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ABSTRACT

Sonochemical reactors are a promising technology in process intensification, offering a sustaina-
ble and energy-efficient means of enhancing chemical reactions. By harnessing acoustic cavita-
tion — the formation, oscillation and violent collapse of bubbles in a liquid medium — these systems
generate local hotspots that can accelerate reaction kinetics. Despite its potential, efficient design
and scale-up of sonochemical reactors remain major challenges, mostly because the cavitation
phenomena take place close to the ultrasonic transducer. This work presents a simulation-based
framework for the optimization of sonochemical batch reactors by coupling microscopic-level
bubble behavior with macroscopic-level reactor performance, focusing on the placement of trans-

ducers to maximize reaction activity.
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INTRODUCTION

Sonochemistry relies on the phenomenon of acous-
tic cavitation, i.e. the type of cavitation induced in a liquid
medium by ultrasound or acoustic waves [1]. When such
a wave propagates through a liquid it causes cavities
(bubbles) to form, oscillate and finally collapse [2, 3].
During the rarefaction phase of the wave, cavities form
and preexisting bubbles expand, while during the com-
pression phase the bubbles contract. This oscillatory pat-
tern continues until the prevailing conditions drive the
bubble into a violent collapse. The result of this process
is the creation of localized hotspots, characterized by ex-
treme pressure and temperature, which in turn enhances
chemical reactions.

For accurate modeling of sonochemical reactors,
several physical phenomena must be considered in com-
bination: wave propagation inside the liquid, bubble dy-
namics under the ultrasound, heat diffusion from the col-
lapsing bubbles and reaction kinetics. The bubble dy-
namics were captured using the Keller-Miksis model, ac-
counting for liquid compressibility, while the Helmholtz
equation described wave propagation within the reactor,
incorporating viscous, thermal, and acoustic damping.
Reaction kinetics for the Fenton assisted degradation of
cresols were modelled as a pseudo-first-order process
https://doi.org/10.69997/sct.178972

Syst Control Trans 5:1467-1475 (2026)

governed by Arrhenius temperature dependence.

BUBBLE DYNAMICS

The dynamic oscillations of a single bubble in a lig-
uid medium under the influence of applied ultrasound can
be described based on the fundamental principles of
force and energy equilibriums, which are employed to de-
rive the Rayleigh-Plesset equation. Following this, the re-
finement suggested by Keller and Miksis will be pre-
sented to account for more complex phenomena and to
provide a more accurate representation of the oscilla-
tions and collapse. Finally, the effect of multiple acoustic
waves on single-bubble dynamics will be examined.

Force Equilibrium

A typical cavitation bubble, assumed to pre-exist in
the liquid medium, consists of both vapor and gas. Con-
sequently, the total pressure inside the bubble (p;,) is the
sum of the vapor pressure (p,) and the gas pressure (p,).

Pin = Pv + Dg (M

The vapor pressure is assumed to remain constant,
whereas the gas pressure undergoes significant changes
and can be approximated as:
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Dg V¥ = constant (2)

where vV, = 4/3 7R3 is the volume and R the radius of the
bubble. The exponent k represents the heat capacity ra-
tio and the specific value depends on the model ap-
proach and the material. In the case of an adiabatic pro-
cess involving air, the ratio can approximately be:
C
k= C_Z ~14 (3)

For the bubble to expand by dR, the work required
is o(87R dR), where o is the surface tension. Using the
above definitions, the force equilibrium on the bubble
wall can be expressed as:

Pin (47R?) = p,(27R?) + o(87R) (4)

where p,, is the pressure on the bubble wall.

It is assumed that the bubble is oscillating from an
equilibrium point with radius R, and the static ambient
pressure is p,, = po,- Combining the above equations pro-
vides an expression for the pressure on the bubble wall.

+ ;_Z - pv)(%fk + Dy — z (5)

by = (poo R
The effect of the acoustic wave, represented as
time dependent variable p,(t), is incorporated into the

ambient pressure term

P = Po + ps(t) (6)

In most typical cases the pressure wave is sinusoidal with
pressure amplitude of B, and frequency f, superimposed
on hydrodynamic pressure DPo:

ps(t) = po — B, sin(27 f1) (7)

Energy Equilibrium

The conservation of energy can be described as: the
work of the oscillating bubble W, either positive for ex-
pansion or negative for contraction and collapse, must be
equal to the work W plus kinetic energy E; required by
the liquid volume surrounding the cavity.

WbZWl+Ek (8)

Each of these terms is calculated separately:

W= pbgn'(R3(t) —R,’) (9)
W1 = P 27(R (1) = Ry’) (10)
E, = 27py, R3(t)(dR(t)) (11)

Rayleigh-Plesset

The combination of equations (5)-(11) yields the
Rayleigh-Plesset equation, describing the radius of the
bubble in respect to time.
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3 (dR(t) d? R(t)
£ (59) + RO)

_1 20 4, L 4RO
_PL pg Dy — R() 'uR(t) dt Do

Keller-Miksis

The Rayleigh — Plesset equation is foundational for
any work done in acoustic cavitation. However, the main
assumptions made, that the liquid is incompressible and
the bubble remains spherical, are less than accurate for
such high-speed phenomenon. To address these limita-
tions, the suggested modifications by Keller and Miksis
[4, 5] account mainly for the compressibility of the liquid,
as well as effects of viscosity, surface tension and acous-
tic radiation

[1-3Ga+D =02 2 (RO)

-p®)  (12)

dt

dZR(t)

+[1 —A+1L dR“’]R( e

[1+(1 iy dR(‘)+51]—p"_p°° (12)
cp dt PL
In the present work the parameter A = 0, referring to
the Keller form of the equation.

Collapse

The analysis of the transient collapse of the oscillat-
ing gas filled cavity [6] assumes that the bubble reaches
a maximum radius R, just before the violent collapse to
a minimum radius R,,;, — 0. The collapse is characterized
by the bubble wall reaching its maximum velocity under
the assumption of adiabatic compression of the internal
gas. As a result, the gas reaches exceedingly high pres-
sures and temperatures during the collapse. The maxi-
mum temperature reached during the process can be de-
termined, using the initial temperature T, by the following
relationship [7].

(13)

Ronax\27—D
Tinax = TO( )

Rmin
Different Wave Sources

A preliminary approach to analyze the effect of mul-
tiple wave sources on the single bubble dynamics can be
made via simple modifications to the existing model. The
equation (7) can be modified to account, for instance, two
distinct waves characterized by amplitudes and fre-
quences B, f; and B, f, respectively [8, 9].

ps(t) = po — BusSin2r fit) — By, sin2r f,t)(14)

WAVE PROPAGATION
Analyzing wave propagation in a liquid medium con-
taining dispersed bubble population requires a compre-

hensive approach. One of the most important parameters
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in the cavitation theory is the void fraction g. It accounts
for the total volume occupied by cavities inside the con-
trol volume V:

5:%71R8n (19)

where n =N/V is bubble number density and R, is the

equilibrium radius that all bubbles are assumed to have
[10].

Mass Conservation

The conservation of mass for a mixture of liquid and
dispersed bubbles is expressed as:

A CORT (16)

where v is the velocity and p is the density of the mixture,
based on the void fraction

p=pr(A=PB)+pB =pr(1—F) (17)

Itis apparent that the mixture density approaches the lig-
uid density p;, since the gas density p, is negligibly small.

Assuming (a) negligible bubble coalescence and
fragmentation, (b) bubbles move at the same velocity as
the liquid and (c) the void fraction is of the order of 10~*
or smaller, the equation for conservation of mass is:

LDPLy gy =47R2 2R (18)
pr Dt Dt

Energy Conservation

The momentum conservation is ensured via Cauchy
relationship:

pL[%+v-Vv]= Veo+ f (19)

Neglecting viscous terms expressed via the stress
tensor & and the body forces given via f term, thereby
considering only for pressure forces, the momentum con-
servation equation is simplified to:

pL[%+v- Vv]—Vp:O (20)

Wave equation

The non-homogeneous wave equation can be de-
rived through the nondimensionalization of the governing
mass and momentum conservation equations. Following
the work done by Calfisch and al. [11] the non-homoge-
neous wave equation can be obtained:

1% _pLuyp_TE_ (21)

12 a2 a2

It can be proven that the wave propagation in the
bubbly liquid is following the Helmholtz's equation

AP(t,¥) + k,,°P(t,¥) = 0 (22)

where the complex wavenumber, a monodisperse bubble
population with equilibrium radius Ry, for is defined by the
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relationship:

2
kmzzw—2(1+4ﬂ

‘L

LVR?) (22)
wo—w2+2ibw

The wave number incorporates variables like reso-
nance frequency (w,), damping constant (b) that ac-
counts for viscous, thermal and acoustic effects and ve-
locity potential (@) given by the following relationships:

_  Po _ 20

@o = pLRo? [Re(¢) Ropo] (23)

o 2u Po @’Ry
b= pLRo? * 2p1Ry’ Im(®) + 2cy, (24)

3y

®= (25)

. D, . wRg? wRy?

1—3(7—1)l$§2[\/lD—gcoth(l[)—g)—l]
REACTION

Fenton oxidation is a promising method for the deg-
radation of pollutants like phenols. In Fenton process, hy-
droxyl radicals OH™ are produced from hydrogen perox-
ide H,0, catalyzed by iron Fe(II).

Fe?* + H,0, — Fe** + OH~ + OH » (26)

The generated radicals can react effectively with a vari-
ety of organic compounds RH.

RH+ OH .+ —» H,0+ R+ — further oxidation (27)
R« +H,0, > ROH + OH « (28)

Batch Reactor

Considering a well-mixed mixture, two areas of in-
terest can be assumed. The first one is where the cavita-
tion takes place, which is essentially the part of the liquid
that has elevated temperature due to a bubble collapse,
thus an enhanced reaction rate. The second one is the
rest of the bulk liquid having an ambient temperature,
thus a base reaction rate. The areas are symbolized with
¢ and B respectively. The mass equilibrium for a product
with concentration, C, may then be written as:

d
= Br+(-Byp (29)
where §is the void fraction and r the rate of the reaction.

Effective Rate

Although this theory may be applied to different re-
actions, this work focuses on the degradation of cresols,
due to the reaction being well documented under a vari-
ety of conditions.

C,Hg0 + 17H,0, — 7CO, + 21H,0 (30)

Assuming abundance of H,0,, a pseudo-first-order
reaction rate for the organic compound is given by:

r=—kC (31)
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where the constant k has an Arrhenius dependency of
temperature:

k=A exp(i—;) (32)

In the bulk liquid with an ambient temperature T, the rate
constant would be:

_ Ea
kg = Aexp (RgTO) (33)

While in the area affected by cavitation phenomena,
heat diffusion in the surrounding liquid must be consid-
ered. Thus, the rate constant would be given by the fol-
lowing equation:

_f, J, k(trdvdt

kers = h f, dvdt (34)

By integrating Eq. (29) a more convenient variable
for comparison can be derived, hereafter referred to as
effective rate r,z;:

— [ £] = [Bleyy + (1 = B (35)
where:

Fepr = Bkeps + (1 — Bkg (36)

SIMULATION DETAILS

Geometry

The sonochemical reactor is a cylindrical batch re-
actor, open at the top, with a cylindrical transducer sub-
merged from the top. The ultrasound is introduced into
the system from the tip of the transducer.

|
!

Figure 1. Geometric characteristics of the reactor.

The reactor is filled with an aquatic solution. The ge-
ometry of the reactor is described in Figure 1 and Table 1

Table 1. Geometrical characteristics of the reactor.

Symbol Value
D, 0.5m
D, 0.08 m
H, 0.2m
H, 0.1m

Vittas et al. / LAPSE:2026.0389
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Parameters

The liquid medium is water at standard temperature
and pressure, thus T, = 298.15K and p, = 1.01325 « 10° Pa.
The physical properties of water are given in Table 2.

Table 2. Physical properties of water.

Symbol Value
r 4/3
z 0.0725N e m™!
M 1.0016 « 1073 Pa e s
oL 1000 kg « m~3

The acoustic wave travels at the frequency of f =
20 kHz and with an amplitude that is calculated by the fol-
lowing relationship [8, 12]:

Bo=\/2pre (37)

where P is the power of the transducer set to 40 W and
A; = 0.005 m? the area of the tip of the transducer. Thus,
the amplitude of the wave is set to be P, = 1.53 « 10° Pa.

In terms of the reaction, for p-cresols the Arrhenius
constants are A = 0.1419s™! and E, = 14.25 « 10° I mol ™.

It should be noted that equilibrium radius of the sin-
gle bubble is considered to be R, =5um and the void
fraction is calculated via the following empirical relation-
ship [13]:

B=N-|p|
where N =2+107°.

(38)

RESULTS

The results of the simulation can be divided into two
categories: the single-bubble environment, which ac-
counts for the enhancement of the reaction through an
increase of the rate constant and wave propagation in-
side the batch reactor, which reflects the intensity of
cavitation phenomena through an increase of the void
fraction.

Single-Bubble Environment

The effect of one wave and two coherent waves on
the single bubble have been simulated. Figures 2 and 3
demonstrate the radius changes for each case.

The bubble grows 15 and 50 times its equilibrium
size respectively and then it rapidly collapses before the
completion of on cycle. The temperature reached by the
bubble during the collapse, based on the maximum radius
the bubble reaches, is 4780 K for one wave and 13987 K
for two waves. Applying a simple conduction model, the
area effected by cavitation is 2 times the equilibrium ra-
dius and this effect is sustained for 10 periods for both
cases.
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Bubble Radius vs. Time

R(Y/RO

Periods

Figure 2. Bubble radius as a function of time under one
acoustic wave.

Bubble Radius vs. Time

R(/RO

L L L
0 01 02 03 04 05 06 07 08 09 1

Periods

Figure 3. Bubble radius as a function of time under two
identical acoustic waves

The rate constant in these conditions can be calcu-
lated to be 0.2788 s7! and 0.7733 s~! respectively, while in
bulk conditions the constant is 4.5213 - 10~* s~1. This ac-
counts for an increase of 615% and 1700% for the rate con-
stant in the cavitation zone compared to the bulk of the
liquid.

One transducer

The first simulation examines a transducer placed at
the center of the top of the reactor as shown in Figure 4.

The propagation of the wave in the liquid medium
was described by the pressure distribution inside the re-
actor, while the void fraction demonstrated where cavi-
tation phenomena occur. The YZ cut-plane of the reactor
is presented for both parameters in Figures 5 and 6.

The pressure wave appears to have an effect mostly
close to the transducer, although small pressure varia-
tions exist everywhere inside the reactor. The higher void
fraction, in the order of 9.107%, exists just under the
transducer. The mean void fraction was calculated to be
5.32 1075,

Vittas et al. / LAPSE:2026.0389
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Figure 4. Geometry of one transducer at the center of the
top of the reactor.

freq(1)=20000 Hz Surface: Total acoustic pressure (Pa)
m T T T T T T

T T :
0.3 A 2.41x10°
x10°

-

¥ -4.54x10°

-0.2 -0.15 -0.1 -0.05 o 0.05 0.1 0.15 0.2 m

Figure 5. Pressure distribution for one transducer.

Given this result and the rate constant for one wave,
the effective rate was calculated to be 4.648 « 107% 571,
This is an increase of 2.8% in the reactions rate. Literature
data suggest that the rate is around 4.5 « 10~*s71, depend-
ing on the exact conditions [14, 15].

freg(1)=20000 H2 Surface: Viold Fraction (1)

03 . ’ . =10
0.25
0.2
1%
ol

oS

0.05

2.1

a2 0l o o1 0.2 m

Figure 6. Void fraction for one transducer.
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Two transducers

The simplest geometry to simulate the wave propa-
gation from two different transducers is one at the center
top of the reactor (as before) and the other at the center
bottom of the reactor. Note that for practical reasons the
tip of the bottom transducer is placed on the same plane
as the bottom of the reactor.

-0.2

Figure 7. Geometry for two transducers.

The same YZ-plane plots for the pressure and void
fraction distributions are presented in Figures 8 and 9 re-
spectively. Both figures show little to no changes for the
addition of another transducer, just a slightly increased
intensity of the variations in the central axis. The mean
void fraction was calculated as 4.82 « 1075, lower than pre-
viously.

Despite that, the two waves introduced into the sys-
tem affect the single bubble dynamics differently, result-
ing in more extreme phenomena. Thus, the effective rate
was calculated to be 4.873 « 1074s7!, representing a 4.8%
increase compared to the one transducer simulation.

freq(1)=20000 Hz Surface: Total acoustic pressure (Pa)
m T T T T T T

T
0.26f | A 2.4x10°
x10°

¥ -3.07x10°

Figure 8. Pressure distribution for two transducers
Vittas et al. / LAPSE:2026.0389
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Tregl1)=20000 Hz

Surlace: Woid Fraction (1)

L] 8.15 L8| 05 (4] 0.05 ol 015 m

Figure 9. Void fraction for two transducers.

Optimization

To maximize the effective rate we investigated
changing the position of the top transducer in all direc-
tions and the bottom transducer in x and y directions.

The optimum configuration was found to involve
both transducers positioned at the center of the reactor,
with the top transducer submerged as deeply as possi-
ble. The maximum effective rate was calculated to be
5.640 « 10~*s~!, which accounts for an increase of 15.7% of
the rate calculated in the simple simulation.

In this case, the results were verified by the wave
propagation as well. As shown in Figure 10, the pressure
distribution changed drastically, when the transducer
was well placed. On the central axis, the combination of
the two transducers resulted in higher pressure ampli-
tude. Due to more efficient reflection on the walls, the
phenomenon was spreading to the rest of the bulk liquid,
since pressure variations are observed in all the reactor.

freq(1)=20000 Hz Surface: Total acoustic pressure (Pa)
m £ T T T T

| as01x10°
024 1 x10°

-2

-3

-0.061 . \ . . L L ' 1 W -3.61x10°
-0.15 0.1 -0.05 0 0.05 0.1 015 m

Figure 10. Pressure distribution for optimal position for
the transducers.
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The Void fraction mapping presented in Figure 11
further clarifies the result. Not only the areas with high
void fraction were increased between the transducers,
but the value of void fraction within these areas was in-
creased as well. The mean void fraction was calculated
to be 1.475 « 107*, an increase of 206%.

_'II'HI]I :'CO:C!!I.' ‘S:.-[.u.u- '\'un.:ll'a-.llu-lll_:

D24}

022

" | o
015 m

positioned

"JIL‘. I: 1 ::.n'. |.| ] |--'_. a1
Figure 11. Void fraction for optimally
transducers.

It should be noted that the void fraction depends on
the total volume of the liquid. Submerging the transducer
more into the liquid, lowers the liquid volume, resulting in
an increase of the void fraction. This plays an important
role in the increase and should be expected. Further-
more, the fact that both transducers were optimally
placed along the central axis rather than near the walls
indicates that, for the present geometry characteristics,
the most effective wave propagation occurs at the cen-
ter, where the reflections constructively reinforce the
acoustic field. In this arrangement, the pressure pulsa-
tions were symmetrically distributed throughout the re-
actor volume, ensuring that cavitation activity was pre-
sent across most of the liquid domain.

Side transducers

Considering the optimization simulations performed
up to this stage, the simulation of the side transducer was
omitted, since the behavior of the effective rate was al-
ready established. The subsequent step was to deter-
mine the optimal placement along the z direction.

The optimal position was found to be in about % the
height of the reactor. The mean void fraction and the ef-
fective rate of the reaction were calculated to be 8.828 »
10~° and 4.746 « 10~* s~ respectively. This was a slight im-
provement over only one transducer present.

The intuitive position for the transducer would prob-
ably be at half of the height of the reactor for symmetry
or as low as possible to enable strong reflection from the
walls. However, the optimum position was not even close

Vittas et al. / LAPSE:2026.0389
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to these, proving the complexity of wave propagation in-
side the reactor.

0.15
01 m
0.05

Figure 12. Optimal position for one side transducer.

Since the optimal height for one transducer had
been calculated, the next optimization was focused on a
second side transducer and its relative position to the
first one. The optimal position is shown in Figure 13.

The mean void fraction was found to be 1.216 « 107%,
while the rate of the reaction was 5.440 « 10~*s~1, which
accounted for a 14.6% increase relative to just one trans-
ducer.

0.15
01 m
0.05

Figure 13. Optimal position for two side transducers.

It was expected that the optimum placement for the
two side transducers would also be at the opposite sides
of the reactor (like the vertical positioning problem solu-
tion). However, the optimization results indicates that
this is not the case. This outcome can be attributed either
to the horizontal orientation of the transducers that
change drastically the wave propagation, or the fact that
in the opposite-side configuration their separation dis-
tance is larger than in the vertical arrangement, increas-
ing the wave damping throughout the liquid.
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CONCLUSION

The present study examined the enhancement of
batch reactor performance through the optimal place-
ment of one or more ultrasonic transducers to increase
chemical reaction rates. This objective was addressed
through an optimization formulation incorporating mul-
tiscale modeling, integrating cavitation theory, wave
propagation, heat diffusion, and reaction kinetics into a
batch reactor model equipped with one or two transduc-
ers. Particular emphasis was placed on capturing the ef-
fect of transducer placement on reactor performance.

At the single-bubble scale, simulations showed that
a bubble exposed to a single ultrasonic wave reached a
collapse temperature of ~4800 K, whereas the interac-
tion of two identical waves could increase the collapse
temperature to 15, 000 K. This increase in temperature
produced a substantial kinetic enhancement, with the re-
action rate within the cavitation-affected volume in-
creasing by 600% in the single-wave case and by 1700%
in the two-wave case relative to nominal conditions.

At the reactor scale, a configuration with a single
transducer submerged from the open top was used to
establish baseline conditions. Cavitation activity, quanti-
fied by the void fraction, was concentrated beneath the
transducer and provided reference values for both the
mean void fraction and the effective reaction rate. The
introduction of a second transducer increased the effec-
tive reaction rate by 5%, despite a slight decrease in the
mean void fraction. This result indicates that reactor per-
formance is governed not only by macroscopic wave
propagation, but also by microscopic bubble dynamics.

The optimal placement of the two transducers was
found to be along the central axis on opposite sides of
the reactor, with the upper transducer submerged as
deeply as possible. Under these conditions, the effective
reaction rate was maximized, reaching a value 16% higher
than that of the baseline configuration. Placing a single
transducer on the reactor sidewall, had no significant
performance enhancement. However, the addition of a
second sidewall transducer at an optimized location in-
creased the effective reaction rate by approximately 15%
relative to the single-side configuration.

These findings demonstrate that simulation-based
optimization can significantly improve the efficiency of
sonochemical reactors by guiding the spatial arrange-
ment of transducers. The proposed study highlights the
potential of computational approaches for the rational
design and scale-up of high-performance ultrasonic sys-
tems for chemical engineering applications.
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