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ABSTRACT 
Distributed deployment of process systems can benefit from modularity and shared components 
across multiple variants, reducing both manufacturing costs and engineering effort. Process family 
design formalizes this idea by simultaneously optimizing a family of process variants while deter-
mining a shared platform of common components. This results in a large-scale mixed-integer non-
linear program (MINLP) that couples nonlinear process models with discrete platform-allocation 
decisions. In this work, we solve the process family design MINLP using a progressive hedging 
(PH)-based decomposition strategy that exploits its block-angular structure. To improve conver-
gence for this nonconvex problem, we introduce dynamic gradient-based penalty updates, a de-
coupled primal-dual strategy via separate PH runs, and parallel optimization-based bounds tight-
ening of first-stage variables. Computational results on a water desalination case study demon-
strate that the proposed approach improves solution quality and reduces computational time com-
pared to baseline PH, while achieving a lower total cost of the process family than the previous 
discretization-based MILP formulation [1]. These results highlight the effectiveness of tailored de-
composition strategies for large-scale process family design problems.  
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INTRODUCTION 
Increasing demand for energy and escalating re-

source depletion is going to require rapid and large-scale 
deployment of emerging process technologies. Existing 
process design methodologies are largely driven by 
economies of scale, with each process installation opti-
mized independently to minimize capital and operating 
costs. While this paradigm is well suited for larger capac-
ity single-site deployment, it becomes less effective for 
distributed deployment applications, where manufactur-
ing standardization can play a significant role in reducing 
overall cost and engineering effort. In such contexts, 
modular design strategies that exploit standardization 
offer a promising alternative.  

Process Family Design [1] has recently been pro-
posed as a systematic optimization-based framework to 
support such modular design strategies while maintain-
ing flexibility. Rather than optimizing a single instance of 
a process system, we optimize a family of process vari-
ants of a process system while promoting the use of 

shared components drawn from a common platform. A 
key feature of the optimization formulation is that the 
platform itself, i.e. the selection and sizing of shared 
components, is co-optimized with the individual process 
variants. This coupling enables trade-offs between indi-
vidual process variant performance and the overall plat-
form commonality to be explicitly captured within the op-
timization problem.  

The resulting optimization problem is inherently a 
challenging large-scale mixed-integer nonlinear program 
(MINLP). Continuous nonlinear constraints arise from the 
process system model, e.g. process physics and cost 
correlations, while discrete decisions govern the platform 
assignment across the family of variants. The complexity 
arises not only from the nonlinearities within the individ-
ual variants but also from the coupling constraints that 
enforce platform commonality across the family. As the 
number of variants and potential platform components 
increases, the platform size grows rapidly, often render-
ing monolithic global optimization approaches intracta-
ble.  
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In prior work, Stinchfield et al [1] addressed the 
computational challenge of solving the complex MINLP 
by discretizing the design space of common modules on 
the platform. By pre-computing the feasibility of candi-
date designs and converting the problem into a mixed-
integer linear program (MILP), the global optimum of the 
discretized space could be found efficiently. However, 
the discretization approach presents several limitations. 
First, it requires expensive pre-computation to evaluate 
the Cartesian product of all candidate platform designs 
across all variants, i.e. simulate each combinatoric in-
stance of discretized candidate designs for each com-
mon module on the platform across each variant of the 
family. Second, the solution quality is limited by the res-
olution of the discretization of the design space; improv-
ing accuracy requires a finer grid, which reintroduces 
combinatorial explosion.  

More recently, a decomposition strategy has been 
applied to the discretization-based process family design 
formulation. Stinchfield et al [2] leverage the block-angu-
lar structure arising from shared platform variables to de-
compose the MILP formulation and improve computa-
tional tractability. While this approach demonstrates the 
value of decomposition for large process family design 
problems, it remains dependent on discretization and the 
associated pre-computation. In this work, we address 
these limitations by formulating and solving the process 
family design problem directly as an MINLP. Building on 
prior decomposition ideas, we propose a decomposition 
strategy based on Progressive Hedging (PH) [3], a 
method used for stochastic programming but well-suited 
here due to the block-angular structure of the formula-
tion. In contrast to applying PH to the discretization-
based MILP, we apply PH directly to the original MINLP 
by relaxing the complicating platform consensus con-
straints and penalizing deviations. This enables full de-
composition of the family of process variants into smaller 
subproblems that can be solved independently.  

While PH is heuristic when applied to nonconvex 
problems [3], we demonstrate that a tailored algorithmic 
setup significantly improves convergence and solution 
quality. Specifically, we implement a dynamic penalty pa-
rameter 𝜌𝜌 update scheme that utilizes gradient infor-
mation at each iteration to drive the variants towards a 
consensus platform design. This framework is imple-
mented using the open-source package mpi-sppy [4], 
enabling parallel solution of the subproblems. We vali-
date this approach on a desalination process family, 
comparing the computational performance and solution 
optimality against both off-the-shelf solvers and the pre-
vious MILP discretization method.   

BACKGROUND 
Various product family design approaches have 

been extensively investigated across a wide range of in-
dustrial applications [4, 5]. In general, optimization ap-
proaches for nonlinear product family design have been 
focused on stochastic methods, e.g. genetic algorithms 
[7]. Although effective for yielding solutions to challeng-
ing problems in practice, there are no guarantees on the 
quality of solutions obtained.  

Relatively few works have utilized mathematical 
programming techniques to the product family design 
problem. Khajavirad and Michalek [8] proposed an 
MINLP-based optimization approach for solving the non-
linear product family design problem, however they con-
sidered a fixed platform design. We are not aware of any 
contribution that directly addresses the MINLP formula-
tion for simultaneous platform and family design.  

To address the scalability limits of the process fam-
ily design MINLP formulation, decomposition methods 
are required. The process family design problem exhibits 
a block-angular structure analogous to two-stage sto-
chastic programming, where the variant-specific varia-
bles are independent (“second-stage”), and the platform-
specific variables are coupled (“first-stage”) and must be 
identical across the family (“non-anticipativity”).  

Progressive hedging (PH) [3] is a horizontal decom-
position algorithm that is well-suited for this structure. By 
relaxing the coupling constraints and penalizing devia-
tions from the group average, PH decomposes the prob-
lem into independent subproblems that can be solved in 
parallel. For a two-stage optimization, the PH algorithm 
can be stated as described in Algorithm 1.  

Algorithm 1: Progressive hedging for two-stage 
stochastic programming 

1 Initialization: Let 𝜈𝜈 ← 0 and 𝑤𝑤� ← 0,∀𝑠𝑠 ∈ S. Compute 
for each 𝑠𝑠 ∈ S 

𝑥𝑥(�+1)(𝑠𝑠) ∈ argmin� 𝑓𝑓1(𝑥𝑥) + 𝑓𝑓2(𝑦𝑦; 𝑥𝑥⃗(𝑠𝑠)) 
  

 where, 𝑓𝑓1(𝑥𝑥) is the first-stage cost and 𝑓𝑓2(𝑦𝑦; 𝑥𝑥⃗(𝑠𝑠)) 
is the second stage cost.  

2 Iteration Update: 𝜈𝜈 ← 𝜈𝜈 + 1 

3 Aggregation: 𝑥̅𝑥(�) ← ∑ 𝜋𝜋�𝑥𝑥(�)(𝑠𝑠)�∈�
∑ 𝜋𝜋��∈�
⁄  

4 Price Update: Compute for each 𝑠𝑠 ∈ S 

𝑤𝑤(�)(𝑠𝑠) ← 𝑤𝑤(�−1) + 𝜌𝜌[𝑥𝑥�(𝑠𝑠)− 𝑥̅𝑥(�)] 

5 Decomposition: Compute for each 𝑠𝑠 ∈ S 

𝑥𝑥(�+1)(𝑠𝑠) ∈ argmin� 𝑓𝑓1(𝑥𝑥) + 𝑓𝑓2�𝑦𝑦; 𝑥𝑥⃗(𝑠𝑠)�+ 

𝑤𝑤(�)(𝑠𝑠)Τ𝑥𝑥 + �

2 ‖
‖𝑥𝑥 − 𝑥̅𝑥(�)

‖
‖2  

6 Termination: If a criterion is met, Stop. Otherwise go 
to step 2.  

The PH algorithm is initialized by independently 
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solving all the subproblems. Each iteration of the algo-
rithm begins with an aggregation step, in which the prob-
ability-based weighted primal mean 𝑥̅𝑥(�) is computed, 
which provides an estimate of the optimal decision vector 
that satisfies the non-anticipativity constraints. The as-
sociated dual variables 𝑤𝑤(�)(𝑠𝑠) act as Lagrange multipliers 
and are updated using the primal mean 𝑥̅𝑥(�), the current 
values of the non-anticipative variables 𝑥𝑥�(𝑠𝑠), and quad-
ratic penalty parameter 𝜌𝜌. The algorithm subsequently 
decomposes by subproblem: each subproblem is re-
solved with its objective function augmented by the up-
dated dual terms and a quadratic penalty term. Termina-
tion of the PH algorithm may be based on internal PH cri-
teria, such as relative optimality gap or a specified toler-
ance on violations of non-anticipativity constraints.  

However, while PH is guaranteed to converge for 
convex problems, it acts as a heuristic for non-convex 
MINLPs [3]. The efficiency of the PH algorithm conver-
gence is strongly impacted by the choice of the penalty 
parameter 𝜌𝜌 [9]. In particular, the value of the penalty pa-
rameter 𝜌𝜌 influences both the primal decision variables 
and the updates of dual weights [10]. In the update of 
dual price 𝑤𝑤(�)(𝑠𝑠) (Step 4), the step size based on devia-
tion from the mean is scaled by 𝜌𝜌. As a result, 𝜌𝜌 directly 
controls the rate at which dual variables progress. In the 
following decomposition step, for each 𝑠𝑠 ∈ S, the algo-
rithm minimizes an augmented objective, where the two 

terms of the augmented part (𝑤𝑤(�)(𝑠𝑠)Τ𝑥𝑥+ �

2 ‖
‖𝑥𝑥 − 𝑥̅𝑥(�)

‖
‖2) ex-

ert competing influences during optimization: the dual 
term (𝑤𝑤(�)(𝑠𝑠)Τ𝑥𝑥) drives decision variables towards values 
favored by dual multipliers, and the quadratic term 

(�
2 ‖
‖𝑥𝑥 − 𝑥̅𝑥(�)

‖
‖2) promotes proximity to the mean decision 

vector. Consequently, varying the penalty parameter 𝜌𝜌 
alters the trajectory of the primal variables and overall 
convergence of the algorithm. Larger values of 𝜌𝜌 amplify 
the contribution of the quadratic penalty, leading to ag-
gressive updates to primal convergence, whereas 
smaller values of 𝜌𝜌 yield a smoother and gradual evolu-
tion of dual variables, which may be preferable in con-
texts such as lower bound computation. 

Setting a standard static penalty parameter across 
first-stage variables often leads to slow convergence or 
cycling in non-convex applications. Watson and Wood-
ruff [9] proposed a variable-specific heuristic for calcu-
lation of the penalty parameters for each variable based 
on their unit-cost, i.e. coefficient in the objective term. 
They further noted that per-iteration 𝜌𝜌 values may be 
more appropriate for some problems. Building on this 
work, Naepels and Woodruff [10] combined the heuristic 
with a gradient-based approach to calculate 𝜌𝜌 values and 
introduced a method to iteratively compute variable-de-
pendent 𝜌𝜌 values based on a first-order condition, allow-
ing updates as the algorithm proceeds.  

In this work, we build upon these penalty parameter 
𝜌𝜌 selection strategies within the PH framework. While 
prior approaches compute gradients only at the initial it-
eration under the assumption that the relevant objective 
terms are linear, and assume the availability of a feasible 
solution, either from an incumbent or starting point that 
must be specified by the user a priori in existing mpi-sppy 
implementations, we instead address nonlinear objec-
tives by computing gradients at every iteration using the 
current primal iterates and then switching to incumbents 
as they are found. Moreover, motivated by challenges 
posed by the nonlinear nonconvex nature of the process 
family design MINLP, we extend these ideas by develop-
ing decoupled primal-dual penalty parameter 𝜌𝜌 strategies 
that address the interactions between primal and dual 
convergence, leading to improved overall PH conver-
gence.  

PROBLEM SETUP 
We consider the process family design problem as 

formalized by [1]. In this section, we explain how the pro-
cess family design problem can be formulated as a non-
linear generalized disjunctive program (GDP) and subse-
quently transformed into a mixed integer nonlinear pro-
gram (MINLP). 

Problem Description 
The goal of process family design is to simultane-

ously design a large number of variants of a given pro-
cess system that can be deployed across a wide range 
of installations. For example, deploying a carbon capture 
system at multiple industrial sites with varying flue gas 
sources. While the general flowsheet configuration of the 
carbon capture process system will remain the same at 
each site, the design requirements for each site (e.g. cap-
ture rate, flue gas concentration) can be different. Thus, 
every variant 𝑣𝑣 ∈ 𝑉𝑉  will be designed to meet specific re-
quirements; parameterized in 𝒓𝒓�. 

 A process system is defined by all the unit module 
types necessary to build an instance of the process; de-
fined by 𝑚𝑚 ∈ 𝑀𝑀. The unit module types could include ab-
sorber, heat exchanger, regenerator, etc. Each variant 
𝑣𝑣 ∈ 𝑉𝑉  requires exactly one of each unit module type 𝑚𝑚 ∈
𝑀𝑀. The unit module type design for each unit module type 
𝑚𝑚 and each variant is defined by variable vector 𝒅𝒅�,�.  

To exploit opportunities for shared components 
(and engineering design effort) we consider a platform of 
common unit modules that can be shared across the fam-
ily of process variants. The unit module types 𝑀𝑀 are sep-
arated into commonly design unit modules (set 𝐶𝐶 in-
cluded on the platform) and uniquely designed unit mod-
ules (set 𝑈𝑈), where sets 𝐶𝐶 and 𝑈𝑈 are disjoint (𝐶𝐶 ∩ 𝑈𝑈 = ∅) 
and their union gives the set 𝑀𝑀 (𝐶𝐶 ∪ 𝑈𝑈 = 𝑀𝑀). The common 
designs making up the platform 𝒫𝒫 are indexed by label 
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𝑙𝑙 ∈ 𝐿𝐿� to capture different candidate designs for each 
common module type 𝑐𝑐 ∈ 𝐶𝐶. The design specifications for 
these common unit modules on the platform are captured 
by 𝒅𝒅�̂,�. All unique unit module types 𝑢𝑢 ∈ 𝑈𝑈 are designed 
variant specific.  

Problem Formulation 
The process system design of every single variant 

𝑣𝑣 ∈ 𝑉𝑉  with different set of design requirements 𝒓𝒓� is gov-
erned by a set of nonlinear (in most applications) equa-
tions that describe the cost, physics, and performance of 
the process system. Our objective is to minimize the 
overall annualized cost of the process family while simul-
taneously determining (a) a platform with optimal designs 
of common unit module types for variants to choose 
from, (b) the distribution of these common unit module 
designs among the family of process variants, and (c) the 
variant-specific design variables for modules not in the 
platform and the optimal operating conditions for each of 
the variants.  

Thus, the process family design problem can be for-
mulated as a nonlinear generalized disjunctive program 
(GDP) that can be transformed into a mixed integer non-
linear program (MINLP): 

min
�,�,�,�,�̂,�

 ∑
�∈�

𝑤𝑤�𝑝𝑝�          (1) 

s.t.    𝑝𝑝� = 𝑓𝑓�
�(𝒓𝒓�,𝒅𝒅�,𝒐𝒐�)  ∀ 𝑣𝑣 ∈ 𝑉𝑉          (2) 

   𝒊𝒊� = 𝑓𝑓��(𝒓𝒓�,𝒅𝒅�,𝒐𝒐�)   ∀ 𝑣𝑣 ∈ 𝑉𝑉            (3) 

  0 = ℎ�(𝒓𝒓�,𝒅𝒅�,𝒐𝒐�)   ∀ 𝑣𝑣 ∈ 𝑉𝑉            (4) 

   ⋁
�∈��

�
𝑌𝑌 �,�,�

𝒅𝒅�,� = 𝒅𝒅�̂,�
�     ∀ 𝑣𝑣 ∈ 𝑉𝑉 , 𝑐𝑐 ∈ 𝐶𝐶        (5) 

  𝒅𝒅�̂,�−1 ≤ 𝒅𝒅�̂,�      ∀ 𝑐𝑐 ∈ 𝐶𝐶, 𝑙𝑙 ∈ 𝐿𝐿�\{1}     (6) 

  𝒅𝒅�� ≤ 𝒅𝒅� ≤ 𝒅𝒅��      ∀ 𝑣𝑣 ∈ 𝑉𝑉             (7) 

 𝒅𝒅�̂,�� ≤ 𝒅𝒅�̂,�  ≤ 𝒅𝒅�̂,��     ∀ 𝑐𝑐 ∈ 𝐶𝐶, 𝑙𝑙 ∈ 𝐿𝐿�       (8) 

   𝒐𝒐�� ≤ 𝒐𝒐� ≤ 𝒐𝒐��       ∀ 𝑣𝑣 ∈ 𝑉𝑉            (9) 

  𝒊𝒊�� ≤ 𝒊𝒊� ≤ 𝒊𝒊��       ∀ 𝑣𝑣 ∈ 𝑉𝑉            (10) 

   𝑌𝑌 �,�,� ∈ {𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇,𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹}   ∀ 𝑣𝑣 ∈ 𝑉𝑉 , 𝑐𝑐 ∈ 𝐶𝐶, 𝑙𝑙 ∈ 𝐿𝐿�   (11) 

The objective in (1) minimizes the weighted annual-
ized cost aggregated over all variants 𝑣𝑣 ∈ 𝑉𝑉 . Constraints 
(2-4) embed, for each variant, the process model equa-
tions, including the cost (𝑝𝑝�), performance indicators (𝒊𝒊�), 
and process system equations as functions of the design 
requirements 𝒓𝒓�, design variables 𝒅𝒅� and operating varia-
bles 𝒐𝒐�. The formulation introduces commonality across 
variants through explicit logical constraints governing the 
selection of shared unit module designs. Constraint (5) 
employs disjunctions and associated Boolean variables 
𝑌𝑌 �,�,� to assign common unit modules to variants by en-
forcing equality among the relevant design variables. 

Constraint (6) enforces a size-based ordering of the plat-
form-level module designs as a symmetry-breaking con-
straint. Constraints (7 - 10) set bounds on the design var-
iables 𝒅𝒅�, common designs 𝒅𝒅�̂,�, operating variables 𝒐𝒐�., 
and performance indicators 𝒊𝒊�. Constraint (11) specifies 
the binary nature of the assignment variables.  

PROGRESSIVE HEDGING SETUP 

Problem Decomposition 
Decomposition algorithms involve splitting a large 

problem into smaller problems and solving them itera-
tively until a convergence criteria is met. Stochastic pro-
grams inherently possess a block-angular structure that 
allows for the decomposition of a problem into smaller 
sub-problems. In this structure, first-stage variables link 
the subproblems through non-anticipativity constraints, 
while second-stage variables are specific to each sub-
problem.  

Our problem can be represented with a similar 
block-angular structure, as shown in Figure 1. We decom-
pose our problem into subproblems, each representing a 
smaller process family design problem, with the con-
straint that all subproblems share the same platform de-
sign. Therefore, our first-stage variables are continuous 
common unit module design variables in the platform 
(𝒅𝒅�̂,�) and the second-stage variables are all the local var-
iables associated with each process family design sub-
problem (𝑝𝑝�, 𝐢𝐢�, 𝐫𝐫�,𝐝𝐝�,�,𝐨𝐨�, Y�,�,�). 

 
Figure 1. Block-angular structure of the process family 

design problem 

Dynamic Gradient-based 𝜌𝜌 Updates  
The convergence of PH for non-convex MINLPs is 

highly sensitive to the penalty parameter 𝜌𝜌. A static global 
𝜌𝜌 is often insufficient: values that are too small result in 
slower convergence and failure to enforce consensus, 
while values that are too large cause the algorithm to cy-
cle or lock into suboptimal local minima. To address this, 
we implement a dynamic, variable-specific update 
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method based on the first-order optimality conditions, as 
proposed by Naepels and Woodruff [10]: 

𝜌𝜌�(𝑠𝑠) = �𝑐𝑐� − 𝑤𝑤(�)(𝑠𝑠)�
[𝑥𝑥(�)(𝑠𝑠)− 𝑥̅𝑥(�)]⁄   (12) 

  with 𝑐𝑐� = −∇𝑓𝑓(𝑥𝑥̂)     

However, the effectiveness of this update rule de-
pends critically on the availability of accurate gradient in-
formation. Naepels and Woodruff [10] compute gradients 
only at the first iteration under the assumption of a linear 
objective, and thus the gradients remain constant 
throughout the PH iterations. In contrast, the process 
family design MINLP involves nonlinear terms in the ob-
jective, for which gradient information varies with itera-
tions. Consequently, restricting gradient evaluation to the 
initial iteration can lead to inaccurate updates and de-
graded convergence behaviour. To address this limita-
tion, we compute gradients dynamically at every PH iter-
ation using the current primal iterates. Specifically, the 
gradient term 𝑐𝑐� in (12) is evaluated as 𝑐𝑐� = −∇𝑓𝑓(𝑥𝑥(�)), un-
til a feasible incumbent solution becomes available. Once 
an incumbent is found, gradient evaluations are switched 
to the incumbent solution to stabilize updates and reduce 
oscillations in later iterations. This dynamic gradient eval-
uation enables penalty parameter 𝜌𝜌 to adapt to local cur-
vature in the nonlinear objective, improving convergence 
and robustness of PH for non-convex MINLPs.  

While dynamic gradient-based updates provide a 
well-motivated mechanism for adapting the penalty pa-
rameter 𝜌𝜌, it also introduces increased sensitivity to pri-
mal convergence. In practice, the non-anticipative varia-
bles 𝑥𝑥�(𝑠𝑠) may rapidly approach their consensus values 
during early PH iterations, after which convergence 
slows. In such cases, the difference ||𝑥𝑥�(𝑠𝑠)− 𝑥̅𝑥(�)|| becomes 
very small, causing the update in (12) to produce dispro-
portionately large values of 𝜌𝜌. Overly large values of 𝜌𝜌 are 
ineffective and can stall convergence in both primal and 
dual variables. To prevent this behaviour, Naepels and 
Woodruff [10] also provide explicit criteria to determine 
when 𝜌𝜌 should be updated based on measures of primal 
and dual convergence.  

Decoupled Primal-Dual Strategy 
The dynamic gradient-based updates described 

above yields subproblem-dependent penalty parameters 
𝜌𝜌�(𝑠𝑠), which must be aggregated into a single subprob-
lem-independent value to apply progressive hedging. 
Consequently, a rule is needed to reconcile the subprob-
lem-specific values of 𝜌𝜌�(𝑠𝑠) computed from (12).  

Naepels and Woodruff [10] examine several aggre-
gation strategies for subproblem-dependent penalty pa-
rameters, including minimum, average, and maximum 
values across subproblems. Consistent with preceding 
discussion, different aggregation rules place different 
emphasis on enforcing primal consensus versus 

stabilizing dual updates. Building on this observation, we 
adopt a decoupled primal-dual strategy by solving two 
progressive hedging procedures with distinct aggrega-
tion rules for the penalty parameter 𝜌𝜌�(𝑠𝑠).  

In the first PH procedure, the aggregation of the 
subproblem-dependent penalty parameters is chosen to 
promote primal consensus. Specifically, an average ag-
gregation rule is applied,  

𝜌𝜌������� =
∑ 𝜌𝜌�(𝑠𝑠)�∈�

|𝑆𝑆|⁄    (13) 

which smooths subproblem-to-subproblem varia-
bility while maintaining sufficient penalty magnitude to 
enforce agreement among the nonanticipative variables. 
This configuration prioritizes convergence of primal de-
cision variables. 

In the second PH procedure, the aggregation rule is 
selected to favor stable dual behaviour. In this case the 
penalty parameter is defined using the minimum positive 
values across subproblems,  

𝜌𝜌����� = min{𝜌𝜌�(𝑠𝑠): 𝜌𝜌�(𝑠𝑠) > 0, 𝑠𝑠 ∈ 𝑆𝑆}  (14) 

This choice limits the magnitude of the multiplier up-
dates and mitigates oscillations in the dual variables, par-
ticularly in later iterations when subproblem solutions are 
near consensus.  

The two PH procedures are executed inde-
pendently, each using a single, subproblem-independent 
penalty parameter per iteration, as required by the pro-
gressive hedging framework. Together, these comple-
mentary strategies provide a practical mechanism for im-
proving convergence behaviour in the presence of non-
convexities and discrete decisions. Although this ap-
proach does not alter the fundamental structure of the 
PH algorithm, it allows different aggregation strategies to 
be exploited. In the results presented later, this decou-
pled strategy is shown to improve convergence relative 
to a single PH configuration.  

Optimization-Based Bounds Tightening for First-
Stage Variables 

Bounds tightening is a critical refinement technique 
to strengthen relaxations and improve convergence used 
for solution of MINLPs [11]. Among the available ap-
proaches, optimization-based bounds tightening (OBBT) 
is particularly effective, albeit computationally expensive. 
In this work, we exploit the two-stage structure of the 
problem and the sensitivity of progressive hedging con-
vergence to the bounds of the first-stage (nonanticipa-
tive) variables by applying OBBT exclusively to these var-
iables as a pre-solve routine.  

 The OBBT procedure is applied to the first-stage 
variables independently for each subproblem. For a given 
first-stage variable, the lower and upper bounds are 
tightened by solving the auxiliary optimization problems 
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that minimize and maximize the variable subject to the 
subproblem constraints. These bound-tightening prob-
lems are solved in parallel across all subproblems, ex-
ploiting the same decomposition structure as the PH 
framework.  

Following the solution of the OBBT subproblems, the 
resulting bounds are aggregated by selecting the tightest 
valid bounds across the subproblems. Specifically, for 
each first-stage variable, the updated lower bound is 
taken as the maximum of the subproblem-specific lower 
bounds, and the updated upper bound is taken as the 
minimum of the subproblem-specific upper bounds. This 
aggregation ensures that the tightened bounds remain 
feasible for all subproblems while reducing the feasible 
region of the shared variables.  

The bound-tightening process is applied iteratively. 
After each round of OBBT, the aggregated bounds are 
updated, and the procedure is repeated until successive 
bound improvements fall below a specified tolerance. 
Once the updates become insignificant, the tightened 
bounds are fixed and used to start the PH algorithm.  

By performing OBBT in parallel and restricting it to 
the first-stage variables, the additional computational 
overhead remains minimal, while accelerating conver-
gence of PH.  

CASE STUDY 
We now discuss the water desalination case study 

and the specific process family design problem we used 
to demonstrate our optimization approach. The water de-
salination process system model was developed under 
the PARETO framework [12].  

 
Figure 2. Water Desalination System 

Around 60 million barrels of produced water per day 
is expected from oil and gas fracking across the United 
States by 2030, which will require treatment of produced 
water (i.e. desalination) at scale [12]. The salinity and 

flowrate of the produced water have high variability 
across wells in different geographical regions. One po-
tential desalination technology is to first evaporate, and 
then mechanically recompress the vapor [13]. In our case 
study, we consider a desalination system with a single-
effect evaporator and a single-stage adiabatic compres-
sor as shown in Figure 2. 

Building on the case study from previous work [1], 
we consider the process family design problem that ac-
commodates a range of varying produced water feed 
conditions across the Midland, Texas area. Therefore, 
the set of process variants 𝑣𝑣 ∈ 𝑉𝑉  is defined by different 
combinations of feed flowrates and feed salt concentra-
tions. In this case study, we consider desired specifica-
tions of feed salt concentration between 20g/kg and 
150g/kg and feed flowrate between 0.1 kg/s and 1 kg/s. 
Overall, a set of 76 process variants is considered for this 
process family design problem. 

The compressor and the evaporator are the com-
mon unit module types to be designed in the platform, i.e. 
M = C = [compressor, evaporator], with design variables 
of compressor design flow (between 0.05 kg/s and 1 
kg/s) and evaporator area (between 20 m2 and 400 m2). 

RESULTS & DISCUSSIONS 
This section presents the results of the case study 

introduced in the preceding section by employing the de-
composition approach and the algorithmic methodology 
described in the Progressive Hedging Setup section. The 
key findings derived from these results are subsequently 
discussed.  

The process family was designed using the optimi-
zation formulation described in (1-11). The full process 
family design problem of 76 variants was decomposed 
into 19 smaller process family subproblems with 4 vari-
ants each. We consider a platform specification that al-
lows 3 designs, i.e. |𝐿𝐿�| = 3, for both the compressor and 
evaporator. The variants were ordered by size (𝒓𝒓�) and 
bundled into subproblems.  

Figure 3 describes which combinations of compres-
sor and evaporator designs offered in the platform 𝒫𝒫 are 
assigned to each variant 𝑣𝑣 ∈ 𝑉𝑉 . The x-axis corresponds 
to the feed flow rate that describes a particular variant 𝑣𝑣; 
the y-axis corresponds to the concentration of salt in the 
feed at variant 𝑣𝑣. 

All the computational studies were performed on the 
TRACE HPC cluster at Carnegie Mellon University using a 
single node. The node has two 64-core AMD EPYC 7713 
processors (2 GHz) and 2 TB RAM. To ensure con-
sistency in our results, we limit Gurobi to a maximum of 
8 threads.  

Table 1 compares the performance of three solution 
strategies for the water desalination case study: (1) pro-
gressive hedging with 𝑥𝑥̂-based gradient penalty update 
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following Naepels and Woodruff [10], (2) the proposed 
progressive hedging approach with dynamic 𝑥𝑥(�)-based 
gradient penalty updates, optimization-based bounds 
tightening, and a decoupled primal-dual strategy, and (3) 
a direct MINLP solution using Gurobi 13. For the pro-
gressive hedging-based approaches, the algorithm was 
run for 50 PH iterations. 

Table 1: Comparison of different solution strategies on 
the water desalination case study. 

Solution 
Strategy 

Incum-
bent Ob-

jective 
($M) 

Dual 
Bound 
($M) 

Solu-
tion 

Time 
(secs) 

PH  
(Grad 𝜌𝜌, 𝑥𝑥̂-
based) []  
PH  
(Grad 𝜌𝜌 
OBBT de-
coupled 
𝑥𝑥(�)-based)  
[This work]  

 
 

 

 
 

 
 

Gurobi  
MINLP 

   

 
The baseline PH approach yields the highest incum-

bent objective value and the weakest dual bound, reflect-
ing the limitations of 𝑥𝑥̂-based gradient penalty updates in 
nonconvex settings. In contrast, the proposed PH config-
uration achieves a substantially lower incumbent objec-
tive value with reduced solution time, while also 

producing a stronger dual bound. The improvement in the 
dual bound is consistent with the intended effect of the 
decoupled primal-dual strategy, which stabilizes dual 
multiplier updates while maintaining effective progress in 
the primal iterates.  

The direct MINLP approach using Gurobi 13 pro-
duces a competitive incumbent solution with the imposed 
7200 s time limit. However, the proposed PH method at-
tains a better incumbent solution in a shorter computa-
tion time. The dual bound reported by Gurobi 13 is in-
cluded for context. Overall, the results indicate that the 
proposed PH-based approach provides an effective bal-
ance between primal solution quality, dual bound 
strength, and computational effort for large-scale pro-
cess family design problems.  

CONCLUSION 
 This paper investigated the direct solution of pro-
cess family design problems formulated as large-scale 
mixed-integer nonlinear programs using a progressive-
hedging-based decomposition strategy. To improve the 
practical performance of progressive hedging for non-
convex MINLPs, dynamic gradient-based 𝜌𝜌 updates, a 
decoupled primal-dual strategy implemented through 
separate PH configurations, and optimization-based 
bounds tightening for first-stage variables were intro-
duced. Computational results on a water desalination 
case study demonstrate that the proposed approach 
achieves improved primal solution quality, stronger dual 
bounds, and reduced computational time relative to a 
baseline progressive hedging implementation, while 

 
Figure 3. Water Desalination Process Family 
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achieving an approximately 2.5% reduction in total cost 
of process family compared to the discretized MILP for-
mulation of Stinchfield et al [1].These results highlight the 
effectiveness of tailored decomposition strategies for 
large-scale structured nonconvex MINLPs that are chal-
lenging for off-the-shelf solvers. Future work will explore 
hybrid decomposition strategies that incorporate 
branching in the space of first-stage variables.  
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