NLP uses the original nonlinear AEL model.

We see that out of the three piecewise linearization
methods, namely, CC, CC-SOS2 and big-M formulation,
CC and CC-S0S2 perform very similarly in reproducing
the hydrogen production curve irrespective of the num-
ber of breakpoints. The big-M method performs well only
with three breakpoints. Beyond three breakpoints,
choosing the big-M value becomes significantly difficult,
requiring large values, and producing unusable results.

Another important, albeit surprising, observation is
that increasing the number of breakpoints does not have
any meaningful impact on the accuracy of the solution,
possibly due to the univariate nonlinear terms within the
AEL model exhibiting mild nonlinearities within the spec-
ified variable bounds.

Furthermore, we see that the MILP always underes-
timates the power consumption of the AEL when com-
pared to the NLP. The McCormick relaxations of the hy-
drogen production and power consumption constraints
can be attributed to this underestimation.

Finally, when taking a look at the computational
times, we observe that the CC method is generally the
fastest when working with a varied number of break-
points. While the CC-SOS2 is marginally faster when hav-
ing three breakpoints, the computational time increases
much faster as the number of breakpoints increases
making CC the more flexible option. We consider the big-
M method not suitable for this optimization problem as it
cannot produce usable results when more than three
breakpoints are used and exhibits the longest computa-
tion time even in the three-breakpoint case. Comparing
the computation time of the MILP with the NLP is difficult
as the NLP is modeled with a multi-start approach with
the time taking for each run varying widely. The presence
of local optima in the NLP means it is hard to estimate
how many runs are necessary to reliably obtain the best
solution.

Future work includes potentially increasing the ac-
curacy of the linearized AEL model by using the parti-
tioned McCormick envelope that yields a tighter relaxa-
tion of multilinear terms by subdividing the variable
bounds into smaller intervals. Furthermore, the MILP ap-
proach will be compared with global hybrid modeling ap-
proaches, e.g., BO-IPOPT [16, 17], and investigated as a
potential initialization scheme for these hybrid methods.
Additionally, these models will be validated with real data
from a real plant before being evaluated for real-time dig-
ital twin implementation
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