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ABSTRACT 
Nanoparticle (NP) synthesis has been extensively studied since the mid-1800s and are utilized 
across numerous fields due to their unique microscopic properties that collectively yield macro-
scopic benefits. Of particular interest are silver (Ag) NPs, whose controllable size and morphology 
impart distinct catalytic, electronic, and optical properties advantageous for environmental and 
energy-related applications. The theoretical understanding of NP nucleation and growth has ad-
vanced considerably starting with classical nucleation theory, evolving into the LaMer model cen-
tering on burst nucleation and diffusion-limited growth and resulted in near monodispersed hy-
drosols. Finke and Watzky later introduced the autocatalytic model considering a slow and con-
tinuous nucleation and autocatalytic surface growth not limited by monomer diffusion. However, 
the precise mechanisms remain the subject of active debate for the different homogeneous and 
heterogenous nucleation systems. In this study, simulation models for NP population balances are 
developed using both material balanced and constant number Monte Carlo methods to describe 
NP formation and growth under diffusion-limited and autocatalytic conditions. Perturbative anal-
ysis of the model provides insight into whether NP formation is diffusion-limited or autocatalytic 
and how addition(s) or subtraction(s) of precursor influence the NP growth mechanism. Perturba-
tive analysis reveals the mean particle size and variance can be tuned by adding or removing 
precursor molecules during the reaction, although the overall size distribution trend remains con-
sistent. The present study together with new experimental capabilities lays the foundation for a 
model-based design of experiments to explore the nucleation and growth mechanism of metal 
nanoparticles. 

Keywords: Simulation, Modelling, Materials, Catalysis, Nanoparticles 

INTRODUCTION 
The development of nanoparticle (NP) synthesis 

models began with classical nucleation theory (CNT), 
progressed through the LaMer diffusion-limited model 
[1], and later evolved into the autocatalytic Finke–Watzky 
framework [2]. Early experimental observations, starting 
in the mid-19th century, established that NPs could form 
under controlled chemical conditions and exhibit unique 
properties distinct from bulk materials [3]. As experi-
mental techniques improved, these foundational ideas 
were extended into population balance modeling (PBM), 
which captures the dynamic evolution of particle size 

distributions by accounting for nucleation, growth, and 
aggregation processes [4].  

CNT emerged from pioneering work by Faraday, 
Ostwald, Zsigmondy, and later Becker and Döring, who 
formalized nucleation kinetics using population-based 
equations [5]. CNT successfully explains the energetic 
barrier to nucleus formation and distinguishes between 
homogeneous and heterogeneous nucleation. However, 
it treats nuclei as bulk-like entities and provides limited 
mechanistic insight into post-nucleation growth and final 
particle size distributions, leaving important gaps in un-
derstanding nanoparticle growth behavior [5]. 

To address growth and size uniformity, LaMer 
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introduced a diffusion-limited model describing three 
distinct stages: monomer accumulation, burst nucleation 
once a critical concentration is reached, and subsequent 
growth limited by monomer diffusion. This model ex-
plained the formation of near-monodisperse particles 
and became widely cited as a general framework for na-
noparticle synthesis [1]. Nonetheless, because it was de-
veloped for sulfur sols and extrapolated to other sys-
tems, its applicability, particularly to transition metals, 
has been questioned, as many systems do not exhibit in-
stantaneous burst nucleation or purely diffusion-limited 
growth [6]. 

The autocatalytic Finke–Watzky model challenged 
the LaMer paradigm by proposing slow, continuous nu-
cleation at low monomer concentrations coupled with 
rapid autocatalytic surface growth. In this framework, 
smaller particles grow faster than larger ones, naturally 
leading to near-monodisperse (or sized focused) distri-
butions without burst nucleation [2]. Subsequent refine-
ments added diffusion driven agglomeration and second-
ary autocatalytic steps, supported by kinetic studies, mi-
croscopy, and simulations, further improving the model’s 
ability to capture experimentally observed nanoparticle 
growth pathways [7]. 

Modern approaches integrate the autocatalytic 
framework with mechanism-enabled PBM to explicitly 
track particle dispersity throughout nucleation and 
growth [8]. While this approach has been successful for 
certain transition metals, evidence from silver nanoparti-
cle and nanowire systems shows that diffusion pro-
cesses remain important alongside autocatalytic growth 
and LaMer growth may still be important [7, 9, 14]. Con-
sequently, accurate modeling of silver NP formation re-
quires a hybrid framework that incorporates both auto-
catalytic surface reactions and diffusion-limited 
transport, motivating the development of tailored kinetic 
and population balance models for silver NPs (AgNPs). 
These computational studies support our experimental 
efforts to understand the mechanism of Ag NP growth by 
the polyol process [10-13]. 

THEORETICAL OBJECTIVES 
The objective of this research is to develop a mech-

anistic and kinetic understanding of NP nucleation, 
growth, and particle size distribution (PSD), with particu-
lar emphasis on how transient perturbations in reactant 
concentration can differentiate formation mechanisms. 
By elucidating not only how NPs form but also how their 
size and PSD can be controlled, this work aims to enable 
the rational design of AgNPs for applications in medicine, 
catalysis, sensing, and related commercial fields [14]. A 
testable, mechanistic hypothesis is proposed in which 
nucleation follows first-order kinetics and growth pro-
ceeds via second-order autocatalytic kinetics, 

represented through reaction extents for nucleation (ξ0) 
and growth (ξₙ₊₁, n > 0). This framework (Table 1) allows 
systematic investigation of how changes in reaction con-
ditions, precursor concentration(s), and additives can be 
used to manipulate AgNP size and dispersity, providing a 
foundation for model refinement using empirical data. 

Table 1. Hypothesized reaction mechanism for NP nucle-
ation and growth. 

Step Reaction Rate  

Nucleation 𝐴𝐴 
�0→𝐶𝐶1 

 
𝑅𝑅0 = 𝑑𝑑𝜉𝜉0

𝑑𝑑𝑑𝑑 = 𝑘𝑘0[𝐴𝐴] 

 

Growth 𝐴𝐴 + 𝐶𝐶�
��→𝐶𝐶�+1 

 
𝑅𝑅� = 𝑑𝑑𝜉𝜉�

𝑑𝑑𝑑𝑑 = 𝑘𝑘�[𝐴𝐴][𝐶𝐶�],  

∀ 𝑛𝑛 ≥ 1 

 The corresponding material balance equations for 
the different species generating NPs are given in Table 2, 
assuming a batch reactor system. These predict how the 
NP concentration changes over time in relation to the 
precursor and nucleate. 

Table 2. Species concentration rate over time under re-
action mechanism of Table 1. 

Species Rate 

Precursor 
𝑑𝑑[𝐴𝐴]
𝑑𝑑𝑑𝑑 = −𝑘𝑘0[𝐴𝐴] −� 𝑘𝑘�[𝐴𝐴][𝐶𝐶�]

∞

�=1
 

 

NP Nucleate 
𝑑𝑑[𝐶𝐶1]
𝑑𝑑𝑑𝑑 = 𝑘𝑘0[𝐴𝐴] − 𝑘𝑘1[𝐴𝐴][𝐶𝐶1] 

 

NP 
𝑑𝑑[𝐶𝐶�]
𝑑𝑑𝑑𝑑 = 𝑘𝑘�−1[𝐴𝐴][𝐶𝐶�−1]−𝑘𝑘�[𝐴𝐴][𝐶𝐶�],  

∀𝑛𝑛 ≥ 2 
 

Table 3. Normalized NP species concentrations over 
time. 

Species Normalized Rate 

Precursor 
𝑑𝑑𝑐𝑐�
𝑑𝑑𝑑𝑑 = −𝜅𝜅0𝑐𝑐� − 𝑐𝑐�� 𝜅𝜅�𝑐𝑐�

∞

�=1
 

 

NP Nucleate 
𝑑𝑑𝑐𝑐1
𝑑𝑑𝑑𝑑 = 𝜅𝜅0𝑐𝑐� − 𝜅𝜅1𝑐𝑐�𝑐𝑐1 

 

NP  𝑑𝑑𝑐𝑐�
𝑑𝑑𝑑𝑑 = 𝜅𝜅�−1𝑐𝑐�𝑐𝑐�−1 − 𝜅𝜅�𝑐𝑐�𝑐𝑐�,∀𝑛𝑛 ≥ 2 

  
Species concentrations are normalized to the initial 

precursor concentration [𝐴𝐴]0, yielding the dimensionless 
quantities 𝑐𝑐� for the precursor and 𝑐𝑐� for the nanoparti-
cles. Characteristic times are defined based on the reac-
tion rate constants: the nucleation time 𝜏𝜏�  and the growth 
time 𝜏𝜏�, normalized to the nucleation and growth rate 
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constants, respectively, as summarized in Table 3. Nor-
malizations for autocatalytic growth are also provided by: 

𝜏𝜏 = �

��
 , 𝜅𝜅0 = ��

��
= �0

[�]0��
    (1) 

These equations form the foundation of the NP nu-
cleation and growth mechanisms simulated in the two 
models developed here. To enable versatility across both 
diffusion-limited and autocatalytic regimes, a diffusion 
component is incorporated to account for the transport 
of monomer to the NP surface. The Smoluchowski equa-
tion, which characterizes diffusion-limited aggregation 
[15-18], was originally formulated to describe the collision 
rate between two colloidal particles. A simplified form of 
this expression is used here by assuming the precursor is 
a single Ag atom of unit radius 𝑟𝑟��, the NP radius follows 
a 1/3 power-law dependence on the number of Ag atoms 
per NP (or 𝑛𝑛), and the diffusion coefficient (𝐷𝐷): 

𝑘𝑘�,�  =  4𝜋𝜋𝜋𝜋𝑟𝑟��𝑛𝑛
1
3⁄      (2) 

Here, the effective NP growth rate constant is ex-
pressed as the inverse sum of the autocatalytic and dif-
fusion-limited rate constants per Collins-Kimball [16-17]. 

𝑘𝑘���,�−1 = 𝑘𝑘�,�−1 + 𝑘𝑘�,�−1     (3) 

This formulation allows the model to represent 
purely diffusion-limited growth (𝑘𝑘�,� = 0), purely auto-
catalytic growth (𝑘𝑘�,� = 0), or a combination of both 
mechanisms. Accordingly, the reaction rates listed in Ta-
ble 1 can be extended to incorporate diffusion effects by 
using Equation 3. The rate of precursor diffusion to the 
NP surface relative to autocatalytic growth rate can be 
summarized by the Damköhler number (Da). 

𝐷𝐷𝐷𝐷� = ��,�
��,�

,𝑓𝑓𝑓𝑓𝑓𝑓 𝑛𝑛 > 0    (4) 

Larger Damköhler numbers yield higher autocata-
lytic growth of NPs relative to diffusive flux of precursor 
atoms to the NP surface [18]. For this study, we can con-
sider the ratio of the rate constant for the first growth 
event to the diffusion coefficient, 𝑘𝑘�,1/𝐷𝐷, for characteri-
zation of varying degrees of diffusion to autocatalytic 
growth. 

MODELING METHODOLOGY 
Two NP nucleation and growth simulation models 

were developed, a material balanced (or constant vol-
ume) model and a constant Number Monte Carlo Model. 
Both utilize the Metropolis-Hastings Markov Chain Monte 
Carlo (MCMC) method to nucleate and grow NPs [19-20]. 

Material Balanced Monte Carlo Model 
A stochastic model for NP formation was imple-

mented in Python using the Metropolis–Hastings MCMC 
method. The NP formation system can be considered a 
Markov Chain since the NP reaction rates are predicated 

on the current concentration of the NPs and precursor 
[20]. The material balanced NP formation algorithm pro-
ceeds in two stages.  

For the first stage, nucleation is represented as the 
initial element, while subsequent elements correspond to 
autocatalytic growth. Reaction rate constants follow an 
Arrhenius-like decay reflecting the lower surface area to 
volume as NP size increases. Alternatively, a power law 
decay could also be used but Arrhenius-like decay was 
used for this work. 

𝑘𝑘�,�  = 𝑘𝑘�,1e−��    () 

First, a uniform random number, 𝑁𝑁�,1, between 0 and 
1 is selected based on a cumulative normalized vector of 
reaction rates defined by Equation 6 below: 

𝑋𝑋� = ∑ ��
�
0

∑ ��
�
0

     (6) 

where T is the maximum size of the NP reaction rate vec-
tor. Within the normalized vector of reaction rated 𝑋𝑋�, an 
NP size is identified such that: 

𝑋𝑋�−1 < 𝑁𝑁�,1 ≤ 𝑋𝑋�    (7) 

The normalized cumulative vector enables selection 
of nucleation or NP growth where nucleation dominates 
at the initial stage, while growth probabilities become 
more dispersed as particles enlarge.  

Second, the accept–reject algorithm determines 
whether the chosen event occurs. Reaction rates are nor-
malized to the maximum rate per Equation 8: 

𝑌𝑌� = ��
max (��)

      (8) 

a second uniform random number, 𝑁𝑁�,2, is drawn and, if it 
is less than or equal to the normalized rate, the event is 
accepted. If it is greater, the event is rejected. This en-
sures particles with higher reaction rates are more likely 
to grow, while those with lower rates stagnate. 

Ultimately, this framework provides mechanistic in-
sight into NP formation and growth. By training the model 
with experimental data, particle size distributions can be 
mapped over time using heat maps, contour plots, or 
other 3-D visualizations. This enables model-based de-
sign of experiments to compare classical LaMer and 
Finke–Watzky autocatalytic models, offering a pathway 
to control NP size and distribution through mechanistic 
understanding of nucleation and growth kinetics. 

Adaptability of NP Formation 
The material balanced model is extended to incor-

porate monomer additions and subtractions at defined 
times during nucleation and growth. Resulting changes in 
reaction rate constants, surface free energy, and precur-
sor reduction are evaluated to assess their impact on NP 
formation. NP evolution is tracked through changes in 
mean particle size and the full-size distribution. Key per-
turbations include adding precursor atoms during 



 

King et al. / LAPSE:2026.0386 Syst Control Trans 5:1445-1454 (2026) 1448  

growth, introducing structure‑directing agents (H₂), and 
accounting for ambient oxygen. Incorporating these var-
iations enables the simulation to quantify how each per-
turbation influences NP formation and growth dynamics, 
yielding a clearer picture of the underlying mechanism. 

Although precursor concentrations are difficult to 
control experimentally, perturbations observed in exper-
imental data can be used to validate the simulation. Can-
ning et al have used perturbation analysis that nucleation 
is fast relative to growth [10]. Minute changes in precur-
sor concentration are challenging to monitor in real time, 
but the model enables controlled virtual experiments that 
replicate these conditions. By comparing simulation re-
sults with measurable experimental perturbations, the ro-
bustness and predictive capability of the model can be 
validated. 

The material balanced model, while effective in sim-
ulating precursor concentrations, becomes computation-
ally expensive and less practical for large NP sizes, as all 
precursor and NPs must be explicitly accounted for. To 
address this limitation, a second approach was devel-
oped: the constant Number Monte Carlo model. This 
framework tracks a fixed number of particles that may 
nucleate, grow, or leave the system based on probabili-
ties dictated by reaction rates. This approach reduces 
computational demands and extends functionality, mak-
ing it more suitable for simulating NP nucleation and 
growth at larger scales. 

Constant Number Monte Carlo (cNMC) Model 
In the constant Number Monte Carlo (cNMC) 

method, an array of NPs is tracked for nucleation and 
growth within a simulation box. This approach is analo-
gous to transmission electron microscopy (TEM), where 
a representative sample slide reveals the NP distribution 
[21]. In the cNMC model, the number of NPs in the simu-
lation box (𝑐𝑐�) remains constant, while the NP mass con-
centration (𝑐𝑐�) increases over time as NPs nucleate and 
grow. The average volume 〈𝑣𝑣〉 is defined as: 

〈𝑣𝑣〉 = ��
��

     (9) 

Thus, NP distributions and concentrations must be 
tracked individually. Assuming normalized precursor and 
NP concentrations, the initial conditions are defined as: 

𝑐𝑐0,(�=0) = 1, 𝑐𝑐�,(�=0) = 0    (10) 

𝑐𝑐� = ∑ 𝑐𝑐� = 0∞
1     (11) 

The NP autocatalytic growth rate and mean growth rate 
constant are expressed as: 

𝑟𝑟� = 𝑐𝑐0𝑐𝑐�
∑ ����
∞
�=1

��
    (12) 

Experimentally, TEM measurements of NP size and num-
ber yield a similar mean growth rate constant: 

〈𝑘𝑘�〉 = ∑ ����
∞
�=1

��
= ∑ ��(�)

�
�=1

�
   (13) 

with nucleation and autocatalytic growth rates defined as 
𝑟𝑟� = 𝑘𝑘0𝑐𝑐0     (14) 

𝑟𝑟� = 𝑐𝑐0𝑐𝑐�〈𝑘𝑘�〉    (15) 

The simulation box contains N particles represent-
ing normalized concentrations 𝑐𝑐�(𝑡𝑡), with N constant 
while 𝑐𝑐� and 𝑐𝑐� evolve. Each Monte Carlo step updates 
the system by either: (1) nucleation adds an NP of mass 
1 to the box and ejects a random NP from the box to 
maintain a constant N or (2) growth adds one unit of mass 
(𝛿𝛿� = +1) to an existing NP in the box. The time increment 
and NP mass concentration change are given by: 

𝛿𝛿𝛿𝛿 = 1

��+��
     (16) 

𝛿𝛿𝑐𝑐� = ����

�〈�〉
     (17) 

with initial conditions: 

𝑡𝑡 = 0, 𝑐𝑐0 = 1, 𝑐𝑐� = 0, 𝑐𝑐� = 0, 〈𝑣𝑣〉 = 0 

The first event is always nucleation and therefore Equa-
tions 14-15 reduce to: 

𝛿𝛿𝛿𝛿 = 1

�0
     (18) 

𝛿𝛿𝑐𝑐� = 1

�
     (19) 

Subsequent events update the mean NP size and growth 
rate constant: 

〈𝑘𝑘�〉 = ∑ ��
�
�=1

�
, 〈𝑣𝑣〉 = ∑ ��

�
�=1

�
   (20) 

At each step, nucleation or growth is chosen probabilis-
tically. The probabilities are: 

𝑃𝑃� = ��
��+��

     (21) 

𝑃𝑃� = ��
��+��

     (22) 

𝑃𝑃� + 𝑃𝑃� = 1     (23) 

If growth occurs, an NP is selected based on its rel-
ative reaction rate constant. The chosen NP increases in 
mass by one unit, and system variables are updated in 
Equations 14-15. This algorithm is repeated until the de-
sired number of iterations is reached, enabling simulation 
of NP nucleation and growth dynamics under constant 
particle number constraints. 

RESULTS 
 Two MCMC models, the material balanced model 
and the cNMC model, were developed and validated to 
simulate NP formation and growth. These models gener-
ate data to examine how NPs nucleate, grow, and how 
their size distributions can be manipulated and controlled 
over time. Both frameworks can be adapted to represent 
either diffusion-limited LaMer growth, the autocatalytic 
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Finke–Watzky mechanism of NP formation, or both. The 
simulations were performed on Google Colab using a T4 
GPU. NP size distributions were tracked in pandas arrays, 
and three‑dimensional heat maps were generated with 
the seaborn package in Python. 

Material Balanced Monte Carlo Model 
The material balanced (constant volume) model was 

implemented following the Methodology section of the 

referenced paper and used to simulate nanoparticle for-
mation. This framework is well suited for systems with a 
finite precursor supply, enabling perturbative analyses in 
which precursor is added or removed and allowing calcu-
lation of NP formation yield. Consistent with literature 
consensus, reaction rate constants decrease as NP size 
increases [22]. Figure 1 shows the evolution of particle 
size distribution and reaction rates over time; the 
heat‑map representation highlights their coupled, 

 
Figure 1. Material balanced model simulation of NP formation and growth and reaction rate over time. NP size (left) 
and reaction rate (right) show convergence of larger NPs at longer time scales (size-focusing) and decreasing 
reaction rate as precursor atoms are consumed. This simulation was executed assuming a nucleation rate, 𝑘𝑘0 =

100 1
�
 initial growth rate, 𝑘𝑘1 = 1, 000  1

��
, successive 𝑘𝑘� values following equation 5, 𝐷𝐷 = 1.0 �

2

�
, λ = 0.05, and an initial 

silver concentration population of 50, 000 atoms resulting in ��,1
�

= 1, 000 1

�2�
 (𝐷𝐷𝐷𝐷�=2.51). The simulation time was 

calculated using the inverse sum of the reaction rates for each step.  
 

 
Figure 2. MoM validation of the material‑balanced model. The material balanced model exhibits alignment with the 
MoM calculations for both precursor concentration (left) and the first‑moment NP mean size (right) over time, 
demonstrating consistent predictive behavior across the two approaches. 
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three‑dimensional progression. As illustrated, the popu-
lation size‑focuses toward a mean of 73.75 ± 32.96 Ag 
atoms. 
 The material balanced model was validated using a 
Method of Moments (MoM) simulation for NP generation 
and results are shown in Figure 2. The normalized pre-
cursor concentration exhibits a sigmoidal decay profile 
where nucleation dominates early, growth accelerates 
precursor consumption, and depletion slows once pre-
cursor is consumed. The NP mean size follows the ex-
pected trend as well, increasing as NPs form and then 
tapering as precursor is exhausted which is in alignment 
with the MoM simulated mean. 
 Development and validation of the material bal-
anced model provides the foundation for simulating 

perturbations to assess their effects on NP mean size and 
dispersity, which offers insight into the nanoparticle for-
mation and growth mechanism. 

Adaptability of NP Formation 
 The effect of precursor additions and changes in re-
action conditions on NP growth was examined. In one 
scenario, an additional 50% of precursor was injected 
once half of the initial precursor had been consumed. As 
shown in Figure 3, starting with 50, 000 precursor atoms, 
an extra 25, 000 molecules were introduced after 50% 
precursor conversion. The reaction rate then increased 
sharply, evident from the intensified color on the heat 
map. This behavior occurs because the sudden availabil-
ity of precursor accelerates growth across all NP sizes 

 
Figure 3. Perturbative analysis of NP growth where 25, 000 precursor molecules are added once 50% of the 50, 
000 initial precursor molecules have reacted with conditions described in Figure 1. A sudden increase in reaction 
rate is noted as precursor is injected leading to a larger NP mean size.  
 

 
Figure 4. Perturbative analysis of NP growth where 10, 000 precursor atoms are subtracted once 50% of the 50, 
000 initial precursor molecules have reacted with conditions described in Figure 1.  
 
 



 

King et al. / LAPSE:2026.0386 Syst Control Trans 5:1445-1454 (2026) 1451  

simultaneously. In this case, the NPs size focus toward a 
mean of 82.33 ± 34.39 Ag atoms. 
 Conversely, we looked at subtracting precursor 
molecules when 50% of precursor atoms have reacted. 
Experimentally, this could be achieved by adding a deac-
tivation reagent to the solution where suddenly a fraction 
of precursors are deactivated and unable to nucleate or 
add to existing NPs. Figure 4 shows this simulation and, 
in comparison with Figure 3, shows the reaction rates 
suddenly decrease once the fraction of precursor mole-
cules are added to the system. In this case, the NPs size 
focus toward a mean of 67.80 ± 32.50 Ag atoms. 
 As such, perturbations in the addition or subtraction 
of precursor atoms during the reaction have a strong in-
fluence on the mean and the variance of the final NP size 
distribution. Adding precursor atoms increases the mean 
size and variance of the NP population whereas subtrac-
tion of the precursor molecules during the reaction low-
ers the mean size and variance. 

Expanding on this point, Table 4 summarizes the rel-
ative variation in NP size increases as the diffusion coef-
ficient decreases. In other words, greater resistance to 
diffusion leads to a more dispersed, or less size‑focused, 
NP population. This increase in dispersity becomes even 
more pronounced when the system experiences pertur-
bations that add or subtract precursor molecules. 

The results in Table 4 show that both diffusion co-
efficient and precursor perturbations systematically 
shape NP size evolution. Lower diffusion coefficients 
produce larger mean NP sizes because restricted mass 
transport limits precursor delivery to NP surfaces, pro-
moting continued growth of existing particles. At the 
same time, the normalized standard deviation and poly-
dispersity increase as diffusion slows, yielding broader, 
less size‑focused populations. Additive perturbations 
suppress dispersity, whereas precursor removal ampli-
fies it, especially at low diffusion. Systems with restricted 

diffusion are therefore more sensitive to precursor fluc-
tuations, resulting in greater heterogeneity in the final NP 
size distribution. 

Table 4. Final NP size and dispersity parameters after 
precursor perturbations at three diffusion coefficients.  

Diffusion Coeff    
𝑘𝑘�,1/𝐷𝐷       
No Perturbation   
Mean NP size    
Std Dev (SD)    
Norm NP Size    
Norm SD    
Polydispersity    
+  Perturbation   
Mean NP size    
Std Dev (SD)    
Norm NP Size    
Norm SD    
Polydispersity    
-  Perturbation   
Mean NP size    
Std Dev (SD)    
Norm NP Size    
Norm SD    
Polydispersity    

 

Constant Number Monte Carlo (cNMC) Model 
 The cNMC model has the advantage that it can grow 
nanoparticles (NPs) to very large sizes and run for an ef-
fectively indefinite simulation time. Since the algorithm 

 
Figure 5. cNMC simulation using a 5000‑particle box with 𝑘𝑘0 is 1x10-12 and 𝑘𝑘� is based on Arrhenius-like Decay (λ 
= 0.05). NP growth for 50, 000 iterations allows NPs to grow up to ~90 atoms. 
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does not impose a finite precursor pool, additional pre-
cursor atoms can be introduced into the simulation box 
as NPs grow. Under the conditions shown here in Figure 
5, the mean NP size converges towards a mean of 10.99 
± 2.50 Ag atoms. 

Event probabilities indicate nucleation is initially far 
more likely than growth; however, once NPs form, the 
probability rapidly shifts toward growth. This behavior is 
consistent with both the LaMer burst-nucleation picture 
and the autocatalytic Finke–Watzky mechanism. As NPs 
enlarge, their total mass increases while the particle con-
centration (𝑐𝑐�) remains constant within the simulation 
box. The cNMC framework, therefore, provides an alter-
native approach to simulating NP nucleation and growth 
that is not constrained by a fixed particle number. Addi-
tionally, it is more representative of TEM experiments, 
where a sample of the reaction mixture is analyzed as a 
distribution within a finite observation volume. 

Table 5. Summary of NP size and dispersity parameters 
obtained from the Constant Number Monte Carlo (cNMC) 
simulations at varying diffusion coefficients. Increasing 
diffusion leads to reduced polydispersity and a system-
atic increase in mean NP size. 

Diffusion Coeff    
𝑘𝑘�,1/𝐷𝐷      
Result   
Mean NP size    
Std Dev (SD)    
Norm SD    
Polydispersity    

 
As observed in the material balanced model, NP pol-

ydispersity decreases with increasing diffusion coeffi-
cient. However, in contrast to the material balanced 
model, the mean NP size increases with greater precur-
sor diffusivity. This difference arises because, in the 
cNMC model, the simulation box effectively expands as 
precursor atoms are added during growth. Faster diffu-
sion therefore increases the rate at which precursors 
reach the NP surface, enabling larger average NP sizes 
while still narrowing the size distribution. In the material 
balanced model, by contrast, the simulation box is fixed 
by the initially supplied precursor, making growth in-
creasingly supply limited as NPs grow and precursors de-
pleate. Together, these frameworks clarify how diffu-
sion‑limited and supply limited regimes shape NP growth. 
Both the material balanced and cNMC models will be 
used for experimental studies in which simulated size 
distributions can be directly compared with TEM‑derived 
NP populations to validate mechanistic assumptions 
about NP formation under various kinetic regimes. 

DISCUSSION 
 A nanoparticle growth model was proposed (Ta-
ble 1) incorporating LaMer diffusion‑limited growth via 
the Smoluchowski equation with the Collins–Kimball 
framework, and implemented along with two formation 
and growth models using a Metropolis–Hastings MCMC 
algorithm [19-20]. Both the material balanced and cNMC 
models were developed to study NP formation under ex-
perimental conditions and to accommodate diffusion‑lim-
ited LaMer [1] and autocatalytic Finke–Watzky [2] mech-
anisms. Diffusion‑limited growth was modeled with 
Smoluchowski diffusion, while autocatalytic growth fol-
lowed an Arrhenius‑like decay in rate constants, con-
sistent with observations that larger NPs grow more 
slowly [22]. Although the original autocatalytic frame-
work was designed for iridium, its applicability to diffu-
sion‑limited silver systems is uncertain; diffusion remains 
a critical parameter for AgNP growth [7, 14] and is explic-
itly included here. Increasing diffusional resistance (i.e., 
decreasing diffusion coefficient) produces more disperse 
NPs in both the material balanced and cNMC models. 
 A perturbative analysis was performed in which pre-
cursor molecules were added or removed once 50% of 
the initial precursor had been consumed. This analysis 
revealed that subtracting precursor decreased the mean 
and increased the dispersity of the final NP distribution, 
while adding precursor caused the reverse. Despite 
these perturbations, the overall particle size distribution 
remained relatively consistent, demonstrating the ro-
bustness of the modeling framework. 
 A constant Number Monte Carlo (cNMC) NP growth 
model was also developed to incorporate both autocata-
lytic and diffusive components. Event probabilities show 
that nucleation dominates first, but once NPs begin to 
form, the likelihood rapidly shifts toward growth. This 
transition mirrors the mechanistic behavior described by 
both the LaMer model and the autocatalytic Finke–
Watzky framework. As in the material balanced model, in-
creasing diffusion decreases NP dispersity. However, in 
contrast to the material balanced model, the mean NP 
size increases with increasing diffusion. This difference 
arises because the cNMC framework does not impose a 
finite precursor pool and is not supply limited. Precursor 
can be continuously added into the simulation box and 
are therefore not limited by the initial concentration.  
 Development of these models, with the use of con-
trolled perturbations, provides a powerful framework for 
understanding how NPs grow and achieve size focusing. 
These perturbation studies reveal how fluctuations in 
precursor availability can reshape both the mean and dis-
persity of the final NP population, offering mechanistic in-
sight into the sensitivity of NP growth pathways. Future 
work will focus on aligning experimental data with both 
material balanced and cNMC models to determine how 
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nucleation and early‑stage growth proceed at scales be-
low typical instrumental detection limits and define fun-
damental NP formation mechanisms. The simulations 
presented here demonstrate precursor perturbations ex-
ert measurable and systematic effects on NP size evolu-
tion, underscoring the value of this modeling approach 
for probing nanoscale processes that are otherwise ex-
perimentally inaccessible. 
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