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ABSTRACT 
Modular process simulators are widely used in industry due to their robust and detailed unit oper-
ation models. However, their application to gradient-based process optimization remains chal-
lenging, as these simulators are typically treated as black boxes, limiting access to internal equa-
tions and derivatives. As a result, finite difference methods are commonly employed for gradient 
estimation, despite their sensitivity to numerical noise and poor scalability. While previous studies 
have demonstrated the benefits of analytical derivatives in modular simulators, these approaches 
have largely relied on tangent differentiation modes. This work proposes a non-intrusive method-
ology that couples analytical derivatives with the adjoint mode of automatic differentiation to ef-
ficiently compute gradients for process optimization in modular simulators. The approach pre-
serves the robustness of existing simulation tools by performing simulations normally to conver-
gence, followed by external adjoint-based derivative evaluation using analytically available sensi-
tivities. Theoretical advantages of adjoint differentiation are thus exploited, particularly for opti-
mization problems where the number of decision variables exceeds the number of objective out-
puts. The proposed framework is evaluated through a case study based on a combined heat and 
power cycle, using three benchmark objective functions. Gradient computation cost, robustness, 
and overall optimization performance are compared against forward and centered finite difference 
methods. Results demonstrate that the analytical adjoint approach significantly reduces gradient 
computation time while maintaining high robustness, achieving up to 56% reduction in computa-
tional cost compared to finite differences. These findings highlight the potential of analytical ad-
joint differentiation as an efficient and reliable alternative for optimization in modular process sim-
ulators. 

Keywords: Modelling and Simulations, Optimization, Process Design, Simulation, Energy Systems  

INTRODUCTION 
Effective decision-making to address societal chal-

lenges, such as how energy, fuels, chemicals, and other 
products should be produced and stored, requires ad-
vanced tools and methodologies [1]. In the context of 
chemical and biochemical processes, Computer-Aided 
Process Engineering (CAPE) is the field related to the de-
velopment and application of computational models, 
methods, and software tools to support their design, sim-
ulation, optimization, control, and operation [2]. Most of 
the CAPE methodologies or tools require the calculation 
of numerical values for a mathematical function (e.g., 
process efficiency, product purity, etc), often computed 

by running the simulation of a process, and its derivatives 
as well. In particular, derivatives play a central role in 
product-and-process design optimization, operating pa-
rameter sensitivity analysis, or even data reconciliation. 

In the case of a steady-state process design, the 
aforementioned simulation contains material and energy 
balances, along with physical and thermodynamic prop-
erty estimations. The simulation is performed by process 
simulators, which offer a rigorous modelling environment 
that rely on extensive thermodynamic properties data-
banks and tailored flowsheeting algorithms. These simu-
lators act as black-box tools and generally rely on se-
quential-modular or equation-oriented (EO) approaches 
[3]. The former solves one unit operation at a time, 
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determining output streams from input streams and 
equipment parameters. In contrast, the EO approach 
gathers all the equations of all the units included in the 
flowsheet resulting in a system of equations which must 
be solved simultaneously [3]. 

Concerning derivative calculation, there exist four 
alternatives: (1) analytical, (2) finite, (3) symbolic, and (4) 
automatic differentiation. Analytical differentiation con-
sists of determining the exact derivative of a function us-
ing calculus rules and formulas. Finite differentiation cor-
responds to the approximation of derivatives using finite 
differences formulas. Symbolic differentiation computes 
derivatives using algebraic manipulations by computer 
algebra systems. Finally, automatic differentiation ap-
plies the chain rule systematically to computer programs 
to compute derivatives with machine precision. 

In the context of process simulation, various of the 
differentiation techniques presented above have been 
employed. EO simulators compute derivatives analyti-
cally [4], which gives virtually direct access to Jacobians, 
gradients and sensitivities with no numerical error. On the 
contrary, modular ones, due to their black-box nature, 
use finite differentiation for derivative calculation, which 
may result in inaccurate derivatives due to truncation er-
rors and an elevated computational cost. 

Several studies have been focused on analytical de-
rivative calculation in modular process simulators. Early 
work by Chen and Stadtherr [5] highlighted the benefits 
of analytical derivatives in flowsheet calculations, while 
Chan and Prince [6] showed improved accuracy over 
methods using finite differentiation. Wolbert et al. [4] 
demonstrated the benefits from exact derivatives for 
flowsheet optimization. Nevertheless, all of these meth-
ods effectively employed a tangent, AD-like differentia-
tion mode, propagating derivatives from input variables 
to output variables [7]. The objective of this work is to 
explore the capabilities of coupling analytical derivatives 
with the adjoint mode of AD, since, in theory, it offers bet-
ter performances for problems such as optimization, in 
which the number of input variables is larger than the 
number of output variables [8]. 

The paper is structured as follows: background in-
formation is provided in Section 2, the methodology is 
described in Section 3, the case study and benchmarks 
are presented in Section 4, results are discussed in Sec-
tion 5, and conclusions are drawn in Section 6. 

BACKGROUND 
This section provides the necessary background for 

introducing the proposed methodology. It first outlines 
the structure and numerical operation of modular process 
simulators, highlighting their modular organization and 
coupling with external tools. Next, existing strategies for 
derivative calculation in such simulators are discussed, 

with particular attention to intrusive and non-intrusive 
approaches. Finally, the fundamentals of automatic dif-
ferentiation are introduced, focusing on the tangent and 
adjoint modes that underpin the derivative propagation 
framework used in this work. 

Structure of a modular process simulator 
A module in a modular process simulator determines 

the output stream values of a unit (𝜂𝜂�), given its input 
stream values (𝜉𝜉�) and the unit parameter values (𝑝𝑝�). 
This is achieved by solving a set of equations represent-
ing the model of that unit, i.e., mass and energy balances, 
phase equilibrium [3]. 

In modular process simulators, once the flowsheet 
units are connected through material and energy balance 
equations, the simulator automatically establishes a cal-
culation sequence and applies internal numerical algo-
rithms to solve the resulting system. These simulators 
typically embed robust numerical methods for tasks such 
as root-finding, convergence of recycle loops, and local 
optimization of unit or flowsheet variables. However, 
their built-in capabilities do not preclude the use of ex-
ternal tools. In many advanced applications, the process 
simulator can be coupled with external optimization solv-
ers, allowing users to exploit more specialized or large-
scale optimization algorithms, integrate custom objective 
functions and constraints, or link the simulation to 
broader decision-making frameworks such as process 
design, control, or economic optimization. 

Derivative calculation with modular process 
simulators 

Two strategies can be considered for derivative cal-
culation with a modular process simulator. The first one 
consists of “opening” the simulator’s source code and im-
plementing derivative expressions for function relation-
ships within each unit module. Then, derivatives can be 
evaluated as part of the simulation process [4]. The sec-
ond strategy does not modify the simulator’s source 
code. In contrast, the simulation is performed first, fol-
lowed by a derivative calculation procedure that receives 
the calculated output stream values and unit parameter 
values.  

The first strategy provides exact gradient infor-
mation that can be used by both internal or external nu-
merical methods. For instance, if a flowsheet contains a 
recycle stream, it is necessary to implement a root-find-
ing algorithm that may require gradient information. Sim-
ilarly, the second strategy is also able to provide exact 
gradient information. The difference lies in the fact that 
such gradients are obtained a posteriori, based on the 
converged simulation results, rather than being com-
puted and propagated internally during the solution of 
the flowsheet equations.  
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Automatic differentiation 
Automatic Differentiation (AD) is based on the ob-

servation that a sequence of code statements can be re-
garded as the composition of the functions representing 
the computation performed by each statement. This 
composition is represented by a computational graph 
(CG). In Figure 1, vertices (𝑣𝑣�) represent each sub-func-
tion composing the original function (𝑓𝑓1), and an arc runs 
from 𝑣𝑣� to 𝑣𝑣� when 𝑣𝑣� depends on 𝑣𝑣� (𝑗𝑗 ≺ 𝑖𝑖). The roots of 
the graph (blue) represent the independent variables (𝑥𝑥), 
and the leaves (purple) represent the dependent ones 
(𝑓𝑓). Then, AD works by propagating gradients in the com-
putational graph using the chain rule. Two basic modes 
exist: the tangent (forward) and adjoint (reverse) mode. 
Forward mode propagates tangents values (𝑣𝑣�̇) in the 
same direction as function evaluation, while reverse 
mode propagates adjoint values (𝑣𝑣�̅) backward [8]. 

Automatic differentiation can be implemented 
through: (1) operator overloading, where standard arith-
metic operations are redefined on custom data types that 
store both values and derivatives, enabling derivatives to 
be computed as the program runs. (2) Source code trans-
formation, which analyses the original program and gen-
erates new code that simultaneously computes the func-
tion and its derivatives, often yielding highly optimized 
performance. (3) Tape-based execution records opera-
tions during the forward pass and replays them in reverse 
to efficiently propagate gradients, a technique widely 
used in modern deep learning frameworks [8].  

For the following sections, consider a vector of input 
variables as 𝒙𝒙 ∈ 𝑿𝑿 ⊂ ℝ�, a vector function (or vector val-
ued) 𝐹𝐹:𝑿𝑿 ⟼ ℝ�, which is the composition of a sequence 

of 𝑙𝑙 once continuously differentiable elemental functions 
(𝜑𝜑�)�=1,…,�, representing each internal node. The Jacobian 
is a well-defined matrix-valued function 𝐹𝐹′:𝑿𝑿 ⟼ ℝ�×�. 

Tangent mode 
The first derivative vector in tangent mode depends 

on 𝑥𝑥 and a certain seed direction 𝑥𝑥̇. The desired output is 
𝑦𝑦,̇ defined as follows: 

𝑦𝑦̇ = 𝐹𝐹′(𝑥𝑥)𝑥𝑥̇ =

⎣
⎢
⎢
⎢
⎡
��1
��1
𝑥𝑥1̇ +⋯+ ��1

���
𝑥𝑥�̇

⋮
���
��1

𝑥𝑥1̇ +⋯+ ���
���

𝑥𝑥�̇⎦
⎥
⎥
⎥
⎤

  (1) 

One might be tempted to evaluate the full Jacobian 
𝐹𝐹′(𝑥𝑥) and then multiplying it with the direction 𝑥𝑥̇. In turn, 
the Jacobian is evaluated by tangent propagation of each 
element 𝜑𝜑� composing the function 𝐹𝐹. In consequence, 
the first step is to define the seed direction 𝑥𝑥̇ for which 𝑦𝑦 ̇
will be calculated. Then, all the nodes 𝑣𝑣�̇ are calculated as 
follows: 

𝑣𝑣�̇ = ∑ ���
���

 𝑣𝑣�̇�≺�     (2) 

where 𝑗𝑗 ≺ 𝑖𝑖 means that node j precedes node i. Con-
sider the case with 𝑥𝑥�̇ = 1 and 𝑥𝑥�̇≠� = 0. Then, 𝑦𝑦 ̇ corre-
sponds to the jth column of 𝐹𝐹′(𝑥𝑥): 

𝑦𝑦̇ = �
��1
���

… ���
���
�
�
    (3) 

It is then possible to compute a full Jacobian matrix 
(𝐹𝐹′:𝑿𝑿 ⟼ ℝ�×�) in 𝑛𝑛 forward sweeps. In the example of 
Figure 1, 𝑛𝑛 = 2 and 𝑚𝑚 = 1. It is thus necessary to set 𝑥𝑥̇ =
(1, 0) and 𝑥𝑥̇ = (0, 1) to obtain ��1

��1
 and ��1

��2
, respectively. Note 

 
Figure 1. Sketch of the computational graph for the computation of 𝑓𝑓1 and its derivatives. 
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that if 𝑚𝑚 > 1, the number of required forward sweeps 
does not increase. 

Adjoint mode 
In the adjoint mode, the objective is to compute the 

gradient of a function defined as the weighted sum of the 
components (𝑓𝑓�) of a vector-valued function 𝐹𝐹(𝑥𝑥), 
namely,  

𝑠𝑠 = ∑ 𝑦𝑦̅�𝑓𝑓�
�
�=1     (4) 

where 𝑦𝑦 ̅ correspond to the weight vector. The de-
sired output is 𝑥̅𝑥� = 𝛻𝛻𝛻𝛻 = 𝑦𝑦�̅ ⋅ 𝐹𝐹′(𝑥𝑥): 

𝑥̅𝑥� = �𝑦𝑦̅1
��1
��1

+⋯+ 𝑦𝑦�̅
���
��1

… 𝑦𝑦̅1
��1
���

+⋯+ 𝑦𝑦�̅
���
���
�(5) 

In order to compute the gradient of 𝑠𝑠, the first step 
is to define the weight vector. Then, all the nodes 𝑣𝑣�̅ are 
calculated as follows:  

𝑣𝑣�̅ = ∑ 𝑣𝑣̅�
���
���

 �≻�     (6) 

where 𝑖𝑖 ≻ 𝑗𝑗 means that node i follows node j. Con-
sider the case with 𝑦𝑦̅� = 1 and 𝑦𝑦�̅≠� = 0. Then, 𝑥̅𝑥� corre-
sponds to the ith row of 𝐹𝐹′(𝑥𝑥): 

𝑥̅𝑥� = �
���
��1

… ���
���
�    (7) 

It is then possible to compute a full Jacobian matrix 
(𝐹𝐹′:𝑿𝑿 ⟼ ℝ�×�) in 𝑚𝑚 reverse sweeps. In the example of 
Figure 1, it is thus necessary to set 𝑦𝑦̅ = 1 to simultane-
ously obtain ��1

��1
 and ��1

��2
. Note that if 𝑛𝑛 > 2, the number of 

required backward sweeps does not increase. 

METHODOLOGY 
In this work, we propose a non-intrusive methodol-

ogy that couples analytical derivatives with the adjoint 
mode of automatic differentiation to perform gradient 
computation in modular process simulators. The method-
ology proposed in this work is composed by four main 
steps: 

1. Definition of the flowsheet, specifications, ob-
jective functions and action variables. 

2. Definition of the computational graph of the 
process model. 

3. Implementation of analytical derivatives at the 
unit-operation level. 

4. Generation of the computation procedure for 
derivatives using the adjoint mode of AD. 

Implementation strategy 
Once the flowsheet, specifications, objective func-

tions and action variables are defined in the simulator. 
The computational graph can be automatically extracted 
from the simulator or manually defined by the user by 

following the unit operation calculation sequence. At 
each new equation of a given unit operation module, new 
nodes, if they do not exist yet, are included in the graph. 
In this work, the computational graph was manually de-
fined.  

At the unit-operation level, analytical derivatives in-
volving mass and energy balances are hand-coded in a 
user-defined module or custom scripting environments 
depending on the simulator native features. If the deriv-
ative of a physical property, such as enthalpies or entro-
pies, is required, they are obtained via simulator APIs, 
such as Simulis Thermodynamics, Aspen Properties, or 
CoolProp.  

Finally, all the derivatives required for the computa-
tion of adjoints for each node of the computational graph 
are linked manually following Equation 6. 

Implementation example 
The gradient calculation procedure is presented 

through an example based on the Rankine cycle de-
scribed in Figure 2. Consider a function equal to the net 
power of the cycle: 𝑊̇𝑊���, whose calculation is described 
by the set of equations S1 and performed by a process 
simulator The variables involved in the calculation are the 
turbine and pump powers (𝑊̇𝑊� , 𝑊̇𝑊�), their isentropic effi-
ciencies (𝜂𝜂� , 𝜂𝜂�), enthalpies (ℎ�) calculated at temperature 
and pressure conditions (𝑇𝑇�,𝑃𝑃�), enthalpies (ℎ���) calculated 
at isentropic conditions and pressure 𝑃𝑃�. 𝑚̇𝑚 represents the 
mass flow rate. 𝑇𝑇1,𝑃𝑃1,𝑃𝑃2,𝑇𝑇3,𝑃𝑃3,𝑃𝑃4, 𝜂𝜂� , 𝜂𝜂� and 𝑚̇𝑚 are known. 

The cycle flowsheet is created by the user, and the 
model will be generated and solved automatically by the 
process simulator. Then, the computational graph is 
manually generated and analytical derivatives are coded 
following the set of equations S1. At this point, it is nec-
essary to define which variables from the simulation will 
be reused in the gradient calculation and which not. For 
instance, the enthalpies or entropies will be reused, while 
enthalpy or entropy derivatives will be calculated in the 
AD interface. This approach preserves the robustness of 
the existing simulator while leveraging adjoint efficiency. 

In execution time, if ��̇���

��1
 is required, the simulation 

will be executed first. Then, the calculated output stream 
values and unit parameter values that will be reused in 
the AD procedure are stored. This is followed by the cal-
culation starting with 𝑊𝑊���� and finishing with 𝑇̅𝑇1.  

CASE STUDIES AND BENCHMARK 
To evaluate the proposed framework for AD adjoint 

mode with analytical derivatives within modular process 
simulators, a series of optimization tests, based on a 
Combined Heat and Power (CHP) cycle, were conducted. 
The case study considers the CHP cycle presented in 
Figure 3. The working fluid in a liquid state is compressed 
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by a pump (1-2) from a low pressure (LP) to an interme-
diate pressure level (IP) corresponding to 𝑃𝑃�� = 𝑃𝑃���(𝑇𝑇�) 
and 𝑃𝑃�� = 𝑃𝑃���(𝑇𝑇�), respectively. It is then mixed with a 
bleeding stream at 𝑃𝑃��. The resulting liquid stream is com-
pressed by a pump (3-4) to a high-pressure level (HP) 
equal to 𝑃𝑃�� = 𝑃𝑃���(𝑇𝑇�). Then, the fluid is preheated, evap-
orated at constant pressure (4-5). At the expansion 
stage, part of the fluid is expanded to the IP level and 
cooled at constant pressure in a condenser in order to 
provide the required end-user heating power (𝑄̇𝑄����) at 
𝑇𝑇�. The remaining stream is condensed at constant pres-
sure (8-1) to the initial state. The working fluid is neopen-
tane. 

Table 1. CHP cycle specifications. 

Variable Value Units 
𝑇𝑇�  K 
𝑚̇𝑚  kgs- 

𝜂𝜂�  / 𝜂𝜂�  /  - 
𝑥𝑥�1 / 𝑥𝑥�7  /  - 

   

 
Figure 2. Representation of the communication between 
the automatic-differentiation based interface and the 
process simulator for gradient calculation. 

 
Figure 3. Top: process flow diagram of the studied CHP 
cycle. Bottom: Temperature-entropy diagram. 

For this cycle, nine degrees of freedom (DoF) are in-
itially identified: vapor fractions at states 1 and 7 (𝑥𝑥v1, 𝑥𝑥v7), 
turbine and pump isentropic efficiencies (𝜂𝜂� , 𝜂𝜂�), mass 
flow rate (𝑚̇𝑚), low-level temperature (𝑇𝑇A), bleeding ratio 
(𝑟𝑟��), bleeding pressure (𝑃𝑃��) and outlet temperature at the 
evaporator (𝑇𝑇�). For benchmarking, only three DoFs are 
accepted: 𝑟𝑟��,𝑃𝑃��,𝑇𝑇�. The specifications of the remaining 
DoFs are listed in Table 1. 

Problem formulation 
Given CHP cycle specifications, action variables 

bounds and an objective function, an optimization prob-
lem is formulated to determine optimal operating condi-
tions that minimizes the objective function.  

Action variables 
Although three DoFs and different combinations are 

possible, only three cases were considered. If one, two 
or three action variables are considered, then the 
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decision vector corresponds to 𝑥𝑥 = (𝑟𝑟��), 𝑥𝑥 = (𝑟𝑟��,𝑃𝑃��)
� or 

𝑥𝑥 = (𝑟𝑟��,𝑃𝑃��,𝑇𝑇�)� , respectively. The bounds, or specifica-
tion if a given variable is not considered in the action var-
iable vector, are listed in Table 2. 

Table 2. Action variables defined in this study. 

Variable Bounds (Specification) Units 
𝑟𝑟��  –  (NA) - 
𝑃𝑃��  –  () bar 
TH  –  () K 

Objective functions 
A common choice for the objective function is the 

Energy Utilization Factor (EUF): 𝐸𝐸𝐸𝐸𝐸𝐸 = − (�̇���+�̇����)

�̇��
, 

where 𝑊̇𝑊���, 𝑄̇𝑄�� and 𝑄̇𝑄���� represent, respectively, the net 
mechanical power, the required heat-source duty, and 
the heating power provided to the end user. One might 
be tempted to adopt the EUF or other efficiency-based 
indicator as a benchmark objective, given its clear phys-
ical meaning and widespread use in cycle optimization. 
However, the resulting landscape is largely determined 
by the coupled physics and constraints of the cycle, 
which can make features such as smoothness, condition-
ing, and multimodality difficult to assess independently. 
Efficiency-based objectives may therefore reflect char-
acteristics of the full thermodynamic formulation, poten-
tially limiting the ability to adjust features such as curva-
ture, scaling, or the presence of local optima.  

To address this, the process model is first used to 
map physical decision variables to 𝑊̇𝑊���, 𝑄̇𝑄�� and 𝑄̇𝑄����, 
which are then normalized and used as coordinates of a 
benchmark test function, creating a controlled optimiza-
tion landscape over the physically admissible operating 
space. The benchmark functions implemented in this 
work are: 

Rosenbrock: 

𝐹𝐹��� = ∑ �𝑎𝑎� ⋅ �𝜙𝜙�+1 − 𝜙𝜙�2�
2 + 𝑏𝑏� ⋅ (1 − 𝜙𝜙�)

2��−1
�=1 + 𝑎𝑎0(9) 

Spheric: 

𝐹𝐹��� = ∑ �𝑎𝑎� ⋅ �
��
��
�
2
� + 𝑎𝑎0

�
�=1    (10) 

Exponential: 

𝐹𝐹��� = ∑ �𝑎𝑎� ⋅ 𝑒𝑒𝑒𝑒𝑒𝑒�𝑏𝑏� ⋅ 𝜙𝜙�2��
�
�=1    (11) 

with 𝑁𝑁 = 3, corresponding to the number of physical 
decision variables (𝑊̇𝑊���, 𝑄̇𝑄�� and 𝑄̇𝑄����), and 𝜙𝜙� defined as 
follows: 

𝜙𝜙� = ��−��,���
��,���−��,���

− 𝑐𝑐�    (12) 

with α1 = 𝑊̇𝑊���,𝛼𝛼2 = 𝑄̇𝑄�� and 𝛼𝛼3 = 𝑄̇𝑄����. The values of 𝛼𝛼�,��� 
and 𝛼𝛼�,��� were obtained via systematic sampling of the 
admissible operating space for 𝑟𝑟��,𝑃𝑃�� and 𝑇𝑇�, and are re-
ported in Table 3. The values of 𝑎𝑎�, 𝑏𝑏� and 𝑐𝑐�, are constant 
and reported in Table 4 for each benchmark function.  

Table 3. Admissible bounds for 𝑊̇𝑊���, 𝑄̇𝑄�� and 𝑄̇𝑄����. 

Variable 𝜶𝜶𝒎𝒎𝒎𝒎𝒎𝒎 𝜶𝜶𝒎𝒎𝒎𝒎𝒎𝒎 Units 
𝑊̇𝑊���   

W 𝑄̇𝑄��    
𝑄̇𝑄����   

Computational graph 
The computational graph linking the input variables 

with the objective function is represented in Figure 4. For 
the sake of readability, the graph is represented by three 
layers representing the input nodes (9) corresponding to 
the maximum DoFs, the internal nodes (39) and the out-
put node (1). It is worth recalling that, at most, three of 
the input nodes represent action variables of the optimi-
zation problems. The resulting computational graph is not 

Table 4: Values of 𝑎𝑎�, 𝑏𝑏�, 𝑐𝑐� for the Rosenbrock, Spheric and Exponential functions. 

Function Index a b c 

Rosenbrock 

 𝜋𝜋 − 2 - - 
   - 
   - 
 - - - 

Sphere 

 𝜋𝜋 − 2 - - 
    
    
  /  

Exponential 
 - -  
 - -  
 - -  
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a complete graph, i.e., where every pair of distinct nodes 
is connected by an edge. In consequence, the number of 
nodes connecting two different input nodes to the output 
node is not necessarily the same. 

Benchmark procedure 
Each benchmark test consisted of 30 independent 

runs, corresponding to 30 different initializations of the 
design variables. For each run, gradients were computed 
using both automatic differentiation and finite difference 
methods. Finite difference gradients were calculated us-
ing four perturbation step sizes, defined as: 𝑆𝑆1 =
10−2, 𝑆𝑆2 = 10−3,𝑆𝑆3 = 10−4, 𝑆𝑆4 = 10−5. A solution was de-
clared optimal if it satisfied the following 𝑓𝑓(𝑥𝑥∗) ≤
max(𝑓𝑓(𝑧𝑧∗) ⋅ 𝜖𝜖,𝑓𝑓(𝑧𝑧∗) + 𝜖𝜖), where 𝑓𝑓(𝑥𝑥∗) denotes the objective 
function evaluated at the computed optimal solution for 
a given run, 𝑓𝑓(𝑧𝑧∗) corresponds to the analytically known 
optimal value, and 𝜖𝜖 represents the tolerance. It was set 
to 10-2 as reference [9]. 

Computational details 
The optimizations were performed on an Intel(R) 

Core(R) Ultra 7, 3.80 GHz, 32 GB RAM, Windows 11 64-
bit operating system. The optimization solver is based on 
a Sequential Least Squares Programming (SLSQP) algo-
rithm, implemented via pySLSQP, while all simulations 
were carried out using ProSimPlus 3.7.9. 

RESULTS 
In this section, gradient computation cost, robust-

ness, and overall optimization performance of the analyt-
ical adjoint mode (AAM) are compared against forward 
and centered finite difference methods. For clarity in the 
presentation of results, finite-difference gradients com-
puted using centered difference schemes are denoted as 
𝑆𝑆�_ctd, while those obtained using forward difference 
schemes are denoted as 𝑆𝑆�_fwd, with 𝑖𝑖 = 1, … , 4 indicating 
the corresponding perturbation sizes 𝑆𝑆1-𝑆𝑆4. 

Gradient computation cost 
Figure 5 illustrates the average relative runtime of 

the gradient calculation with respect to a single function 
evaluation (𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇{𝐹𝐹′(𝑥𝑥)} 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇{𝐹𝐹(𝑥𝑥)}⁄ ), computed over all 

 
Figure 4. Sketch of the computational graph for the computation of 𝐹𝐹��� and its derivatives. 

 

 
Figure 5. Average relative runtime of the gradient calculation compared to a single function evaluation over all the 
runs and objective functions. Abbreviations: AAM: analytical adjoint mode. fwd: forward finite difference. ctd: 
centered finite difference. 
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runs and objective functions. From this figure, it is possi-
ble to verify that the computational cost of the gradient 
calculation (𝐹𝐹′(𝑥𝑥)) for a function 𝐹𝐹(𝑥𝑥) with 𝑛𝑛 inputs and 𝑚𝑚 
outputs using finite differentiation corresponds, as ex-
pected, to (𝑛𝑛 + 1) and (2𝑛𝑛) function evaluations for for-
ward and centered differences, respectively. Adjoint 
mode of AD with analytical derivatives offers better scal-
ing, requiring, at most, (3𝑚𝑚) function evaluations [5]. For 
the case with 𝑛𝑛 = 3, it is around 2.6 times the cost of a 
function evaluation, which results in a reduction of 35% 
and 56% compared to forward and centered finite differ-
entiation, respectively. 

It is possible to observe that the ratio for AAM is not 
the same for the three cases. This difference can be ex-
plained, in part, by the fact that the computational graph 
is not a complete graph. For instance, the number of in-
ternal nodes involved in the cases with 𝑛𝑛 = 1 is 17, 𝑛𝑛 = 2 
is 26 and 𝑛𝑛 = 3 is 37. Nevertheless, it is observed that the 

ratio does not increase linearly. Although the difference 
of internal nodes (∆𝑣𝑣2→3 = 11) between cases 2 and 3 is 
almost the same between cases 1 and to (∆𝑣𝑣1→2 = 9), the 
change in the ratio is not the same. It would have meant 
that each node has the same computational cost. In con-
trast, when 𝑛𝑛 = 3, the outlet temperature at the evapora-
tor (𝑇𝑇�) is an action variable and involves nodes in which 
derivatives of enthalpy, entropy or vapor pressure at a 
dew point are calculated.  

It is also important to highlight that by considering 
𝑥𝑥 = (𝑟𝑟��,𝑃𝑃��,𝑇𝑇�)� as action variables vector among the 9 
potential input nodes (Figure 4), only two internal nodes 
are not visited during the gradient calculation. Such 
nodes would be visited if TA was included as an action 
variable. Consequently, assuming 𝑛𝑛 = 3 as the baseline 
case, adding one additional action variable (𝑛𝑛 = 4) or up 
to five additional variables (𝑛𝑛 = 9) should not significantly 
affect the computational cost of the gradient calculation. 

 
Figure 6. Number of optimal runs. Abbreviations: AAM: analytical adjoint mode. fwd: forward finite difference. ctd: 
centered finite difference. 

 
Figure 7. Optimization time of analytical adjoint mode (AAM), and centered differences with a perturbation step of 
𝑆𝑆1 = 10−2 and 𝑆𝑆2 = 10−3. 
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Robustness and runtime 
In this section, it is decided to discuss the case with 

𝑛𝑛 = 3 since it included the highest number of internal 
nodes for gradient calculation in AAM. In terms of robust-
ness, in Figure 6 it is observed that only three approaches 
were able to reach 30 optimal runs for each benchmark 
function: analytical adjoint mode, and centered differ-
ences with a perturbation step of 10-2 and 10-3.  

Optimization times for these three approaches are 
presented in Figure 7. At a first glance, it is observed that 
for the Sphere and Exponential functions, the computa-
tion time of analytical adjoint mode is reduced by 35%. In 
the case of the Rosenbrock function, centered differ-
ences with a perturbation step of 10-2 outperforms by 
26% analytical adjoint mode and by 49% centered differ-
ences with a perturbation step of 10-3.  

It is worth noting that even when using AAM, the op-
timization time may not follow the trends presented in 
Figure 5. This is due to the fact that the SLSQP algorithm 
may require substantially more evaluations of the objec-
tive function than of its gradient. This disparity arises be-
cause, at each major iteration, SLSQP typically computes 
the gradient only once to form the quadratic program-
ming subproblem, whereas the objective function may be 
evaluated multiple times during the subsequent line 
search and step acceptance procedures. In particular, 
candidate step lengths along the computed search direc-
tion are repeatedly probed to enforce sufficient decrease 
in a merit function that combines the objective value with 
constraint or bound violation measures. 

CONCLUSION 
This work demonstrates the feasibility and benefits 

of coupling analytical derivatives with the adjoint mode 
of automatic differentiation in modular process simula-
tors. The proposed non-intrusive methodology enables 
efficient and robust gradient computation without modi-
fying the internal structure of existing simulation tools. 
Through a combined heat and power cycle case study, 
the analytical adjoint approach was shown to outperform 
finite difference methods in terms of computational effi-
ciency and robustness, particularly for problems with 
multiple decision variables. While finite difference 
schemes can occasionally achieve competitive perfor-
mance, they require careful tuning of perturbation steps, 
which increases overall optimization effort. In contrast, 
the analytical adjoint method provides consistent accu-
racy and favorable scaling properties without additional 
sensitivity analysis. These results confirm the strong po-
tential of adjoint-based analytical differentiation as a 
practical solution for gradient-based optimization in in-
dustrial modular process simulation environments. 
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