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ABSTRACT

The zero-pollution ambition of the European Union requires improvements in wastewater treat-
ment to meet increasingly stringent regulations at achievable cost. One promising approach con-
sists in model-based optimal control. However, wastewater treatment plants involve highly non-
linear and time-varying processes, making existing mechanistic models such as the Benchmark
Simulation Model no.1 (BSM1) challenging for direct use in online control. Therefore, this study
explores a hybrid modeling approach using the Hammerstein-Wiener (HW) structure. The pro-
posed model combines a mechanistic steady-state model, derived from BSM1, with a data-driven
approximation of the system dynamics, incorporating low-order linear dynamic models. In this
work, the HW model was used as a surrogate for BSM1. The HW surrogate model attained coeffi-
cients of determination (R?) often exceeding 0.95 across key water quality indicators, such as total
nitrogen and ammonium concentration. This accuracy was found to be substantially better than
that of a First-Order-Plus Dead-Time model as conventional low-order linear model, demonstrat-

ing the usefulness of the HW structure in capturing key nonlinearities.
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INTRODUCTION

New regulation is imposing increasingly stringent
requirements on wastewater treatment to tackle emerg-
ing sources of urban pollution and address societal chal-
lenges like the energy transition and climate neutrality [1].
One approach towards meeting these requirements con-
sists in model-based methods, and in particular model-
based optimal control. However, accurate and computa-
tionally tractable modeling of wastewater treatment dy-
namics remains a challenge.

In the 80s, the Activated Sludge Model no.1 (ASM1)
became the first accepted mechanistic model across the
industry, giving insights into the dynamic behavior of the
carbon and nitrogen removal of activated sludge sys-
tems. Several versions have since been developed to tar-
get specific biological processes, such as phosphorus re-
covery and anaerobic digestion [2].

Due to the success of the ASM1 and its variants,
mechanistic models are still used in wastewater treat-
ment plants (WWTPs) because of the process insight and
predictive capabilities they provide in plant design and
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operation optimization. The Benchmark Simulation Model
No. 1 (BSM1) [3] is the industry standard for benchmark-
ing and control application. Conversely, dynamic black-
box models (a.k.a. data-driven models) are the most ef-
fective in the presence of a high volume of data. How-
ever, they have limited interpretability, large data re-
quirements, and are unreliable in extrapolation [4].

A promising intermediate approach is hybrid model-
ing, which has already been successfully applied to cer-
tain aspects of wastewater treatment where some pa-
rameters, such as micropollutant concentration, colloid
charge, and pathogen abundance, are hard or expensive
to measure with sufficient precision [5]. By using data-
driven surrogates for these complex variables, hybrid
models offer a robust solution for real-time monitoring
and process control. For instance, Gaublomme et al. [6]
used hybrid models for solution-diffusion processes in
membrane processes. Wang et al. [7] created an inte-
grated framework to improve forecasting of salinity and
dissolved oxygen with hybrid models. Nordstrand & Dutta
[8] achieved a more robust and flexible control of capac-
itive-deionisation desalination processes by applying the
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hybrid linear-state-space dynamic Langmuir model.
Tomperi et al. [9] used a series-connected ARMAX model
to estimate effluent COD concentration in full-scale in-
dustrial WWTPs.

Despite the fact that current hybrid models offer
significant predictive capacity, they often face a trade-
off between computational complexity and integration
into real-time control and optimization frameworks. A
critical gap remains in identifying hybrid structures that
are complex enough to capture wastewater dynamics but
simple enough to be used efficiently in mathematical op-
timization [10-12].

In this work, we address this by utilizing Hammer-
stein-Wiener (HW) models. These models constitute a
class of block-structured dynamic models that represent
systems as a linear dynamic block embedded between
two nonlinear static transformations [13]. Specifically, we
aim at using a mechanistic steady-state model as nonlin-
ear static block, combined with a data-driven low-order
dynamic block. We hypothesize that this hybrid model
structure is well-suited for WWTP for two reasons: First,
many dynamics observed in WWTP pilot plants can be
effectively described as first-order models [2]. Second,
by including a mechanistic model as static block, we can
capture nonlinearities in the gains and represents steady
states accurately. In this work, we use BSM1 both to de-
rive the static block, and as a high-fidelity representation
of the true system (cf. Figure 1).

BSM1 Data

e Step response tests

Mechanistic Steady-
State Model
(based on BSM1)

for data (dynamics)

< /

Hammerstein-Wiener Structure

Linear dynamic block

(FOPDT / SOPDT variants)
+

Steady-state nonlinearity captured in gain K
(from BSMI)

|

VALIDATION & TESTING

o Model fidelity tested in 408 simulations
(single & coupled inputs, varying magnitude
and frequency 0.5-12 days); R? per trajectory

e Baseline: pure FOPDT model

to confirm nonlinear gain
» Extended SOPDT dynamic block tested
e Steady-state multiplicity check

Figure 1. Simplified Flowsheet of Methodology

Our contribution lies in the development of a hybrid

Tirez et al. / LAPSE:2026.0358

Syst Control Trans 5:1226-1233 (2026)

HW model that aims to strike a balance between accu-
racy and computational efficiency for real-time applica-
tions. In the following, we first describe the structure of
the model as well as the experiments used for fitting the
data-driven blocks. Then we evaluate the accuracy of the
model in a number of validation experiments. Finally, we
compare it to a first-order-plus-dead-time model as con-
ventional, linear model to assess the benefit of retaining
the nonlinear mechanistic part.

METHODOLOGY
BSM1 Model

The base model configuration of BSM1 consists of
an activated sludge unit for biological wastewater treat-
ment, followed by a circular secondary settler for sepa-
rating treated water from sludge. The model consists of
205 differential equations and a minimum of 65 algebraic
equations, depending on the specific implementation,
and has 28 individual control handles [14]. The BSM1 re-
flects the standard design of many real-world secondary
treatment stages in WWTPs. BSM1 provides standard-
ized simulation environments to evaluate control strate-
gies in SIMULINK.

In this work, we use the BSM1in two ways: 1. We use
a steady-state version of it within the HW structure as
described below. 2. We use the full dynamic BSM1 as vir-
tual plant, i.e., to generate data for the identification of
the dynamic part of the HW structure, and as well as the
ground truth for evaluating the accuracy of the HW
model.

Hammerstein-Wiener Model

The Hammerstein-Wiener model is commonly used
in nonlinear dynamic system identification. As illustrated
in Figure 2, it is constructed from a linear block between
two static nonlinear transformations.

w(t) z(t)

Figure 2. Hammerstein-Wiener Structure

The formulation for a Hammerstein-Wiener model is pre-
sented in Equation (1)-(4) provided by Wills et al. [13]:

w®) = fa(u®)), vt € [to.t;] (1)
x(t) = Ax(t) + Bw(t),Vt € [to,t;] (2)
z(t) = Cx(t) + Dw(t),Vt € [to.t;] (3)
Y = fw(z(0),

Here, fy:R"™ — R"™ represents the Hammerstein
function for the input nonlinearity and f;:R"z - R™ the

vt € [to.ty] (4)
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Figure 3. Hammerstein-Wiener surrogate model. y(t) can be any of the 17 outputs in Table 1; the same model
structure must be run separately for each output

Wiener function for the output nonlinearity. The inputs of
the system are represented as u:|[t,,t;] - R™, while the
inputs to the linear time-invariant (LTI) system are de-
noted by w:[t,, t;] - R"™. The system states are given by
x:[to,ts] = R"*, and the outputs of the LTI system are de-
scribed by z:[t,,t;] - R"=. Finally, the overall system out-
puts are expressed as y: [to,tf] - R".
Hammerstein-Wiener models can also be observed
as two simpler variants: the Hammerstein model uses a
nonlinear-then-linear (N-L) structure, and the Wiener
model follows a linear-then-nonlinear (L-N) structure.

Hybrid modeling Approach

The HW model developed is inspired by the Wiener
structure (linear-then-nonlinear) and takes 4 inputs: aer-
ation intensity in the 5" aeration tank (K;as), internal re-
cycle flow (Qy,),sludge recycle flow (Q,),and waste
sludge flow (Q,). This selection was based on the most
common control handles of a WWTP. Furthermore, aera-
tion intensity and internal recycle flow have a built-in PID
controller in BSM1, which provide a ground for control
comparison. The modeled outputs are the effluent varia-
bles of secondary clarifier in BSM1, which can be found
in Table 1. The resulting HW model architecture is shown
in Figure 3.

Note that, to capture the distinct system dynamics
of each variable, we developed a series of Multi-Input
Single-Output (MISO) structures, where a dedicated HW
model is trained for each specific effluent output. This is
because the time constants 7; and dead times 6; of the
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FOPDT models in Equation (7) only captures the relation
between a single input and output. Therefore, different
outputs will require different parameter values. For ex-
ample, ammonium concentrations and active hetero-
trophic biomass are affected differently by an increase in
aeration intensity.

Parallel Linear Dynamic Blocks

The input entering each linear dynamic block i is de-
fined as a deviation form by subtracting the nominal op-
erating point from the actual input value:

(1) = w;(t) —u;, (6)
where 1;(t) is the deviation input, the actual input u;(¢),
and nominal operating point u;. The linear block models
only the time-dependence of the effect of input u; on the
output y, and consists of a FOPDT model with unit gain:
dz(t)
dt

T = —2;(0) + (¢t — 6), @)

where 2;(t) is the internal state (output) of the i** block,
1;(¢) is the input, 7; is the time constant, and 6, is the dead
time. The output 2; thus represents the same physical
quantity as 4;, but delayed in a way that represents the
response dynamics of the overall output of the HW model
(i.e., the output of the nonlinear block, y).

The parameters of each dynamic block i are only the
time constant 7; and time delay 6;, which are determined
from multiple step responses and validated against re-
sponse signals from the ground truth system, where in
each case the best fitting parameters are chosen based
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Figure 4: Predictive performance of the HW model across water quality outputs. Averages and distributions are
computed over all time points of the 408 validation simulations.

on the coefficient of determination (R?). The underlying
assumption is that 7; and 6; stay rather constant across a
wide operating range (i.e., that the main nonlinearity is in
the gains). Moreover, it is assumed that the interaction
between inputs in terms of dynamics can be ignored (su-
perposition principle).

Finally, the operation point value is added to the dy-
namic block output to finalize the signal that flows into
the nonlinear block:

zi(t) = 2;() +z; (8)
where, z;(t) is the nominal term, 2,(¢) is the deviation, and
z; = u; is the nominal operating point.

This modeling approach was used to enable dy-
namic prediction without introducing excessive model
complexity, and much smaller data requirements than full
black-box models. These smaller data requirements are
enabled by the superposition principle of linear differen-
tial equations.

Nonlinear Static Block
This block consists of a steady-state model derived
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from the BSM1 equation set. Since the original BSM1 is
implemented in Simulink, which limits the efficient com-
putation of steady-states, we developed a standalone
version in CasADi using the equations from [14]. This new
model version allows for the calculation of steady states
at a significantly lower computational cost. Note that, be-
cause the inputs are transformed based on their dynamic
relationship with the output (captured via time constants
and dead times), the steady-state block's solution repre-
sents a quasi-steady state, meaning the approximate re-
sponse of the output to time-dependent input changes.
The HW model is considered to be at a true steady state
only when u(t) = z(t), indicating the system has fully set-
tled following input perturbations.

To compute the steady states, the BSM1, which is a
nonlinear DAE, was converted into an algebraic system
as follows. Let x(t) € R"™ denote the differential states,
v(t) € R™ the algebraic states, z(t) € R"z the inputs, for
which we here use the inputs transformed by the linear
blocks rather than the actual external inputs to the sys-
tem, and p € R" the model parameters. The BSM1
equations are
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Figure 5. Comparison of a FOPDT baseline model (top left, dashed purple) against the proposed HW smodel (right,
dashed orange) for nitrate and nitrite concentration, both in comparison to the BSM1 as ground truth (solid blue).
The inputs are shown in the bottom left and right plots. Despite being shown in different figures, they were applied
simultaneously to the models but were plotted on different graph because of the order of magnitude for the inputs.

x(t) = folx(t), (), 2(¢), p), (9)
0= g(x(t)s U(t)s Z(t)’ p)’ (10)

where f, defines the differential equations (bioreactor,
clarifier, and sensors), and g defines the algebraic equa-
tions (clarifier mappings and output connections). Com-
puting the steady states reduces to solving the system

0 = f.(x*, 0%z, p),(11)
0 = g(x*,v*,z,p),(12)

where (x*, v*) represent the steady-state values for the
differential and algebraic variables, respectively. The ef-
fluent concentration i can be extracted from x*:

y=x"(5)
The fact that only one output can be extracted for

solving the steady state model (as described above) is a
limitation of the proposed structure.

Model Training and Validation

All data was sampled at 15 minute intervals. This
was an upper limit of sampling time for the regression to
capture the fastest dynamic in the system. For the train-
ing data, step responses were applied to the ground truth
BSM1, starting from different operating points. Given the
linear dynamic models used, all inputs were varied sepa-
rately to fit the respective blocks. For each input, 20
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points evenly spaced across the feasible range of input
values were used as initial operating points as well as fi-
nal points of the input steps. From these 20 step re-
sponses per input, a FOPDT model was fitted to every
input-output combination through least-squares regres-
sion, resulting in 20 parameters sets (K;, 7;,6;) per output
(i.e., one per input for every output). The gains K; were
then discarded, since this they are not used in the HW
model.

The validation dataset was generated utilizing a
Pseudorandom Multilevel Sequence (PRMS) with Pseu-
dorandom Frequency Modulation (PRFM) as input signal.
The multilevel amplitudes varied across different experi-
ments: some only covered the training space, while other
extrapolated beyond the training space while remaining
within the physical operating bounds of the plant. . The
frequency modulation was varied from a 1/(0.5 days) to
1/(12 days) across experiments. This was designed to val-
idate all aspects of the model, including extrapolation ca-
pabilities, accuracy under fast and slow dynamics, and
ability to predict steady states. The data was generated
with the same sampling rate as the training data. In total,
408 output trajectories were generated by applying the
described inputs signals.

Model validation was performed in two steps; first
the best among the 20 best parameter sets per input-
output combination was selected based on the coeffi-
cient of determination (R?), which was computed along
1230
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Figure 6. The particulate biodegradable organic nitrogen concentration cannot be captured by the proposed HW
model with first-order dynamics because of its complex transient behavior.

the output trajectory. Afterwards, these best parameters
were specified in the model.

In the second step of model validation (considered
evaluation), the HW model's fidelity was tested. For each
simulation the coefficient of determination (R?) was cap-
tured for the whole trajectory of the simulation.

To evaluate the benefit of capturing the nonlinear
gain through the mechanistic model in the HW structure,
a pure FOPDT model was also developed as conventional
low-order linear model. It was fitted to a step response
where the final value was the upper bound of the training
input range. As an extension, a HW model with a Second
Order Plus Dead Time (SOPDT) function in its dynamic
blocks was designed to consult test if an extra parameter
in the structure leads to better predictive capabilities.

Although the BSM1 exhibits a unique steady state,
the nonlinear blocks of the HW structure could introduce
artificial steady-state multiplicity. To verify the reliability
of the proposed model, we performed a multiplicity anal-
ysis using Latin Hypercube Sampling (LHS) to generate
different initial guesses to the steady-state solver, ensur-
ing the HW model maintains a unique, physically
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consistent mapping across the operational space.

RESULTS & DISCUSSION

Across all 408 validation simulations, the average R?
for the outputs, as seen in Figure 4, achieved consistently
high values, often exceeding 0.9, indicating accurate
replication of both steady-state and dynamic behavior.
The most important results from these experiments were
the good predictive performance (R? > 0.9) across key
water quality indicators such as readily biodegradable
substrate (S;), total nitrogen (N,,), Kjeldahl nitrogen
(Snk;), and ammonium (Syy), as well as Biochemical Ox-
ygen Demand (BOD;) and Chemical Oxygen Demand
(CoD). Lower-performing outputs were linked to specific
limitations, particularly input-output relationships exhib-
iting complex nonlinear dynamics beyond FOPDT ap-
proximation. An example for such a case is shown in Fig-
ure 6.

The HW model achieved substantially better accu-
racy than the pure FOPDT model in the validation simula-
tion: the HW model consistently attained higher
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coefficients of determination (R?) for the whole trajectory
of a simulation, often exceeding 0.90 whereas the FOPDT
model yielded noticeably lower R? values. An example is
shown in Figure 5. Preliminary experiments indicated that
extending the HW model’s linear blocks to second-order
(SOPDT) dynamics yielded negligible improvements in
predictive accuracy over the first-order structure.

Steady-state multiplicity analysis confirmed the
presence of multiple equilibria in roughly 10% of tested
conditions. These multiplicities were concentrated in
specific input regions, most notably when the wastage
sludge flow Q,, dropped below 300 m3d~!. This confirms
that in operating regimes where multiplicity is present the
HW model is not reliable.

Comparing the HW model to traditional linear hybrid
structures, such as ARMAX, highlights the potential ad-
vantages of the our approach. For instance, while an AR-
MAX model achieved an R? = 0.67 for effluent COD in a
specific industrial WWTP [9], our results suggest that
augmenting low-order dynamics with nonlinear static
map can further enhance predictive capabilities by cap-
turing the system's inherent nonlinearities more effec-
tively.

CONCLUSION

This work demonstrates that a hybrid Hammerstein-
Wiener model can effectively approximate the dynamics
of key outputs in a wastewater treatment process by
combining mechanistic steady-state modeling with data-
driven linear dynamic blocks. This separation enables
reasonably accurate dynamic prediction without intro-
ducing excessive model complexity, and much smaller
data requirements than full black-box models. Moreover,
the HW model retains the gain of the original rigorous
model which is useful for control and optimization appli-
cations. The linear dynamics of the HW model can be an
advantage also because they can be exploited algorith-
mically in optimization algorithms [15]. These properties
make the Hammerstein-Wiener framework particularly
well suited for integration into DRTO or NMPC and allow
operation with online optimization crucial for WWTPs that
operate under increasingly strict regulatory constraints.

Table 1: Inputs and outputs of Hammerstein-Wiener

model
Symbol Description Unit

Kias Oxygen transfer co- d?
efficient in reactor

Qint Internal recycle m3d?!
flow rate

Q, Return sludge flow m3d!
rate

Qu Waste sludge flow m3d!

Tirez et al. / LAPSE:2026.0358

rate
Nt Total nitrogen in ef- gm?
fluent
COD, Total chemical oxy- gm?
gen demand in ef-
fluent
Snu Ammonium nitrogen gm?
in effluent
TSS Total suspended gm
solids
BOD;, 5-day biochemical gm?
oxygen demand in
effluent
Sy Soluble inert or- gm
ganic matter
Ss Readily biode- gm
gradable substrate
X; Particulate inert or- gm?
ganic matter
Xs Slowly biodegrada- gm?
ble substrate
Xp 1 Active hetero- gm
trophic biomass
Xpa Active autotrophic gm
biomass
Xp Particulate prod- gm?
ucts from biomass
decay
So Dissolved oxygen gm?
Sno Nitrate and nitrite gm?
nitrogen
SnD Soluble biode- gm?
gradable organic ni-
trogen
XnD Particulate biode- gm?
gradable organic ni-
trogen
Sark Alkalinity mmol !
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