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ABSTRACT 
Black-box optimization (BBO) deals with problems involving functions that are either unknown, 
imprecise, or costly to evaluate. Current BBO methods encounter multiple challenges, such as high 
computational demands from excessive function evaluations, difficulties in handling complex con-
straints, lack of theoretical convergence guarantees, and unstable performance due to significant 
variations in solution quality. This work presents a machine learning-powered feasible path (MLFP) 
framework for general BBO problems involving complex constraints. An adaptive sampling strat-
egy is first proposed to explore optimal regions and pre-filter potentially infeasible points, thereby 
reducing the number of evaluations. Machine learning algorithms are utilized to build surrogates 
for black-box functions. The feasible path algorithm is integrated to accelerate theoretical con-
vergence by updating only independent variables instead of all variables. Computational experi-
ments demonstrate that MLFP can rapidly and robustly converge near the KKT point, even when 
training surrogates with small datasets. Compared to state-of-the-art BBO algorithms, MLFP sta-
bly delivers equivalent or superior solutions with fewer evaluations across benchmark examples. 

Keywords: Optimization, Machine Learning, Black-box, Adaptive Sampling, Feasible Path Algorithm, Surrogate 
Model 

INTRODUCTION 
Black-box optimization (BBO) refers to a class of op-

timization problems where the algebraic forms of the ob-
jective function and/or constraints are unknown, impre-
cise, or prohibitively expensive to compute. This charac-
teristic is ubiquitous in engineering and scientific fields, 
particularly in chemical engineering, where many com-
plex systems cannot be fully captured by mechanistic 
models. For instance, multi-step catalytic reaction net-
works, molecular structure–activity relationships (SARs) 
linking polymer architecture to material performance, and 
high-fidelity simulations (e.g., density functional theory 
calculations, computational fluid dynamics for reactor 
design, and rigorous distillation modeling) all exhibit 
black-box properties [1-5]. These systems are 

foundational to chemical design and manufacturing, from 
catalyst development and material synthesis to plant-
wide operation tuning, and optimizing them relies heavily 
on specialized BBO approaches. Advancing BBO meth-
ods is therefore critical to reducing development cycles, 
cutting costs, and unlocking innovative engineering solu-
tions. 

Despite its importance, BBO faces inherent chal-
lenges rooted in the absence of gradient information for 
black-box functions, which prevents the use of classical 
gradient-based optimization. Existing methods can be 
broadly categorized into three classes, each with distinct 
limitations. Stochastic or heuristic algorithms (e.g., PSO, 
GA, SA) offer global search capabilities but lack theoret-
ical convergence guarantees and require extensive func-
tion evaluations, making them impractical for expensive 
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systems. Deterministic partition methods (e.g., DIRECT, 
pattern search) avoid randomness but suffer from the 
curse of dimensionality and high computational costs. For 
example, a modified DIRECT algorithm for LNG process 
optimization required 20, 000 evaluations [6]. Surrogate 
model-based methods, the most widely adopted class, 
reduce black-box calls by using cheap approximations 
(e.g., neural networks, Gaussian processes) but intro-
duce new issues: implicit filtering is limited to bound-con-
strained problems, ReLU NN-based frameworks become 
computationally intractable for complex architectures [7], 
ALAMO performs poorly for high-dimensional inputs [8], 
trust-region filter (TRF) methods suffer from initial value 
sensitivity [9], and Bayesian optimization (BO) struggles 
with complex equality constraints and exhibits significant 
result stochasticity (variations up to 300% across runs) 
[10]. Additionally, many surrogate-based methods over-
look the computational burden of sampling and training. 

To address these limitations, this study proposes a 
novel machine learning-powered feasible path (MLFP) 
framework for general BBO problems involving complex 
equality and inequality constraints. The framework inte-
grates three core components to balance sample effi-
ciency, approximation accuracy, and convergence speed. 
First, an adaptive sampling strategy uses support vector 
machines (SVM) to filter infeasible points and focus on 
potential optimal regions, ensuring informative samples 
even with limited data. Second, machine learning models 
(e.g., multi-layer perceptrons with Swish activation) are 
employed as surrogates, leveraging their strong nonlin-
ear approximation capabilities and twice-differentiable 
properties to enable gradient-based optimization. Third, 
the feasible path algorithm is integrated to update only 
independent variables instead of the entire variable set, 
avoiding complex nonlinear terms from full-space formu-
lations and accelerating convergence by retaining com-
putation graphs for efficient derivative calculation.  

This work validates MLFP on 2 industrial processes 
(Williams-Otto process and extractive distillation pro-
cess). The results demonstrate that MLFP outperforms 
state-of-the-art algorithms by stably achieving equiva-
lent or better solutions with fewer evaluations.  

PROBLEM STATEMENT 
The general form of a BBO problem to be solved in 

this work is presented below, which is a nonlinear pro-
gramming (NLP) problem. 

min
�∈ℝ�

𝑓𝑓(𝐱𝐱)

s.t. 𝐡𝐡(𝐱𝐱) = 0
𝐠𝐠(𝐱𝐱) ≤ 0
𝐱𝐱𝒍𝒍𝒍𝒍 ≤ 𝐱𝐱 ≤ 𝐱𝐱𝒖𝒖𝒖𝒖

    (1) 

where the function 𝑓𝑓:ℝ� → ℝ  is the objective function, 
𝐡𝐡:ℝ� → ℝ��  is the equality constraints and 𝐠𝐠:ℝ� → ℝ��  is 
the inequality constraints excluding the bounding 

constraints. 𝑝𝑝� , and 𝑝𝑝�  represent the dimensions of 
equations and inequalities respectively; 𝐱𝐱  represent a 
vector of variables; the superscript 𝑢𝑢𝑢𝑢 represents the up-
per bound, and 𝑙𝑙𝑙𝑙 represents the lower bound. In this set-
ting, the black-box function may pertain to the objective 
function 𝑓𝑓 as well as to the constraint functions 𝐡𝐡 (equal-
ities) and 𝐠𝐠  (inequalities), depending on the problem 
structure. 

Without loss of generality, we divide the equality 
constraints 𝐡𝐡(𝐱𝐱) = 0  into 𝐡𝐡𝟏𝟏(𝐱𝐱) = 0  and 𝐡𝐡𝟐𝟐(𝐱𝐱) = 0  where 
𝐡𝐡𝟏𝟏(𝐱𝐱) = 0 containing all black-box constraints and 𝐡𝐡𝟐𝟐(𝐱𝐱) =
0 without containing any black-box functions. If any ine-
quality constraints 𝐠𝐠𝒋𝒋(𝐱𝐱) ≤ 0  containing black-box func-
tions, we can introduce auxiliary variables 𝐯𝐯 and let 𝐯𝐯 =
𝐠𝐠𝒋𝒋(𝐱𝐱) . We then add 𝐯𝐯 = 𝐠𝐠𝒋𝒋(𝐱𝐱)  into 𝐡𝐡𝟏𝟏(𝐱𝐱) = 0  and remove 
𝐠𝐠𝒋𝒋(𝐱𝐱) ≤ 0 from the inequality constraint sets 𝐠𝐠(𝐱𝐱) ≤ 0. The 
auxiliary variable 𝐯𝐯  is then added into variables 𝐱𝐱 . The 
original BBO problem (1) can be reformatted into problem 
(2) below,  

𝑚𝑚𝑚𝑚𝑚𝑚
�∈ℝ�

𝑓𝑓(𝐱𝐱)

s.t. 𝐡𝐡𝟏𝟏(𝐱𝐱) = 0
𝐡𝐡𝟐𝟐(𝐱𝐱) = 0
𝐠𝐠(𝐱𝐱) ≤ 0
𝐱𝐱𝒍𝒍𝒍𝒍 ≤ 𝐱𝐱 ≤ 𝐱𝐱𝒖𝒖𝒖𝒖

    (2) 

where 𝐡𝐡𝟏𝟏:ℝ� → ℝ��1  and 𝐡𝐡𝟐𝟐:ℝ� → ℝ��2 are the equality 
constraints and 𝐠𝐠:ℝ� → ℝ��   is the inequality constraints 
excluding the bounding constraints. 𝑝𝑝�1,𝑝𝑝�2and 𝑝𝑝� repre-
sent the dimensions of equations and inequalities re-
spectively. In this setting, the black-box function may 
pertain to the objective function 𝑓𝑓 as well as to the con-
straint functions 𝐡𝐡𝟏𝟏 (equalities). We assume that all func-
tions (e.g., 𝑓𝑓,𝐡𝐡𝟐𝟐 and 𝐠𝐠) that are not the black-box func-
tions, are twice continuously differentiable. The black-
box functions 𝐡𝐡𝟏𝟏 or 𝑓𝑓 are unknown and their derivatives 
are not available; however, we assume that they can be 
evaluated at a given point and approximated by a twice 
continuously differentiable function. 

METHOD 

As 𝑓𝑓(𝐱𝐱)  and/or 𝐡𝐡𝟏𝟏(𝐱𝐱) = 0  in problem (2) contain 
black-box functions that are unknown or expensive for 
evaluation, we need to develop surrogate models for 
these black-box functions. To do this, we can divide all 
variables in (2) into independent variables (denoted as 𝐱𝐱�) 
and dependent variables (denoted as 𝐱𝐱�) where 𝐱𝐱� has 
the same dimension as 𝐡𝐡𝟏𝟏 . Then, problem (2) can be 
transformed into problem (3). 
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min
𝒙𝒙∈ℝ�

𝑓𝑓(𝒙𝒙� ,𝒙𝒙�)

s.t. 𝒉𝒉𝟏𝟏(𝒙𝒙�,𝒙𝒙�) = 0
𝒉𝒉𝟐𝟐(𝒙𝒙�,𝒙𝒙�) = 0
𝒈𝒈(𝒙𝒙�,𝒙𝒙�) ≤ 0
𝒙𝒙�𝒍𝒍𝒍𝒍 ≤ 𝒙𝒙� ≤ 𝒙𝒙�𝒖𝒖𝒖𝒖

𝒙𝒙�𝒍𝒍𝒍𝒍 ≤ 𝒙𝒙� ≤ 𝒙𝒙�𝒖𝒖𝒖𝒖

    (3) 

Adaptive sampling strategy 
Adaptive sampling is pivotal for surrogate-assisted 

BBO, as it generates high-quality data, builds accurate 
models, and reduces function evaluations. Most existing 

strategies are iteratively integrated with optimization, se-
lecting the next sampling point based on current results, 
which is effective for coupled sampling-optimization al-
gorithms but unsuitable for ones that construct offline 
surrogate before optimization. To address this, we pro-
pose a new adaptive sampling strategy to build a global 
dataset for pre-optimization surrogate training, focusing 
on capturing details near optimal regions and variable 
bounds. 

In this work we proposed a adaptive sampling strat-
egy that focus on potential optimal regions and onstraint 

 
Algorithm 1: Pseudocode for feasible path algorithm. 

 

 
 

Figure 1. Flow diagram for WO process. 
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boundaries. The strategy proceeds in three steps: 
1. Slightly expand the bounds of each independent 

variable (e.g., ±5% of original) and perform initial Latin hy-
percube sampling (LHS) to collect a small sample set (e.g., 
10% of total required). Evaluate black-box functions at 
these samples to obtain dependent variable values, un-
derstand function behaviors, and identify promising re-
gions. 

2. Label samples as feasible (satisfying constraints 
like g(xI, xD), h2(xI, xD) and bound constraints for variables) 
or infeasible (1 or 0), then train a support vector machine 
(SVM) classifier. To mitigate inaccuracy from limited ini-
tial samples, extract support vectors from the trained 
SVM and retrain the classifier by treating all support vec-
tors as feasible, which includes near-boundary infeasible 
points to ensure precise boundary characterization. 

3. Establish a sub-region around the best feasible 
point, conduct LHS within this area (e.g., 10% of total 
samples per iteration), and use the trained SVM to filter 
out infeasible points (avoiding wasted black-box evalua-
tions). Update the best feasible point and repeat until the 
required sample size is reached. 

Feasible path optimization algorithm 
After the surrogate models for 𝐡𝐡1(𝐱𝐱) = 0 and/or the 

objective function are developed, then 𝐡𝐡1(𝐱𝐱) = 0  and/or 
the objective function in problem (3) are replaced by the 
surrogates denoted as 𝒙𝒙� = 𝐬𝐬(𝐱𝐱�) and/or 𝑓𝑓𝑓𝑓(𝐱𝐱𝑰𝑰) and prob-
lem (4) below is obtained. We also assume that 𝐬𝐬(𝐱𝐱�) 
and/or 𝑓𝑓𝑓𝑓(𝐱𝐱𝑰𝑰),𝐡𝐡𝟐𝟐 and 𝐠𝐠 are all twice continuously differen-
tiable. The remaining constraints 𝐡𝐡𝟐𝟐 and 𝐠𝐠, and the objec-
tive function 𝑓𝑓  can be calculated without calling the 
black-box. 

𝑚𝑚𝑚𝑚𝑚𝑚
�∈ℝ�

𝑓𝑓(𝐱𝐱𝑰𝑰, 𝐱𝐱�) or 𝑓𝑓𝑓𝑓(𝐱𝐱𝑰𝑰)

s.t. 𝐱𝐱� = 𝐬𝐬(𝐱𝐱�)
𝐡𝐡𝟐𝟐(𝐱𝐱𝑰𝑰, 𝐱𝐱�) = 0
𝐠𝐠(𝐱𝐱𝑰𝑰, 𝐱𝐱�) ≤ 0
𝐱𝐱�𝒍𝒍𝒍𝒍 ≤ 𝐱𝐱� ≤ 𝐱𝐱�𝒖𝒖𝒖𝒖

𝐱𝐱�𝒍𝒍𝒍𝒍 ≤ 𝐱𝐱� ≤ 𝐱𝐱�𝒖𝒖𝒖𝒖

   (4) 

To solve problem (4) effectively, we employ the fea-
sible path optimization algorithms developed by Ma et al. 
[11]. Different from full-space formulation, which directly 
employs NLP algorithms to solve problem (4), feasible 
path optimization algorithms divide the entire problem (4) 
to two subproblems including a small optimization prob-
lem in the outer level and a process simulation problem in 
the inner level. While the small optimization problem in 
the outer level can be solved using the existing gradient-
based optimization algorithms such as improved SQP, 
the process simulation problem in the inner level could be 
solved using solution algorithms for nonlinear equations 
such as a Newton-based algorithm or PTC approach [11]. 
In this work, the inner level only requires the use of a sur-
rogate model to predict 𝐱𝐱�, which is considerably faster 
than rigorous simulation or black-box evaluation. Moreo-
ver, when predicting 𝐱𝐱� , the computation graph will be 
retained to compute the derivative of 𝐱𝐱� with respect to 
𝐱𝐱𝑰𝑰, instead of calculating a large Jacobi matrix.  

Detailed algorithm parameters and pseudocode are 
presented in the Algorithm 1. 

In this work, the ℓ1 merit function, defined as Eq.(5), 
is used to evaluate convergence criteria. 

𝜙𝜙1�𝐱𝐱��;𝛌𝛌��� ,𝛍𝛍��� � = 𝑓𝑓�𝐱𝐱��+ �𝛒𝛒��⊤||𝐡𝐡�𝐱𝐱���|| + �𝛎𝛎��⊤𝐠𝐠�𝐱𝐱���
− 

  (5) 

where, 𝐠𝐠�𝐱𝐱��−: = max�0,−𝐠𝐠�𝐱𝐱��� , and the penalty 

 
Figure 2. Convergence curves for WO process with error band of MLFP 1-10. 
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parameters are defined as follows [12]: 

𝛒𝛒� = 𝑚𝑚𝑚𝑚𝑚𝑚�||𝛌𝛌��� ||,
𝛒𝛒�−1+||𝛌𝛌��� ||

2
�   (6) 

𝛎𝛎� = 𝑚𝑚𝑚𝑚𝑚𝑚�||𝛍𝛍��� ||,
𝛎𝛎�−1+||𝛍𝛍��� ||

2
�   (7) 

Given the ℓ1 merit function being not differentiable 
everywhere, the Eq.(8) describes the directional deriva-
tive of 𝜙𝜙1�𝐱𝐱�;𝛌𝛌��� ,𝛍𝛍��� � along the direction 𝐝𝐝� generated by 
the SQP subproblem. 

𝐷𝐷�𝜙𝜙1�𝐱𝐱��;𝛌𝛌��� ,𝛍𝛍��� �;𝐝𝐝�� = ∇𝑓𝑓�𝐱𝐱���
⊤
𝐝𝐝� − �𝛒𝛒��⊤||𝐡𝐡�𝐱𝐱���||−

�𝛎𝛎��⊤𝐠𝐠�𝐱𝐱���
−     (8) 

The Armijo condition guarantees a sufficient de-
crease of the merit function: 

𝜙𝜙1�𝐱𝐱�� + 𝛼𝛼𝐝𝐝�; 𝛌𝛌��� ,𝛍𝛍��� � − 𝜙𝜙1�𝐱𝐱��;𝛌𝛌��� ,𝛍𝛍��� � <
𝛼𝛼𝛼𝛼𝛼𝛼�𝜙𝜙1�𝐱𝐱��;𝛌𝛌��� ,𝛍𝛍��� �;𝐝𝐝��     (9) 

Where 𝜂𝜂 ∈ (0, 0.5) is a hyper-parameter. In this work, we 
choose 𝜂𝜂 = 0.1  according to Ma et al. [12] and set line 
search multiple 𝛽𝛽 = 0.618, maximum number of line search 
iterations 𝑛𝑛��� = 10. However, it is possible that no step 
length 𝛼𝛼  can satisfy the Armijo condition, regardless of 
how small it is. Under such circumstances, we accept the 
last 𝛼𝛼  when the maximum number of line searches has 
been reached. According to the backtracking method, 

 
Figure 3. Probability density function of Euclidean distance from sampling points to rigorous model-based solution 
of WO process. 
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after 10 reduction steps in the line search, the step size 
becomes approximately 8 × 10−3 . At this point, the step 
size is sufficiently small compared to the initial step size, 
yet it exerts little impact on convergence. Meanwhile, it 
remains larger than the tolerance, which ensures the it-
eration does not terminate prematurely before approach-
ing the optimal value. 

For practical engineering problems, due to numeri-
cal stability and other factors, the KKT conditions as cri-
teria may be too strict, making the algorithm difficult to 
achieve convergence. Therefore, based on previous re-
search, we check whether the following criteria are met 
after every line search: 

𝑎𝑎𝑎𝑎𝑐𝑐��� = ‖
‖𝐡𝐡�𝐱𝐱�� + 𝛼𝛼𝐝𝐝��‖

‖
1

+ ‖
‖𝐠𝐠�𝐱𝐱�� + 𝛼𝛼𝐝𝐝��

−
‖
‖
1

< 𝑡𝑡𝑡𝑡𝑡𝑡 (10) 

𝑎𝑎𝑎𝑎𝑐𝑐���� = ||𝑓𝑓�𝐱𝐱�� + 𝛼𝛼𝐝𝐝�� − 𝑓𝑓�𝐱𝐱���|| < 𝑡𝑡𝑡𝑡𝑡𝑡  (11) 

𝑎𝑎𝑎𝑎𝑐𝑐��� = ‖
‖𝐝𝐝�‖

‖
2

< 𝑡𝑡𝑡𝑡𝑡𝑡   (12) 

where, 𝑡𝑡𝑡𝑡𝑡𝑡  represents the convergence tolerance. The 
solution is considered optimal if Eqs.(10), (11) or Eqs.(10), 
(12)are satisfied. The satisfaction of Eq.(10) indicates that 
the optimal solution is feasible. The satisfaction of either 
Eq.(11) or Eq.(12) suggests that there is little potential for 

further decrease in the objective function. 

CASE STUDY 
In This work, MLPs are used to construct surrogate 

models with the Swish activation function. All examples 
are solved on a desktop with Intel(R) Core(TM) i9-
14900K (3.20 GHz) processor and 128 GB of RAM running 
Windows 11 64-bit operating system. 

Williams-Otto process 
The Williams Otto (WO) process is a classic bench-

mark that has been widely used to evaluate optimization 
algorithms. The schematic diagram of the WO process is 
shown in Figure 1. The goal is to maximize the return on 
investment (ROI) by adjusting the reactor volume 𝑉𝑉 , re-
action temperature 𝑇𝑇 , as well as the feed flow rates 
(FAand 𝐹𝐹�) and material flow cycle ratio η of components 
𝐴𝐴 and 𝐵𝐵. The inputs of the surrogate model are 𝑉𝑉 ,𝑇𝑇, as 
well as 𝐹𝐹�,𝐹𝐹� and η, which are also independent variables 
in the optimization problem. The output includes the ob-
jective function value (ROI) and the product material flow 
rate 𝐹𝐹�, which are dependent variables subject to bound-
ary constraints. In this optimization problem, there are 27 

 
Figure 4. Comparasion for WO process from MLFPs and TRF1-4 on (a) the number of function evaluations of the 
black-box function and (b) objective function value. 
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variables and 54 constraints. 
In this example, we compared the performance of 

TRF 1-4 and MLFP frameworks under different sampling 
sizes, and also compared the performance of the AS 
strategy and LHS strategy proposed in the MLFP frame-
work. In the MLFP framework using the LHS strategy, we 
generate 100, 200, 350, 500, and 1000 valid sampling 
points respectively (simulation convergence successful), 
corresponding to MLFP 1-5; In the MLFP framework using 
the AS strategy, we also generate 100, 200, 350, 500, 
and 1000 valid sampling points, respectively, labeled as 
MLFP 6-10. The benchmark experimental results of the 
TRF method were taken from the study of Liang et al. [9]. 
It should be noted that the initial points used by Liang et 
al. [9] may differ from those of the MLFP framework. 

The convergence curve of the MLFP series methods 
is shown in Figure 2. According to Figure 2 (b), it can be 
seen that MLFP-7 to MLFP-10 can converge to the vicin-
ity of the KKT point (as indicated by the black dashed line 

in the figure), while the results in Figure 2 (a) show that 
MLFP-1 to MLFP-5 did not converge to the vicinity of the 
KKT point. The shaded area next to the convergence 
curve in Figure 2 represents the difference between the 
predicted and actual values of the model. It can be seen 
that as the number of effective sampling points increases, 
the shaded area gradually narrows, indicating that the 
difference between the predicted and actual values con-
tinues to decrease. In other words, increasing the number 
of effective sampling points helps improve the prediction 
accuracy of the model. It can also be observed that as 
the iteration point approaches the true optimal value, the 
shaded area gradually shrinks, indicating that the sam-
ples generated by the adaptive sampling strategy are 
mainly concentrated near the optimal solution based on 
the strict model. To verify this hypothesis, this article 
combines samples obtained from 30 running experiments, 
divides the sampling results of the MLFP method into 5 
groups, and assigns the same number of sampling points 

 
Figure 5. Boxplot of best ROI for WO process obtained from (a) MLFP1-10, and (b) TRF 1-4 and MLFP 7-10 with 10 
runs. 
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to each group. Then, LHS and AS strategies are used to 
conduct sampling experiments on each group, and the 
probability density function of the obtained samples is 
shown in Figure 3. Figure 3 shows that under the same 
sampling size, the peak value of AS strategy sampling re-
sults is closer to 0 compared to LHS, indicating that its 
sample distribution is closer to the optimal solution based 
on the strict model; And as the number of sampling points 
increases, the peak of AS strategy sampling results will 
further approach 0. 

The performance comparison results between TRF 
1-4 and MLFP 1-10 are shown in Figure 4, where the 
dashed line represents the optimal solution obtained by 
using IPOPT solver to solve the strict model. Compared 
with TRF 1-4, MLFP 7-8 can achieve an optimal return on 
investment (ROI) of 121.1 and require significantly fewer 
function evaluations. Figure 5 shows the optimization 

results of TRF 1-4 and MLFP 1-10 in 10 independent run-
ning experiments. As shown in Figure 5 (a), under the 
same number of function evaluations, the stability of 
MLFP 6-10 is significantly better than that of MLFP 1-5, 
indicating that the MLFP method using the proposed 
adaptive sampling strategy performs better than the 
MLFP method using the LHS strategy; And as the number 
of sampling points increases, the stability of MLFP 6-10 
further improves, as evidenced by the decrease in vari-
ance of the optimized ROI obtained from multiple experi-
ments. Combining Figure 4 (a) and Figure 5, it can be ob-
served that TRF-4 and MLFP-10 require similar number 
of function evaluations (915 and 1002, respectively), and 
both can converge to the optimal solution based on the 
strict model; But the stability of MLFP-10 is better be-
cause its box line height, i.e. interquartile range (IQR) and 
whisker plot range, are much narrower than TRF-4. 

 
Figure 6. Comparison of the minimum objective value obtained with adaptive sampling and MLFP optimization 
results in WO process. 
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In addition, we also compared the minimum target 
values obtained by AS and MLFP 6-10, as shown in Fig-
ure 6. In 10 runs, compared with the minimum value ob-
tained by adaptive sampling, the median optimization re-
sults of MLFP 6-10 increased by 6.87%, 1.97%, 0.50%, 
0.48%, and 0.39%, respectively. 

Extractive distillation (ED) for toluene and n-
heptane separation 

Process simulation-based optimization is a typical 
BBO problem involving expensive function evaluations or 
unknown functions. In this subsection, we test an exam-
ple of extractive distillation to separate toluene form n-
heptane using solvent phenol provided by Ma et al. [13]. 
The process flowsheet is provided in Figure 7. The pro-
cess mainly consists of two columns. The first column (C1) 
is used to separate n-heptane, and the second column 
(C2) is used for separation of toluene form solvent phenol. 
The purity requirement for both products is not less than 
0.98. All specific constraints and utility prices are refer-
enced from Fan et al. [10]. The optimization problem us-
ing the surrogate models mainly achieves the minimum 
operating cost by adjusting the amount of extractant, re-
flux ratio, and distillate flow rate, as shown in Eq.(13). 

𝑚𝑚𝑚𝑚𝑚𝑚
�,�1,�1,�2,�2∈ℝ

𝑐𝑐ℎ�(𝑄𝑄2 + 𝑄𝑄4)− 𝑐𝑐��(𝑄𝑄1 + 𝑄𝑄3)

𝑠𝑠. 𝑡𝑡. (𝑥𝑥�, 𝑥𝑥�,𝑄𝑄1,𝑄𝑄2,𝑄𝑄3,𝑄𝑄4) = 𝑠𝑠(𝐹𝐹, 𝑟𝑟1,𝐷𝐷1, 𝑟𝑟2,𝐷𝐷2)
0.98 ≤ 𝑥𝑥� ≤ 1
0.98 ≤ 𝑥𝑥� ≤ 1

 

(13) 

where, 𝑐𝑐ℎ�  and 𝑐𝑐��  is the cost coefficients for cold 
and hot utilities; 𝑄𝑄1  and 𝑄𝑄3  are duties of condensers C1 
and C2, 𝑄𝑄2 and 𝑄𝑄4 are duties of reboilers C1 and C2, kW; 
𝐹𝐹 is the mass flow of solvent phenol, kg·hr-1; 𝑟𝑟1 and 𝑟𝑟2 are 
the reflux ratio of C1 and C2; 𝐷𝐷1 and 𝐷𝐷2 are the distillate 

flow of C1 and C2; 𝑥𝑥� and 𝑥𝑥� are the mole fraction of n-
heptane in C1 distillate and toluene in C2 distillate; 𝑠𝑠(⋅) is 
the surrogate model for extractive distillation process. 
The variable range and parameter values are obtained 
from Fan et al. [10]. In this optimization problem, there are 
1, 290 variables and 1289 constraints. 

According to Ma et al. [13], the surrogate models 
constructed using either ReLU neural networks or AL-
AMO exhibit great relative errors ranging from 0.2% to 
25%. Despite employing complex basis functions, these 
models still fail to fully capture behaviors of the process 
system due to inherent limitations in their nonlinear rep-
resentation capabilities. We use the proposed MLFP 
framework to generate a surrogate model for the entire 
process where 1014 valid sampling points are generated.  

We then use MLFP to solve the problem (13). The 
convergence curves of the objective value, and n-hep-
tane and toluene molar fractions are depicted in Figure 8. 
As illustrated in Figure 8, the predicted objective value, 
and n-heptane and tolumen molar fractions from the sur-
rogated models are in good agreement with those vali-
dated from Aspen rigorous simulation, indidating the high 
model prediction accuracy. The best energy cost is 
134.60 $ hr−1. The achieved purities of n-heptane and tol-
uene products are 0.98 and 0.98 respectively, which sat-
isfy the purity requirements. 

To further illustrate the capability of the proposed 
MLFP framework, we also use genetic algorithm (GA), 
particle swarm optimization (PSO) to solve problem (13) 
where the surrogate model is obtained from the pro-
posed MLFP framework. The reported network structure 
with the highest accuracy in Ma et al. [13] is also used to 
develop ReLU NN by using the sampling points generated 
from LHS, which is then reformulated into an MILP prob-
lem and optimized by Gurobi. All optimization results us-
ing the surrogate models are validated in Aspen Plus. The 

 
 
Figure 7. Process flow diagram for separation of toluene form n-heptane using solvent phenol in Ma et al.’s work 
[13]. 
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validated results are provided in Table 1. The best results 
from the adaptive sampling Bayesian optimization 

(ASBO-I) reported by Fan et al. [10] also provided in Ta-
ble 1 for comparison.  

 
Figure 8. Convergence curves for ED process where (a) objective values, (b) n-heptane molar fraction in the top 
distilate of C1 and (c) toluene molar fraction in the top distillate of C2. 

Table 1: Validated optimization results for ED process from different optimization strategies. 

Algorithms Objective 
($·hr−) 

Purity No of sam-
ples/Initial points 

Optimization time 
(sec) 

Total time 
(min) xn xt 

Surrogate-GA       
Rigorous-GA    -   
Surrogate-
PSO       

Rigorous-PSO    -   
SQP (Aspen)     Failed - 
ASBO-I (best)  valid valid  - - 
ReLU NN       
MLFP       
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From Table 1, it is shown that SQP (Aspen) fails to 
converge and halts at the initial point provided. ASBO-I 
requires the fewest samples, but its best objective is 
248.60 $·hr−1, which is 84.7% higher than that of 134.60 
$·hr−1 obtained from MLFP. Although the reformulated 
ReLU NN using the network structure reported in Ma et 
al. [13] obtains the best objective of 154.13 $·hr−1, which 
is lower than ASBO-I, but still higher than that of 134.60 
$·hr−1 from MLFP. Moreover, the purity of n-heptane and 
toluene is 0.96, which does not meet the purity require-
ments. In contrast, MLFP exhibits the best performance, 
generating the lowest objective value of 134.60 $·hr−1 
and all purity constraints are met. It should be noted that 
the total computational time for MLFP reported in Table 
1 includes the optimization time, the effort for evaluating 
the black-box function and the time for training and pre-
training the SVM. 

CONCLUSION 
In this work, we proposed a novel machine learning 

powered feasible path optimization (MLFP) framework 
for solving general BBO problems where complex equal-
ity and inequality constraints are involved. The frame-
work includes three main porcedures. First, an efficient 
adaptive sampling strategy is proposed, which filters out 
potentially infeasible samples with SVM and focuses on 
regions likely to contain optimal solutions. Second, ma-
chine learning models are leveraged to develop surro-
gates of black-boxes. Third, the feasible path algorithm 
is employed, which divides the entire optimization prob-
lem into two subproblems including a small optimization 
problem in the outer level and a simulation problem in the 
inner level (refering to the use of surrogate models for 
prediction in this work). Therefore, there are only inde-
pendent variables that need to be updated rather than all, 
thus accelerating the theoretical convergence. 

Computational studies show that the proposed 
adaptive sampling approach needs far fewer samples 
than the commonly used LHS strategy. The feasible path 
method greatly boosts computational speed, finishing 
optimization in just a few seconds. For benchmark prob-
lems with known global optima, the MLFP converges to 
solutions around the KKT point. For Williams-Otto optimi-
zation problem, MLFP shows similar performance to TRFs, 
but requires fewer evaluations. For an extractive distilla-
tion case, the optimal objective value obtained with MLFP 
is 84.7% lower than the best result of ASBO-I from its 10 
runs. 
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