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ABSTRACT

Nonconvex generalized disjunctive programs (GDPs) frequently arise in chemical engineering ap-
plications and are commonly reformulated as mixed-integer nonlinear programs (MINLPs). How-
ever, nonconvexities in these reformulations often lead to numerical difficulties, sensitivity to ini-
tialization, and degraded solution quality when solved with general-purpose MINLP solvers. This
work proposes a two-phase strategy to mitigate these effects by generating improved initial points
through the solution of a sequence of relaxed MINLPs, which are subsequently used to initialize
the original formulation. The approach is evaluated on a family of purely disjunctive benchmark
problems, referred to as the Crescent problems, with sizes ranging from 60 to 1000 binary varia-
bles. Numerical experiments using the DICOPT and SBB solvers assess performance in terms of
objective value distributions, the percentage of feasible initial points, and average constraint vio-
lation. The results indicate that the proposed strategy improves solution quality, increases the
likelihood of feasibility, and reduces the magnitude of constraint violations across all problem
sizes.

Keywords: nonconvex optimization, mixed-integer nonlinear programming, generalized disjunctive program-
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INTRODUCTION

Optimization problems in chemical engineering are
predominantly nonlinear because the relationships de-
scribing reaction kinetics, thermodynamic equilibria, and
transport phenomena are inherently governed by nonlin-
ear dependencies among variables. Additionally, con-
straints such as energy and mass balances, as well as
equipment design and sizing relationships, are often de-
scribed by nonlinear — generally nonconvex — equations.
In the context of optimization, this poses two problems:
first, the need to provide good initial points, and second,
the potential existence of multiple local optima.

In the past two decades, significant advances have
been made in the field of global optimization. Numerous
global optimization strategies have been reported in the
literature [1-4], some designed for very specific problems
and others more general. Additionally, there has been
substantial improvement in the computational efficiency
of commercially available deterministic general-purpose
https://doi.org/10.69997/sct.148937
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global optimization solvers (BARON, ANTIGONE, LINDO-
Global). However, when nonconvex nonlinear optimiza-
tion problems include discrete decisions — namely,
mixed-integer nonlinear problems (MINLP)—the ability to
find the global optimum arguably decreases exponen-
tially with problem size. Therefore, research into ap-
proaches that provide good locally optimal solutions us-
ing general MINLP solvers is relevant.

PROBLEM STATEMENT

The “Crescent” problem considered in this work is
stated as a Generalized Disjunctive Program (1). It is a
purely disjunctive problem consisting of a nonconvex ob-
jective function, D disjunctions and T, terms per disjunc-
tion d.

Each term t includes a Boolean variable Y4, two
nonlinear constraints (one of which is nonconvex), and a
“charge” parameter y,. The logical propositions
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Q(Y ,4) ensure that only one Boolean variable in each dis-
junction is True.

min Z = (x; — 3)° — (x, — 3)* + Z Cq

deD
s.t.
Yia
v |nma)+0n-b) - <0
t€Ta | (x; —a)’ + (x5, = b)Y’ =13 20 ,
Cd =Vt

deD

Q(Y) = True
x0 <xeR?<x,¢c; €R]
Y ,q € {True,False},t € T;,d € D (1
The disjunctive nonconvex feasible region of a fif-
teen-term disjunction is shown schematically in Figure 1.
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Figure 1. Projection of a disjunctive feasible region onto
Xi-X plane.

GDP-to-MINLP reformulation

The proposed GDP-to-MINLP reformulation is a var-
iation of the method proposed by Bogataj and Kravanja
[5] and can be viewed as a hybrid between the Hull Re-
formulation [6-7] and the Big-M reformulation.

The nonlinear constraints in the terms of the dis-
junctions g(x) < 0 are formulated in terms od disaggre-
gated variables xPas g(x")— (1 —y)g(x") <0, where y €
{0,1}, and xP10 < xF < xP'UP s a fixed parameter. The dis-
aggregated variables are bounded by xX°y + (1 — y)xF <
xP < xYPy + (1 — y)xF. The latter constraint enforces the
disaggregated variable to satisfy x'° < xF < xFif y =1,
and xP =xF if y=0. Finally, the constraint x = };(x” -
(1 —y)xF) ensures the regularity of the relationship be-
tween the original variable x and the disaggregated
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variables xP. For more information on the reformulation,
we refer the reader to Bogataj and Kravanja [5].

Algorithm

The algorithm (2) consists of two phases. In the first
phase, the continuous relaxation is tightened by solving
a sequence of relaxed MINLPs using a local NLP solver
(e.g., CONOPT). In the second phase, the MINLP formu-
lation is solved from the initial points determined in the
first phase. Regarding first-phase initialization, it should
be noted that if the initial points (x,,xY) are selected ran-
domly, most are expected to be infeasible with respect
to the constraints in the original GDP. However, it should
also be emphasized that any initial point x for which the
corresponding constraints g(x) < 0in the GDP are defined
is a feasible point from the perspective of the proposed
MINLP formulation.

set Z = —o0
set Xy, x5, x = xD
loop(i=1,...,I
solve R-MINLP min(Z )
get Z7F,x},xP*
if|Z — Zf| < € break
else Z = ZF,xF = xP¥)

set xo = x;,xD = xP*, xF = xP*
solve MINLP min(Z)

Table 1: Crescent problem instances.

Problem Crescent 60

Instance 1-60, 2-30, 3-20, 4-15, 5-12,
D-T 60-1, 30-20, 20-3, 15-4, 12-5

Problem Crescent 200

Instance 2-100, 4-50, 5-40, 10-20, 25-8,
D-T 100-2, 50-4, 40-5, 20-10, 8-25

Problem Crescent 1000

Instance  5-200, 8-125, 10-100, 20-50, 25-40,
D-T 200-5, 125-8, 100-10, 50-20, 40-25
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NUMERICAL EXPERIMENTS

The proposed approach was evaluated on three
groups of Crescent problem instances containing 60,
200, and 1000 binary variables, respectively; the full set
of instances is listed in Table 1. Each instance, defined by
the parameter pair (D, T), was solved N, = 200 times from
randomly generated initial points, with a time limit of 200
seconds per run. Two MINLP solvers were considered:
the Outer Approximation/Equality Relaxation algorithm
(DICOPT with CONOPT4 as NLP and CPLEX as MIP
solver) and the Branch-and-Bound algorithm (SBB with
CONOPT4 as NLP solver). To ensure the solvers do not
terminate before the set time limit per run if the default
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Figure 2. Distribution of objective function values (Crescent 6

optimality criteria are not reached, the following changes
were made to the default algorithmic options: DICOPT -
convex = 0, maxcycles = 200, stop = 1; SBB - memnodes
= 10000. For each solver, instances were solved both
without the initial phase of algorithm (2) and using the full
algorithm (2). For each instance and solver, both algorith-
mic variants were initialized using the same randomly
generated starting points.

RESULTS

The goal of the numerical experiments was to as-
sess the efficiency of the proposed methodology in lim-
iting the effects of nonconvexities. The numerical exper-
iments were statistically analyzed. Box-plots were used
to characterize the distribution of objective functions. To
further assess the efficiency of the algorithm, average
constraint violation and the percentage of feasible initial
points were utilized. The average constraint violation per

. — — 1 K J

instance v was computed as v = ;{Zkﬂ Zj:l v, Where
vy = max{0,g (x5,)}, K = N,+ D 7, and J = 2. The per-
centage of initial feasible points was determined by P, =

NyK, where N; denotes the number of initial points
xy, that satisfy both constraints in disjunctive terms.

Distributions of objective function values

Figures 2-4 summarize the distributions of the ob-
jective function values. For clarity, the box plots in each
figure are best interpreted in groups of four, with each
group corresponding to a single problem instance
Bogataj et al. /| LAPSE:2026.0418
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defined by the pair (D, T).

For each instance, results are shown for two solv-
ers—DICOPT (blue) and SBB (red)—and for two algorith-
mic variants. In the first variant, the MINLP formulation is
solved directly from randomly generated initial points,
without the initial phase of the algorithm; in the second
variant, the full algorithm (2), including the initial phase,
is applied. In the Figures, these two variants are distin-
guished by the suffixes “-0” and “-1, ” respectively, ap-
pended to the instance label.

To account for instance-dependent variability in ob-
jective function values, the results were normalized inde-
pendently for each problem instance. For a given in-
stance (D, T), four sets of objective values are therefore
available, corresponding to the two solvers and the two
algorithmic variants. The normalization constant was de-
fined as the minimum of the four corresponding medians,
and this value was subtracted from all objective function
values associated with that instance. Note that although
the normalization alters the absolute magnitude of the
objective function values, it leaves the shape of the dis-
tributions and the relative performance of solvers within
each instance unchanged.

Analysis of the box plots in Figure 2 (problem Cres-
cent 60) clearly shows that better solutions are obtained
when the full algorithm (2) is used. The solutions are im-
proved not only in terms of objective values, but also in
the reduced spread around the median. This is indicated
by the shorter heights of the boxes and the shorter
lengths of the whiskers. An exception to this general ob-
servation is instance (D60-T1), which is a somewhat
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Figure 3. Distribution of objective function values (Crescent 200).
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Figure 4. Distribution of objective function values (Crescent 1000).

trivial case because each disjunction consists of a single
term. An integer solution is guaranteed in the relaxed
MINLP for this instance; therefore, the impact of the first
phase of the algorithm is negligible.

Similar observations can be made regarding the re-
sults shown in Figure 3 (problem Crescent 200) and Fig-
ure 4 (problem Crescent 1000). In both problems the im-
provement of objective function values is clearly visible
when full algorithm (2) is applied. Perhaps the most no-
ticeable among all is the considerably tightened
Bogataj et al. /| LAPSE:2026.0418
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distribution of objective function values in problem Cres-
cent 200 obtained using SBB solver.

Percentage of feasible initial points

When local optimization solvers are applied to non-
convex optimization problems, the choice of initial points
is critical for obtaining high-quality locally optimal solu-
tions. Poor initial points can lead the solver to inferior lo-
cal optima, infeasible solutions, or premature termination.
In practice, effective initialization often relies on a deeper
1724



understanding of the optimization problem, including
valid bounds on the variables and, more importantly, the
geometric structure of the feasible region. However,
such information is difficult to obtain, especially for high-
dimensional problems, which motivates the need for sys-
tematic and robust initialization procedures.

Figures 5-7 report the percentage of feasible initial
points. In total, 12, 000 initial points were generated per
instance for Crescent 60, 40, 000 for Crescent 200, and
200, 000 for Crescent 1000. As expected, given the ran-
dom generation of starting points, only a small fraction of
the initial points was feasible with respect to both con-
straints in (1) for each problem instance (see Table 2).

Table 2: Number of feasible randomly generated points.

Problem Crescent 60
Instance 1-60(0), 2-30(0), 3-20(0), 4-15(0),
5-12(0), 60-1(0), 30-20(0),
(N;) 20-3(0), 15-4(0), 12-5(0)

Problem Crescent 200

Instance 2-100(5), 4-50(1), 5-40(0), 10-
20(0), 25-8(0), 100-2(0), 50-4(0),

(N) 40-5(0), 20-10(0), 8-25(0)

Problem Crescent 1000
5-200(3), 8-125(1), 10-100(0),

Instance 20-50(0), 25-40(0), 200-5(0),

(N;) 125-8(0), 100-10(0), 50-20(0),
40-25(0)

When the full algorithm (2) is applied, however, a
substantial increase in the number of feasible points is
observed. The highest percentage of feasible points, ap-
proaching 50 %, occurs for instance D200-T5-1 (Cres-
cent 1000), whereas the lowest percentage, approxi-
mately 2 %, is observed for instance D2-T100-1 (Cres-
cent 200).
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Figure 5. Percent of feasible initial points (Crescent 60).
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Average constraint violation

Average constraint violation complements the per-
centage of feasible initial points by capturing the severity
of constraint violations when infeasibility occurs. Lower
average violations indicate that a solver consistently pro-
duces solutions close to the feasible region, reflecting
potentially greater numerical robustness.

The results for the average constraint violation show
consistent trends across all three problem sizes (see Fig-
ures 8-10). The magnitudes of average constraint viola-
tions for randomly generated initial points, shown in or-
ange, are almost uniform across the three problems. In
contrast, the configurations using the full algorithm (2),
shown in green, yield lower average violations, often
close to zero, which indicates convergence of initial
points toward disjunctive feasible regions.
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Figure 6. Percent of feasible initial points (Crescent 200).
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1000).

Computational efficiency

Finally, we briefly discuss the computational effi-
ciency of the first phase of the algorithm. Across all
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instances, the first phase required on average five R-
MINLP iterations, with a minimum of two and a maximum
of ten. Since these iterations involve solving NLP prob-
lems, the computational effort of the first phase is rela-
tively modest compared to solving the full MINLP. In nu-
merical terms, the CPU time of the first phase corre-
sponded to approximately 1-10% of the imposed compu-
tational time limit. Although the computational cost of the
first phase increases with problem size, the cost of solv-
ing the full MINLP increases as well.

CONCLUSIONS

This work investigated a two-phase strategy for lim-
iting the effects of nonconvexities in MINLP reformula-
tions of nonconvex generalized disjunctive programs.
The approach combines a preliminary phase, in which a
sequence of relaxed MINLPs is solved to improve initial
points, with a subsequent solution of the original MINLP
formulation. The strategy was assessed on the Crescent
benchmark problems of increasing size using two gen-
eral-purpose MINLP solvers, DICOPT and SBB, and eval-
uated through statistical measures of objective values,
feasibility, and constraint violations.

The numerical results demonstrate that the pro-
posed approach improves solver performance. Across all
problem sizes, the use of the full algorithm leads to im-
proved objective function values and reduced variability,
as evidenced by tighter distributions in the box-plot anal-
ysis. In addition, the percentage of feasible initial points
is consistently higher when the first phase is applied,
highlighting its effectiveness in steering solutions toward
disjunctive feasible regions. Complementary to this
measure, the analysis of average constraint violation
shows that the proposed strategy not only increases fea-
sibility but also reduces the severity of constraint viola-
tions when infeasibility persists.

While the improvements are problem-dependent,
the observed trends are consistent across solvers and
problem sizes, suggesting that the proposed approach
enhances numerical robustness without relying on prob-
lem-specific tuning. The results indicate that systematic
initialization procedures can play a significant role in mit-
igating the challenges associated with nonconvex MINLP
reformulations. Future work will focus on extending the
approach to more general GDP structures and investigat-
ing its interaction with global optimization techniques.
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