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ABSTRACT 
The growing integration of renewable energy sources such as solar and wind power has intensified 
the demand for advanced energy storage technologies. Lithium–air (Li–O₂) batteries are particu-
larly attractive due to their exceptionally high theoretical specific energy, which surpasses that of 
the conventional lithium-ion system. However, their practical application is hindered by poor re-
versibility during discharge, primarily due to the formation and decomposition of lithium peroxide 
(Li₂O₂), which causes cathode passivation and capacity fading. Since the electrochemical perfor-
mance of Li–O₂ batteries is strongly influenced by the morphology, size, and spatial distribution of 
Li₂O₂ crystals, understanding the mechanisms governing their nucleation and growth is critical. To 
address this challenge, this work proposes a computational framework based on population bal-
ance modeling (PBM) to describe Li₂O₂ crystallization dynamics during battery discharge. The 
framework integrates population, mass, and energy balances, allowing the coupled analysis of 
electrochemical kinetics, supersaturation effects, and the evolution of crystal size distributions. 
Compared with continuum-scale and phase-field models, the PBM approach offers reduced com-
putational cost while naturally accounting for particle size distributions and linking microscopic 
crystallization phenomena to macroscopic battery performance and degradation. Although simpli-
fied assumptions were adopted in this initial formulation, the framework successfully captures the 
essential discharge behavior of Li–O₂ systems. As such, it provides a robust foundation for future 
model refinements incorporating additional physicochemical mechanisms and more detailed elec-
trochemical and transport phenomena. 
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INTRODUCTION 
Renewable energy sources represent a promising 

alternative to mitigate environmental issues associated 
with conventional fossil-based systems. In addition to 
their role in reducing greenhouse gas emissions, renew-
ables have become increasingly cost-competitive in 
electricity generation. According to the International Re-
newable Energy Agency [1], solar photovoltaic (PV) and 
onshore wind technologies are significantly more eco-
nomical than fossil fuel–based alternatives with costs ap-
proximately 41% and 53% lower than conventional op-
tions, respectively [2]. Despite their advantages, sources 
such as solar and wind are inherently intermittent. Solar 

power generation is constrained to daylight hours, while 
wind energy availability is dependent on geographic and 
meteorological conditions [3]. This intermittency is a 
challenge to the reliable and continuous supply of elec-
tricity that motivates the development of integrated en-
ergy systems capable of storing excess energy and de-
livering it on demand. In this context, electrochemical en-
ergy storage technologies, particularly batteries, have 
emerged as a viable solution to enable the large-scale in-
tegration of renewables. Notably, the cost of battery 
technologies has decreased more than 90% since 2010, 
highlighting their growing viability [2]. 

Rechargeable lithium-ion batteries have become the 
dominant energy storage technology for mobile app-
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lications, largely due to their high energy density [4]. De-
spite these advantages, the energy density of lithium-ion 
batteries is approaching its theoretical limit and remains 
insufficient to fully meet the growing global demand for 
large-scale storage. In this context, lithium–air (Li–O₂) 
batteries have attracted attention because of their high 
theoretical specific energy, reported to reach approxi-
mately 3500 W.h/kg [5]. Nevertheless, this value is un-
likely to be achieved in practical systems due to funda-
mental challenges [6]. 

In lithium–oxygen (Li–O₂) batteries, the overall re-
versible electrochemical reaction is governed by the for-
mation and decomposition of lithium peroxide (Li₂O₂), in 
contrast to the intercalation-based mechanism of con-
ventional lithium-ion batteries [7]. The morphology and 
accumulation of the Li₂O₂ discharge product are critical 
factors influencing the performance and reversibility of 
Li–O₂ cells. Specifically, Li₂O₂ formation and decomposi-
tion at the cathode directly affect round-trip efficiency, 
rate capability, and long-term cycling stability [8]. Stud-
ies have demonstrated that the insulating Li₂O₂ can de-
posit in diverse morphologies, including thin films and 

complex toroidal structures, depending on operating 
conditions [9]. Since the crystallization form of Li₂O₂ gov-
erns electron transport pathways and reaction accessi-
bility during charging, controlling its morphology is es-
sential. Consequently, a detailed understanding of how 
process variables influence Li₂O₂ nucleation, growth, and 
morphology is essential for optimizing battery capacity 
and achieving stable, reversible Li–O₂ operation. 

 Motivated by the influence of Li₂O₂ crystallization in 
the performance of Li–O₂ batteries, previous theoretical 
studies based on experimental observations have exam-
ined the formation of discharge products during battery 
operation [10-12]. In earlier work by the authors, a popu-
lation balance–based model was applied to analyze Li₂O₂ 
deposition during discharge, and the resulting trends and 
performance-related implications were discussed [13]. 
The present study, however, addresses a distinct and 
complementary objective. Rather than focusing on the in-
terpretation of modeling outcomes, this work provides a 
detailed exposition of the population balance modeling 
framework itself, including the governing equations, as-
sumptions, numerical implementation, and coupling with 

 
Figure 1. Information flow to model the discharge product involved in the Li2-O2 battery. 
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electrochemical variables. By systematically elucidating 
the structure and rationale of the model, this contribution 
establishes a reproducible simulation platform for Li₂O₂ 
crystallization, with direct applicability to other battery 
systems in which crystallization processes are crucial. As 
such, the novelty of this work lies in the formalization and 
clarification of the modeling methodology, enabling its 
reliable application and future expansion to more com-
plex electrochemical energy storage systems. 

LI-O2 CRYSTALLIZATION MODELLING 

Crystallization produces solid particles with a distri-
bution of sizes, commonly described by the crystal size 
distribution (CSD). In Li–O₂ batteries, the evolution of the 
CSD during discharge is governed by the coupled effects 
of electrochemical kinetics, mass and energy transport, 
and particle population dynamics. These phenomena are 
captured through an integrated modeling framework that 
accounts for Li₂O₂ saturation, nucleation, and crystal 
growth (Figure 1). Accordingly, the following sections de-
tail the core components of the model, including the 
characterization of Li₂O₂ crystals, mass and energy bal-
ances coupled with electrochemical kinetics, the popula-
tion balance formulation, and the expressions adopted 
for saturation, nucleation, and growth rates. 

Characteristics of Li2O2 crystals 
The external geometry of a crystal can be charac-

terized by its characteristic length (L), the surface areas 
of its facets, and the angles between them. In modeling 
applications, these geometric attributes are conveniently 
represented through shape factors, which provide a 
compact description of crystal morphology. Shape fac-
tors are commonly defined with respect to crystal volume 
and surface area, as expressed by the volume-based and 
area-based shape factors (Equations 1 and 2), respec-
tively [14]. These dimensionless parameters relate the 
characteristic length of a crystal to its corresponding vol-
ume and surface area. In the case of lithium peroxide, ex-
perimental observations indicate that the discharge 
product typically forms disk-like structures, such as to-
roids or oblate spheroids. Consequently, the associated 
shape factors are functions of the aspect ratio between 
the disk diameter and thickness, which governs the ef-
fective morphology of Li₂O₂ crystals [15]. 

𝑉𝑉� =  𝑘𝑘�𝐿𝐿3 (1) 

𝐴𝐴� =  𝑘𝑘�𝐿𝐿2 (2) 

Mass balance of Li2O2 crystals and kinetics 
The material balance of Li₂O₂ crystals during battery 

discharge is formulated by accounting for the temporal 
accumulation of solid discharge products within the cath-
ode. Equation 3 quantifies the total mass of Li₂O₂ as 

obtained from the distribution of insoluble crystals in the 
system and Equation 4 describes the evolution of crystal 
volume as a function of particle growth. To close the 
mass balance, the rate of Li₂O₂ formation must be linked 
to the underlying electrochemical processes. Lithium 
peroxide is generated through the cathodic oxygen re-
duction reaction, and its formation rate is evaluated using 
the Butler–Volmer formulation (Equation 5). This expres-
sion captures the dependence of the reaction rate on the 
applied overpotential as well as on the concentrations of 
the reactants (O₂ and Li⁺) and the discharge product 
(Li₂O₂). Based on the calculated cathodic reaction rate, 
the resulting variations in Li₂O₂ concentration, electrode 
porosity, and electrochemically active interfacial area are 
subsequently determined (Equations 6–8). Finally, the ef-
fective suspension volume of the system (Vsusp) is esti-
mated from the geometric dimensions of the cathode (ra-
dius and thickness) in combination with the evolving po-
rosity (Equation 9) [16]. 

𝐶𝐶�(𝑡𝑡) =  𝑘𝑘�𝜌𝜌�� 𝑁𝑁(𝐿𝐿, 𝑡𝑡)𝐿𝐿3𝑑𝑑𝑑𝑑
∞

0
 (3) 

𝑑𝑑𝑑𝑑�
𝑑𝑑𝑑𝑑 =  −3𝑘𝑘� � 𝐺𝐺(𝐿𝐿, 𝑡𝑡)𝑁𝑁(𝐿𝐿, 𝑡𝑡)𝐿𝐿2𝑑𝑑𝑑𝑑

∞

0
 (4) 

𝑗𝑗�
𝑛𝑛𝑛𝑛 = 𝑘𝑘���∆𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 �

(1− 𝛽𝛽)𝑛𝑛𝑛𝑛
𝑅𝑅𝑅𝑅 𝜂𝜂��

− 𝑘𝑘� (𝐶𝐶��)
2𝐶𝐶�2𝑒𝑒𝑒𝑒𝑒𝑒 �

−𝛽𝛽𝛽𝛽𝛽𝛽
𝑅𝑅𝑅𝑅 𝜂𝜂�� 

5) 

𝜕𝜕𝐶𝐶�
𝜕𝜕t = −𝑎𝑎𝑗𝑗�𝑀𝑀𝑀𝑀2𝐹𝐹  (6) 

𝜕𝜕𝜀𝜀
𝜕𝜕t = 𝑎𝑎𝑗𝑗�𝑀𝑀𝑀𝑀

2𝐹𝐹𝜌𝜌�
 (7) 

𝑎𝑎𝑎𝑎 = 𝑎𝑎𝑎𝑎0 �1 − �
𝑘𝑘� ∫ 𝑁𝑁𝐿𝐿3𝑑𝑑𝑑𝑑∞

0
𝑉𝑉����𝜀𝜀0

��
�

 (8) 

𝑉𝑉���� = π 𝑟𝑟��2𝑒𝑒𝑒𝑒𝑒𝑒 𝜀𝜀  
9) 

Energy balance 
The energy balance describes the heat transfer pro-

cesses occurring within the system and is expressed by 
Equation 10. Two primary contributions are considered in 
this formulation. The first accounts for the thermal ef-
fects associated with crystallization and Li₂O₂ formation, 
represented by the crystallization enthalpy. The second 
term represents heat exchange with the surroundings. In 
the present model, heat dissipation to the environment is 
assumed to occur via forced air convection, character-
ized by an average overall heat transfer coefficient of 30 
W m⁻² K⁻¹ [17]. 
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𝜌𝜌�𝑐𝑐��
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=  �−3∆𝐻𝐻�𝜌𝜌�𝑘𝑘� � 𝐺𝐺(𝐿𝐿, 𝑡𝑡)𝑁𝑁(𝐿𝐿, 𝑡𝑡)𝐿𝐿2𝑑𝑑𝑑𝑑
∞

0
�

− 𝑈𝑈𝐴𝐴�(𝑇𝑇 − 𝑇𝑇�) 

(10) 

Populational Balance 
The general population balance equation (PBE) em-

ployed in this work was previously derived and reported 
by the authors in an earlier study (Equation 11) [18].  

∂Nξ

∂t + ∂
𝜕𝜕𝜕𝜕 ∙ �𝑈𝑈�𝑁𝑁ξ� + ∂

𝜕𝜕ξ
∙ �ξ𝑁̇𝑁 ξ� = ℎξ (11) 

Building on this formulation, several assumptions 
were adopted to tailor the population balance description 
to Li–O₂ battery systems. Crystal size is characterized 
using a single linear dimension, namely the characteristic 
length L, resulting in a univariate population balance 
(ξ=L). The system is modeled under transient operating 
conditions, reflecting the time-dependent nature of bat-
tery discharge. The control volume is defined as the cath-
ode surface, which constitutes the primary site of Li₂O₂ 
nucleation and growth. Accordingly, the corresponding 
term in the PBE accounts for temporal changes in particle 
volume within the electrode domain. Particle transport 
within the phase volume is assumed to be governed 
solely by the linear crystal growth rate, while birth and 
death processes associated with discrete events are ne-
glected (hξ =0). Under these assumptions, the population 
balance for Li₂O₂ crystallization reduces to the batch 
crystallizer formulation expressed in Equation 12, yielding 
a partial differential equation that depends on both parti-
cle size and time, N(L, t). Two boundary conditions are 
required to close the system: the first, N(0, t), represents 
the nucleation flux (Equation 13), while the second, N(L, 
0), corresponds to the initial seed crystal size distribu-
tion. The resulting PBE is solved numerically using the 
method of classes, in which the size domain is discretized 
into finite intervals, transforming the PDE into a system 
of ordinary differential equations with established numer-
ical solution procedures (Equations 14–16). 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝜕𝜕(𝐺𝐺𝐺𝐺)

𝜕𝜕𝜕𝜕 + 𝑁𝑁 𝜕𝜕𝜕𝜕𝑉𝑉𝑉𝑉𝑉𝑉 = 0 (12) 

𝑁𝑁(0, 𝑡𝑡) = 𝐵𝐵0(𝑡𝑡)
𝐺𝐺(0, 𝑡𝑡)

 (13) 

𝑑𝑑𝑁𝑁1
𝑑𝑑𝑑𝑑 + 1

𝑉𝑉����
𝑑𝑑𝑉𝑉�
𝑑𝑑𝑑𝑑 𝑁𝑁1 + 𝐺𝐺(𝐿𝐿1)

2∆𝑐𝑐1
𝑁𝑁1 + 𝐺𝐺(𝐿𝐿1)

2∆𝑐𝑐2
𝑁𝑁2 = 𝐵𝐵0 (14) 

𝑑𝑑𝑁𝑁�
𝑑𝑑𝑑𝑑 + 1

𝑉𝑉����
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2∆𝑐𝑐�+1
𝑁𝑁�+1

+ 𝐺𝐺(𝐿𝐿�)− 𝐺𝐺(𝐿𝐿�−1)
2∆𝑐𝑐�

𝑁𝑁�

− 𝐺𝐺(𝐿𝐿�−1)
2∆𝑐𝑐�−1

𝑁𝑁�−1 = 0 

(15) 

𝑑𝑑𝑁𝑁�
𝑑𝑑𝑑𝑑 + 1

𝑉𝑉����
𝑑𝑑𝑉𝑉�
𝑑𝑑𝑑𝑑 𝑁𝑁� −

𝐺𝐺(𝐿𝐿�−1)
2∆𝑐𝑐�

𝑁𝑁�

− 𝐺𝐺(𝐿𝐿�−1)
2∆𝑐𝑐�−1

𝑁𝑁�−1 = 0 
(16) 

Crystal saturation 
A solution is defined as saturated when thermody-

namic equilibrium is established between a dissolved 
species and its corresponding solid phase, indicating that 
the maximum solute concentration permitted under given 
conditions has been reached. Saturation is therefore an 
intrinsic property of the solute–solvent system and is 
strongly dependent on temperature [19]. In most cases, 
solubility increases with temperature; however, certain 
systems exhibit weak temperature dependence or even 
a decrease in solubility as temperature rises. In contrast, 
supersaturation arises when the solute concentration in 
the solution exceeds its equilibrium saturation value. The 
degree of supersaturation (∆C) is quantified as the dif-
ference between the actual solute concentration (C) and 
the equilibrium saturation concentration (C∗), as defined 
in Equation 17. Supersaturated systems are thermody-
namically unstable and provide the driving force for nu-
cleation and crystal growth, making supersaturation im-
portant in crystallization processes. 

∆𝐶𝐶 =  𝐶𝐶 − 𝐶𝐶∗ (17) 

Nucleation rate (B0) 
Nucleation refers to the formation of stable crystal 

embryos from a supersaturated solution, marking the on-
set of a new solid phase. In this work, the nucleation rate 
of Li₂O₂ is modeled using classical nucleation theory [20]. 
For disk-shaped nuclei, the free energy of formation is 
evaluated by considering a critical nucleus size that en-
sures thermodynamic stability and sustained growth 
(Equation 18) [9]. The corresponding surface energy (γ) 
is estimated using the correlation given in Equation 19 
[19]. On this basis, the nucleation rate expression (Equa-
tion 20) is formulated as a function of the Zeldovich fac-
tor (Equation 21), the diffusion coefficient of Li₂O₂ in the 
electrolyte (Equation 25), and the density of active nucle-
ation sites (x0) The parameter x0 must be estimated for 
the system and represents one of the principal sources 
of uncertainty in the model. Accordingly, its influence on 
the predicted crystallization behavior is examined in de-
tail in the previous work [13]. 

𝐺𝐺���� = γ2𝑎𝑎4

2𝑘𝑘�𝑇𝑇 ln (𝑑𝑑𝑑𝑑/𝐶𝐶∗)
 (18) 

γ = 0.414 𝑘𝑘�𝑇𝑇 ln (𝑑𝑑𝑑𝑑/𝐶𝐶∗) �
𝑑𝑑𝑑𝑑 ∗ 𝑁𝑁𝑁𝑁
𝑀𝑀𝑀𝑀��2�2

�
2/3

 (19) 

𝐵𝐵0 = DlaD−2Zx0exp �
−𝐺𝐺����
𝑘𝑘�𝑇𝑇

� (20) 
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𝑍𝑍 = [𝐺𝐺����/(3𝜋𝜋𝑘𝑘�𝑇𝑇)]0.5

𝑛𝑛����
 (21) 

Growth rate (G) 
The crystal growth rate, G, is defined as the tem-

poral rate of change of the characteristic crystal length, 
dL/dt and is evaluated using the expression given in 
Equation 22. To account for the interplay between elec-
trochemical reaction kinetics and mass transport limita-
tions, an effectiveness factor for Li₂O₂ growth, ηr, is in-
troduced and calculated according to Equation 23. This 
factor quantifies the relative contributions of reaction-
controlled and diffusion-controlled growth regimes. Low 
values of effectiveness indicate dominance of the elec-
trochemical reaction rate constant (kc), whereas values 
approaching unity signify growth primarily limited by 
mass transfer, characterized by the mass transfer coef-
ficient (kd). The coefficient kd is determined using Equa-
tion 24, as described in the literature [21-22]. The param-
eter θ represents the ratio of the operating current den-
sity to the limiting current density, with the latter corre-
sponding to conditions under which reactant depletion in 
the electrolyte or membrane induces concentration po-
larization and constrains mass transport [23]. Finally, the 
diffusivity of disk-shaped Li₂O₂ crystals, Dl, is calculated 
using Equation 25 [24], which is derived from the linear 
regime observed in the early-time response of the curve 
obtained from intermittent potentiostatic titration exper-
iments. The constant ksl corresponds to the slope of this 
linear relationship. 

𝐺𝐺 = 𝑘𝑘�𝑘𝑘�𝑀𝑀𝑀𝑀
3𝜌𝜌�𝑘𝑘�

𝜂𝜂�(∆𝐶𝐶)�� (22) 

𝜂𝜂� = 1
𝑘𝑘�
𝑘𝑘�

(∆𝐶𝐶) + 1
 (23) 

𝑘𝑘� = 𝐼𝐼�𝐾𝐾�𝑅𝑅𝑅𝑅
8𝐹𝐹3(𝐶𝐶��2�2/𝑀𝑀𝑀𝑀)2𝐷𝐷� 𝜃𝜃 𝑎𝑎𝑎𝑎 𝑒𝑒𝑒𝑒𝑒𝑒

 (24) 

𝐷𝐷� = �
𝜋𝜋
36� �

𝑘𝑘�� 𝐿𝐿
𝑄𝑄 �

2

 (25) 

COMPUTATIONAL IMPLEMENTATION 
The computational implementation of the proposed 

modeling framework follows the information flow illus-
trated in Figure 1, integrating all key components required 
to describe crystallization phenomena in battery sys-
tems. The system of ordinary differential equations re-
sulting from the discretized population balance formula-
tion was solved using the solve_ivp routine from the 
SciPy library, employing the implicit multistep Backward 
Differentiation Formula (BDF) method. This solver was 
selected for its robustness and numerical stability when 

handling stiff systems arising from the strong coupling 
between crystallization kinetics and electrochemical pro-
cesses. 

The discretization of the particle size domain re-
quired by the method of classes is inherently system-de-
pendent and must be defined according to the charac-
teristic crystal sizes, growth kinetics, and operating con-
ditions of the electrochemical system under investiga-
tion. Both the extent of the size domain and the class 
width should therefore be chosen to adequately resolve 
the evolution of the crystal size distribution. In the pre-
sent implementation, and consistent with the methodol-
ogy established in the authors’ previous work, the size 
domain was discretized using a uniformly spaced mesh 
spanning from 0 to 10 µm, with a class width of 0.05 µm. 
This discretization was shown to be appropriate for cap-
turing the order of magnitude and temporal evolution of 
Li₂O₂ crystal growth during battery discharge. A uniform 
mesh was adopted because the population dynamics are 
governed exclusively by continuous nucleation and 
growth processes, with no contribution from discrete 
birth or death events. 

The integral terms appearing in the mass and energy 
balance equations were evaluated using the inte-
grate.quad function from the SciPy library, ensuring ac-
curate numerical integration over the discretized size do-
main. Following implementation, the model outputs were 
systematically compared against selected response var-
iables to verify numerical consistency and proper cou-
pling among the governing equations, thereby validating 
the computational methodology employed in this study. 

CONCLUSION 
In this work, a population balance–based modeling 

framework was developed to describe the crystallization 
occurring during the discharge of Li–O₂ batteries. To en-
able an adequate formulation, several simplifying as-
sumptions were adopted, which limit the quantitative ac-
curacy of the model and its ability to capture highly com-
plex operating scenarios, such as variable discharge cur-
rents, electrolyte compositions, or detailed electrode ar-
chitectures. A key strength of the proposed approach lies 
in its ability to naturally account for crystal size distribu-
tions and morphological effects while maintaining a rela-
tively low computational cost. By bridging microscopic 
crystallization mechanisms with macroscopic battery 
performance indicators, the framework provides physi-
cally meaningful insights without requiring excessively 
complex formulations. As such, it offers an accessible 
and flexible modeling platform for investigating crystalli-
zation-driven limitations in metal–air batteries. This study 
represents a step toward the systematic application of 
population balance modeling to Li–O₂ batteries, with a 
particular emphasis on formalizing and clarifying the 
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governing equations and numerical implementation. Fu-
ture work may extend the present framework by incorpo-
rating additional mechanisms, such as side reactions, 
electrolyte-dependent effects, dynamic operating condi-
tions, and alternative electrode designs. These develop-
ments would further enhance the predictive capability. 

Symbology 
ae = interfacial area. 
aD = length scale of liquid Li2O2. 
AC = surface area of the crystals. 
AT = thermal exchange area. 
B0 (t)= nucleation function. 
cp = specific heat. 
C = concentration. 
C* = equilibrium saturation concentration 
∆C = supersaturation. 
Dl= diffusivity constant of crystals. 
esp = electrode thickness. 
F = Faraday constant. 
Gcrit = critical formation energy of crystal nuclei. 
G(L, t) = crystal growth function. 
hξ = jump function (discrete events). 
Hc = heat of formation. 
Ic = current applied to the system. 
jc = interfacial transfer current density. 
jl = kinetic order of the growth law. 
ka = constant to obtain the crystal surface area. 
kano = anodic kinetic constant. 
kb = Boltzmann constant. 
kc = cathodic kinetic constant. 
kd= mass transfer coefficient. 
ksl= diffusivity constant of the Li2O2 crystal. 
kv= constant to obtain the volume of the crystal. 
Kr = electrolyte conductivity. 
L = characteristic length. 
MM = molar mass. 
n = number of electrons in the reaction. 
ncrit = critical nucleus size. 
N = total number density. 
NA = Avogadro's number. 
Q = battery capacity. 
rel= electrode radius. 
R = universal gas constant. 
t = discharge time. 
T = temperature. 
U = overall heat transfer coefficient. 
Uo = crystals velocity. 
x0 = nucleation site density. 
Vc= volume of the crystals. 
Vsusp= effective volume of the system. 
Z = Zeldovish factor. 
ξ = internal coordinate vector of the PB. 
ε = electrode porosity. 
ρc = specific mass of Li2O2 crystals. 

ρe= specific mass of the electrolyte. 
ηr= effectiveness factor. 
ηc= overpotential. 
γ= surface energy. 
θ = ratio of current density to limiting current density. 
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