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ABSTRACT

Digitalization, artificial intelligence, and autonomous experimentation are reshaping chemical pro-
cess development by enabling data-driven system identification and model-based optimization.
Despite these advances, mechanistic models remain a cornerstone for predicting chemical reac-
tion behavior and supporting optimization. However, purely mechanistic models often exhibit lim-
ited predictive accuracy when key phenomena affecting kinetics, mass and energy transfer are
not fully captured. To address limitations on kinetic modelling, a hybrid modelling framework is
proposed in this work that integrates a lumped power-law kinetic model with a Gaussian Process
(GP) residual model to predict the reaction rate across the experimental design space while quan-
tifying the uncertainty of the predicted rate. The hybrid model is then coupled with multi-objective
Bayesian optimization (MOBO) by employing a weighted-sum approach and an upper confidence
bound acquisition function to guide experimental design by simultaneously maximizing reaction
rate and minimizing the associated uncertainty on prediction. The approach is tested on a case
study related to catalytic methane oxidation in an autonomous microreactor system, where the
proposed hybrid model performs comparably to the ground truth model, identifying the same op-
timal operating conditions when validated against the original experimental data, with an average
prediction uncertainty of approximately 2.7%. The results highlight the potential of hybrid model-
ling and uncertainty-aware optimization for guiding autonomous catalytic experiments in flow sys-
tems.

INTRODUCTION

Keywords: Modelling and Simulations, System Identification, Machine Learning, Bayesian Optimization

observable phenomena but require extensive domain

System identification is reshaping autonomous ex-
perimentation by playing a key role in the use of mathe-
matical models and input-output data to describe pro-
cess behaviour alongside its underlying physics [1]. Iden-
tifying mathematical models that adequately represent a
process system can be challenging [2], time-consuming
and resource-intensive, and constrained by limited budg-
ets, experimental scope, and strict project timelines [3].
Mechanistic models that describe a system can either be
(i) simplified (low-fidelity) models, which include only lim-
ited mechanistic information and serve as approximate
representations of an “assumed” true model or (ii) high-
fidelity models that describe the system, capture
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knowledge, computational efforts, and detailed satisfac-
tory values of the model parameters.

Mechanistic models (simplified or high-fidelity) can
provide valuable physical insights, but their predictive
accuracy depends on how completely key phenomena
such as kinetics, mass and heat transfer or catalyst de-
activation are fully represented in the model [4]. Inaccu-
rate representation of these phenomena in the model
leads to a mismatch between the model’s prediction and
observable reaction rates.

This limitation motivates the development of a sys-
tematic hybrid modelling framework [5, 6] that retains the
interpretability of mechanistic model while correcting for
kinetic mismatch identified from experimental data. The
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framework is consistent with recent hybrid Gaussian-
process-based multi-objective Bayesian Optimization
(MOBO) methods for reaction optimization under uncer-
tainty [7]. This proposed framework offers a new direc-
tion in experimental design approaches in that it com-
bines a lumped power-law model (simplified from a Lang-
muir-Hinshelwood (LH) adsorption mechanism equation)
with a GP correction model (which provides data-driven
correction for the portions of the reaction behaviour not
described by the mechanistic model). The resulting hy-
brid model was then used in a MOBO procedure to guide
optimal experimental design. The overall objective of the
design is to identify experimental conditions that: i) max-
imize reaction rate; and ii) minimize predictive uncer-
tainty in the rate predictions. The framework was demon-
strated on a case study related to the catalytic oxidation
of methane over Pd/Al,O3, a system previously investi-
gated in an automated [8] and autonomous microreactor
platform [9].

2. METHODOLOGY

2.1 System Description

The methane oxidation reaction system (see section 2.2
for further details) is modelled as a plug flow reactor
(PFR) using differential-algebraic equations (DAEs) de-
scribing state variables, inputs, and measured outputs:

f(%,x,u,0,t)=0(1) y =gxu,v) (2)

In Eq. (1), and Eq. (2) xe R"™, %, ue R"™,y ¢ R",0 ¢ R", and
t denote the vectors for state variables of the system,
their time derivative, the manipulated control variables
(considered as time-independent inputs in this work), the
N, -dimensional vector of response variables that are
measurable, the N, -dimensional vector of model param-
eters, and time variable, respectively.

2.2 Reactor Model for Methane Oxidation

Although the general system formulation in Equation
(1) is expressed in terms of time t, the PFR model applied
here (Eq. 3) is defined with respect to catalyst mass w as
the independent variable. The physical system had some
noisy observation described as v € R™ which represents
random experimental errors in the measured outlet mole
fractions where R denotes the set of real numbers and
n,is the dimension of the noise vector.

dx; _ Ry

(1) x(0) = uy

dw uPayg

oo Ruop) X%,(0) = us.uy

dw uzPqug

O N )

dw uPayg
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dx Ru

d—u‘: = uzP_a,ng .(2r).
In Eq. 3 and following the notation introduced in Egs. 1-2,
the x vector of state variables x;, x, , x; and x, represents
the mole fractions of methane, oxygen, carbon dioxide
and water respectively in the reactor outlet stream, and
R [Jmol'K7!] is the wuniversal gas constant, r
[mol g~'min~!] represents the reaction rate according to a
postulated kinetic model. The set of control variables u
includes the reaction temperature 7'[°C], flow rate of the
feed [Nml min~!], oxygen to methane mole fraction ratio
[mol mol~!] and inlet methane mole fraction [mol mol™!]
which are respectively denoted as uy, u,, us, u, [9]. These
controls form the design vector ¢ which is bounded
within the experimental design domain as shown in Table
1. The kinetic parameter vector © = [k, and E,] consists of
the pre-exponential factor and activation energy of the
Arrhenius rate expression.

Table 1: Upper and Lower Bounds on Control Variables
Defining the Experimental Design Space

Control Variables Range Units

Temperature (T) 250-350 °C

Feed flow rate () 20-30 Nml min~!

Oxygen to methane 2-4 mol mol~?

mole ratio (Ro,cH,)

Inlet conc. of methane 0.005- mol mol!
(CHa4) 0.025

Syst Control Trans 5:1520-1528 (2026)

2.3Hybrid (Power-Law & GP) Framework

A schematic of the proposed hybrid workflow combining
the lumped power law model and the GP is shown in Fig-
ure 1 and is articulated in the steps below:

1. Lumped Power-law model formulation: a power-law
model is a simplified approximation of the LH model
for the adsorption of methane. The simplification of
the power law model is discussed in Section 2.4.

2. Experiment Execution: the experimental design space
(see Table 1) was sampled using Latin Hypercube
Sampling (LHS) technique, and physical experiments
were conducted in the laboratory generating a set of
preliminary experimental data.

3. Parameter Estimation: the lumped power law model
parameters were then estimated using the experi-
mental data generated in Step 2. The parameter esti-
mation technique is discussed in Section 2.5

4. Stopping criteria: the process stops when the t-test is
satisfied for the model parameters or the experi-
mental budget is terminated. If the stopping criteria
are not met new experiments from DoE need to be ex-
ecuted.

5. In silico Data Generation from the identified Power-
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Figure 1. Procedural framework for hybrid (Power-Law & GP) model identification and the MOBO workflow.

(1) & in silico
experiments

Law model: after the t-test is satisfied, the corre-
sponding parameter values are then applied to the-
power-law model, and the reactor model is used to
simulate the reaction rates at the LHS generated con-
ditions.

6. Calculate Reaction Rate Mismatch: the rates pre-
dicted by the model are then compared with the ex-
perimentally calculated rates. The rate mismatch cal-
culated across experiments is used to train a GP
model at the corresponding input conditions of the
experiments.

7. GP Modelling:
Aku et al. / LAPSE:2026.0395

the GP model is trained using
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experimental data to learn the relationship between
the input conditions and the corresponding system
rate mismatch [10]. The dataset includes 30 experi-
ments, with 21 used for training and 9 reserved for
testing. The GP is built with a composite kernel func-
tion Eq. 4

k(u,u’) = C.RBF (u,u’) (4)

The kernel consists of a constant term (C = 1.0,
bounds 1073-10%) and an RBF with length scale 1.0
(bounds 1072-102). The hyperparameters of the kernel
are optimized during model training by maximizing the
log marginal likelihood using gradient-based
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optimization technique. In practice, the model auto-
matically tunes its settings during training using a gra-
dient-based method (L-BFGS-B), while respecting
predefined bounds.

8. Finalized Hybrid Model: the general form for the reac-
tion rate predicted by the hybrid model is represented
in Eq. 5 as:

fhyb(u) = rp(u; ©)exp (ugp(w)) (5)

where rp(u;0) is the mechanistic power-law model
prediction and ugp(u) is the posterior mean of the GP
trained on the log-residuals between experimental
and mechanistic reaction rates.

9. Multi-objective Bayesian Optimization (MOBO): the
multi objectives formulation involve maximizing reac-
tion rate and minimizing uncertainty; this is discussed
in details in section 2.6.

10. Newly Designed (Predicted) Experiment: the hybrid-
MOBO is then used to design new experiments. These
experiments are a pareto sets of optimal experiments
(in this case we selected top three (3) experiments)
which gives: (i) the predicted reactor conditions (u);
(ii) the corresponding maximum reaction rate #(u); and
(iii) minimum uncertainty 6,(u) at these conditions.

11. Comparison (Predicted Experiments) With Insilico Ex-
periments: in silico experiments generated using a
ground truth model are then compared to the pre-
dicted experiments by the hybrid-MOBO framework,
where the agreement is evaluated using the GP un-
certainty bounds, i.e, the predicted mean (from the
ground truth model) reaction rate #,,.(u) must lie
within the confidence region of the hybrid-MOBO. If
the insilico results falls inside the uncertainty region,
the hybrid model is considered reliable and the work-
flow terminates. Otherwise, the discrepancy is used
to recalibrate the GP correction model, and the opti-
mization-prediction loop is repeated.

12. Stop: the final workflow is terminated when the insil-
ico experimental results consistently fall within the
predicted uncertainty bounds of the hybrid-MOBO
predictions. i. e., for all newly proposed conditions @
from the MOBO step. This indicates that the hybrid
power-law-GP model has achieved sufficient predic-
tive accuracy and reliability, and no further model cor-
rections are required.

2.4 Lumped Power-Law model formulation

LH mechanism has been proposed as a plausible
model by other researchers [8, 11] for catalytic methane
oxidation over Pd/Al,Os. The reaction mechanism occurs
with methane and oxygen been adsorbed on the catalyst
surface prior to the reaction. The LH rate expression for
the system [11] is defined in Eq. 6 as:

Aku et al. / LAPSE:2026.0395
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, keKcr, Pcryy/ (Ko,Po,) (6)
CHy = 2
! (1+KCH4PCH4+\/ (KOZPOZ))

where k, is the intrinsic surface-reaction rate constant,
Kcn, Ko, ben, @nd po, are the adsorption equilibrium con-
stants and partial pressures of methane and oxygen re-
spectively. Methane oxidation occurs at low surface cov-
erage with excess oxygen, reflecting adsorption-reaction
balance [12, 13].

Under these conditions, Kcy,pen, <<< 1, Ko,Po,
>>>1, this approximation reduces the LH rate law to a
lumped power-law form defined in Eq. 7 as:

fcH, = kK’ Pcr,Po,’ (7)

where k' is the lumped rate constant and a, bare the re-
action orders. In the presence of excess oxygen methane
adsorption was identified as the rate controlling step [13,
15], thus giving first-order methane and zero-order oxy-
gen dependence; thus, reaction orders were fixed at a =
Tand b = 0, and only ko and E, were estimated. The rate
constant is expressed in Eq. 8 as:

Eq
=

- ) (8)

k(T) = exp (logk(Tyer) — Tlf

1
T
where k(T) is the reaction rate constant at temperature
T, and T,; = 320 °C and E, is the activation energy in
kJ/mol

The resulting lumped power-law model provides a sim-
plified mechanistic representation of the dominant kinetic
behaviour derived from the Langmuir-Hinshelwood
mechanism under the experimentally relevant conditions.
In the proposed hybrid modelling framework, this mech-
anistic model serves as the baseline predictive model,
preserving physically meaningful kinetic parameters such
as the activation energy E,and pre-exponential factor k.
The Gaussian Process component is subsequently
trained on the residual error between the mechanistic
model predictions and the experimental observations, al-
lowing the model to capture discrepancies arising from
unmodelled effects such as transport limitations or cata-
lyst heterogeneity while retaining the physical interpret-
ability of the kinetic parameters.

2.5 Parameter Estimation

Parameter estimates (indicated as 8) were obtained
by minimizing the sum of squared residuals between the
logarithm of the experimental rates and the logarithm of
the model predictions. Assuming an independent Gauss-
ian measurement errors with constant variance crzy, the
negative log-likelihood for Nexperiments is expressed in
Eq. 9 as:

AN
L(0) = ;10g(27mzy) + % Zfil(log FexP —

logr;model(©))* (9)
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where ;P is the observed reaction rate for experiment
i,r;m0del(8) is the power-law model prediction, N is the
number of experiments, and o2, is the constant variance
of the measurement noise.

2.6 Multi-objective Bayesian Optimization

Bayesian optimization (BO) guided the selection of
subsequent experiments using probabilistic predictions
from the hybrid power-law-GP model to maximize me-
thane oxidation rate while minimizing uncertainty.

2.6.1 Hybrid model predictions

For a given set of experimental conditions u, The hy-
brid model predicts the methane reaction rate as a pos-
terior distribution r(u), whose predictive mean is given by
fuyp(w), @and expressed in Eq. 10 as:

r(w) ~N (fnyp(w), 07(w)) (10)

where ¢?(u) is the total prediction uncertainty of the me-
thane reaction rate obtained by combining the GP poste-
rior variance with mechanistic parametric uncertainty
propagated through the power-law model under the as-
sumption that all uncertainty contributions are assumed
independent, is expressed in Eq. 11 as:

6,(W) = |/ (0P W) + Zp(w) (an

where o¢2,.,(u) is the mechanistic model uncertainty
propagated from parameter estimates, and o7 ;p(u) is the
GP-derived predictive uncertainty of methane reaction
rate mapped to rate space.

2.6.2 Multi objective optimization problem

The resulting multi-objective optimization problem
is defined as (i) maximizing the reaction rate of methane;
and (ii) minimizing the uncertainty on the predicted rate,
and is mathematically formulated in Eq. 12 as:

ma f,(u) = f(W) min (1) = o,(w (12)

To enable practical optimization, the two competing
objectives are combined using a weighted sum scalariza-
tion shown in Eq 13 as:

J(U) = w.fi(u) + wyfo(u) (13)

where f;, and f, denote normalized forms of the rate and
uncertainty objectives respectively, and w, and w, are
non-negative weighting factors satisfying w, + w, = 1.
The weights reflect a user-defined trade-off choice, here
prioritizing reaction performance (w, = 0.6) over uncer-
tainty (wy,= 0.4).

2.6.3 BO with Upper Confidence Bound (UCB)

The scalarized objective function J(u) defined in Eq.
13 is optimized using BO was implemented in Python us-
ing a typed function called “scikit-learn”. The Gaussian
Aku et al. / LAPSE:2026.0395
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process surrogate hyperparameters are learned by max-
imizing the log marginal likelihood using the L-BFGS-B
gradient-based optimizer, while candidate operating
conditions are selected by maximizing a UCB acquisition
function defined in Eq. 14 (which balances exploitation of
conditions with high predicted objective values, and ex-
ploration of regions of high uncertainty) over a discre-
tized design space.

aycg (W) = pJ(m) + ko J(w) (14)

where u; (u) and o; (u) are the predictive mean and
standard deviation of the scalarized objective, and k
whose value is 0.1 controls the exploration-exploitation
trade-off. At each iteration, the next experiment is se-
lected using the expression in EQ. 15:

w*=argmax aycg (u) (15)
u

UCB was chosen over alternative acquisition function
such as Expected Improvement (El) due to its explicit
control of uncertainty-driven exploration, which is partic-
ularly suited for autonomous experimentation [14].

Thirty experiments were generated via Latin hypercube
sampling, with 21 used for training and 9 for testing. The
Mars Van Krevelen (MVK) model reaction rate expression
(Eq. 16) was adopted as a “ground truth” model in this
study to generate in-silico data in the MOBO step and
was experimentally validated in [8] where the authors
calibrated the MVK model from flow reactor data.

kik:Pcp,Po, (16)

Feha = Kok
kiPo,+2 kxPc,+ f(PozPCH“)

The MVK model was also adopted to validate the predic-
tive performance of the hybrid model, with the corre-
sponding MVK parameter vector & = [5.77, 6.72, 5.87,
9.51,10.17, 7.98] as reported in [9].

2.7 Reliability Map of the Identified Hybrid Model
To analyse the contribution of each component in the hy-
brid model, two normalized indices were defined in Eq. 17
based on the hybrid prediction ¥, which is taken as the
reference (ground truth):

fPL = yﬂ jGP = y% (17)
where y,, is the rate prediction from the mechanistic
power-law model across the design space, and ygp is
the GP correction term, and the total hybrid prediction is
given by:

y=Dp+ Jcp (18)
These indices quantify the relative contribution of each
component to the final prediction. Specifically, Ip; indi-
cates how much of the prediction is explained by the

mechanistic model, while I;p quantifies the contribution
of the data-driven correction.

1524



3. RESULTS & DISCUSSION

This section discusses: (i) the predictive perfor-
mance of the fitted lumped power-law model for ob-
served reaction rate; (ii) the hybrid (power-law-GP)
model performance relative to the reference (MVK)
model across the design space; and (iii) the reactor op-
erating conditions suggested by the optimization that
simultaneously maximize reaction rate and minimize pre-
dictive uncertainty.

3.1 Performance of the lumped power-law
model

As shown in Figure 2, the fitted lumped power-law
model captures the general trend of methane oxidation

rates across the experimental dataset but exhibits sys-
tematic deviations at higher reaction rates.

m  Observed rate
® Power-Law predicted rate

x107°
2 40f
g
Tg 3.5
: ?
= 30F
> n
S s e
é 25+
o n
o] 20
o
c
S 15f
= u
§ 1.0 ! ¢
¢ | = .
o u
c 0.5 H u
(] L
s 0.0

0 1 2 3 4 5 6 7 8 9

Experiment No.
Figure 2. Observed methane oxidation reaction rates and
Power-Law predictions for the test dataset.

This reflects the breakdown of its simplified kinetic
assumptions. Under high reactor rate conditions (i.e.
conditions close to the following: 7= 350 °C,riz = 30
Nmlmin~,,RO,/CH, = 4molmol},xCH4 = 0.025
mol mol~!) methane oxidation is likely influenced by sur-
face coverage and adsorption saturation effects, which
are not captured by the reduced power-law form.

3.2 Hybrid Model performance: Power-Law model
with Gaussian Process Correction

As shown in Figure 3, the hybrid power-law-GP
model reproduces the experimental methane oxidation
rates with good accuracy across the test dataset. Pre-
dicted rates closely match observed reaction rate values,
for example 1.43 x 107> vs. 1.35x 10> mol g s (Exp.1)
and 8.84 x 107 vs. 8.74 x 10~ mol g's™" (Exp.3). At higher
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temperature (T=342°C, Exp. 8; Table 2), the hybrid model
predicts 3.20 x 10™> mol g' s, compared to an experi-
mental value of 2.92 x 1073 mol g™ s, capturing the trend
without the systematic overprediction observed for the
power-law model. Experiments 1, 3, and 8 were selected
as representative cases covering the test dataset oper-
ating range (Table 2).

Table 2: Selected Experiments from Test Datasets

Syst Control Trans 5:1520-1528 (2026)

Exp Temp Feed flow 0,/CH, CH, conc
°C Nml min™'  molmol™!  mol mol™?
1 311 23.8 3.6 0.025
3 290 23.5 3.2 0.021
8 342 25.8 2.9 0.022
m  Observed rate
40X 107 ® Hybrid predicted rate
35
3.0 i
25

:

2l

Methane Reaction Rate (mol/g(catalyst)/s)

05| . 8 3
[ |
1

0.0 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9

Experiment No.

Figure 3. Observed methane oxidation reaction rates and
hybrid model predictions for the test dataset.

3.3 Hybrid Model performance against MVK
Prediction

The hybrid model exhibits close agreement with the
observed reaction rates across the investigated operat-
ing conditions (test dataset), while consistently following
the same overall trends as the mechanistic MVK model
as observed in Figure 4. At moderate temperature (e.g.
EXp. 3, fy, ~ 8.7 X 107° mol g' s '), both the MVK and hy-
brid predictions are in close agreement with the experi-
mental data, indicating that the MVK formulation ade-
quately captures the dominant reaction pathway in this
regime. At higher rates (e.g. Exp. 5 and 8,
(2.2-2.9) x 10~ mol g~ s 1), the hybrid model remains well
aligned with the measurements, whereas the MVK model
slightly underpredicts the observed rates.

Texp ~
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Figure 4. Observed MVK, and Hybrid Model Predictions
of Methane Oxidation Rates for test dataset.

3.4 Experimental Design using Hybrid (Power-law
& GP) MOBO

The Hybrid-MOBO strategy identifies the Pareto set
which consists of three high-ranking experiments at 350
°C and 30 Nml min™ by balancing predicted reaction rate
and uncertainty (Table 3). For O,/CH, ratios of 4.0, 3.5,
and 3.0, and a constant inlet conc. of methane at 0.005
mol/mol. Hybrid-MOBO predicts reaction rates between
4.71 x 10" mol g’ s"and 4.03 x 10~ mol g s™.

Table 3: Experimental conditions for the top three exper-
imental candidates from MOBO achieving maximum re-
action rate and minimum uncertainty.

Exp Temp Feed 0,/CH, CH, rate
°C flow mol mol~ (x 1079

Nml min~! molg~ts ™!

1 350 30 4 4.7+29
2 350 30 3.5 4.4+ 2.6
3 350 30 3 4.0+ 2.7

When the mechanistic MVK model is evaluated at
these same conditions, comparable rates (4.3 x 10~° mol
g’ sto 4.1 x 10-® mol g™ s7") are obtained, as shown in
Figure 5, confirming that the Hybrid-MOBO selected op-
erating conditions align with mechanistic trends while ex-
plicitly accounting for predictive uncertainty.

3.5 Reliability Maps of the Identified Hybrid Model

Figures 6 and 7 show the spatial distribution of Ip;,
and Igp, respectively, across the design space. The

Aku et al. / LAPSE:2026.0395
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results indicate that the power-law model dominates
most of the domain, particularly in the mid-temperature
region (~270-320 °C), where I, approaches unity and
the GP contribution is minimal. This suggests that the
mechanistic model alone adequately captures the system
behaviour in this region.

B MVK predicted rate
x1078 ® Hybrid-MOBO predicted rate

Methane Reaction Rate (mol/g(catalyst)/s)

2 1 1 1
1 2 3

Hybrid-MOBO Designed Experiment
Figure 5. Hybrid-MOBO and MVK reaction rate
predictions for the top three experiments selected by
multi-objective Bayesian optimization.
I

— 0.8

1
0.024 09

0.9
0.022

mol/mol)

-~

0.020 I fos

~0.7
0.018

~0.7

l .
0.6

Inlet conc. of methane

0.016

1
260 280 300 320 340
Temperature (°C)
Figure 6. Relative local contribution of the mechanistic

power-law model across the design space.

At higher temperatures (above ~320 °C), the GP
contribution increases (Figure 7), reflecting the need for
data-driven corrections to account for deviations from
the simplified kinetic model. Overall, these maps highlight
regions where the mechanistic model is sufficient and
where the GP component becomes essential for accurate
predictions.
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Figure 7. Relative local contribution of the GP correction
across the design space.

4. CONCLUSION

A hybrid modelling MOBO framework was proposed
in this work where a lumped power-law kinetic model
with a GP residual model was used to improve reaction
rate prediction while minimising the uncertainty of the
predicted rate. The hybrid MOBO framework identified
operating conditions providing high reaction rates with
minimum uncertainty. The relative percentage in reaction
rate prediction uncertainty of the three top-ranked
MOBO designed experiments averaged 2.7% and was in
close agreement with the optimal value determined by
the MVK ground truth model. Future work will extend the
optimization framework to alternative objective functions
based on key performance indicators such as cost of op-
erations.
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