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ABSTRACT 
Developing predictive, high-resolution microbial models that retain mechanistic insight remains a 
central challenge in biochemical engineering. This paper addresses the challenge of preserving 
metabolic information while ensuring model accuracy and proper statistical definition. It employs 
the Hybrid Cybernetic Modelling (HCM) approach to integrate metabolic regulation with genome-
scale information, and dynamically predict E.Coli phenotypes. The main aim of this work is to ex-
plore HCM’s parameter identifiability to advance its accuracy and robustness for a limited set of 
data. To bypass the computational burden of computing the elementary flux modes, the opt-yield 
Flux Balance Analysis (opt-yield FBA) is employed to identify a physiologically relevant set of yield-
maximising metabolic pathways. Metabolic Yield Analysis (MYA) then reduces this to four key 
pathways which capture 99% of the original metabolic yield space. The cybernetic model is for-
mulated where “artificial enzymes” are allocated among these key competing pathways, based on 
a return-on-investment criterion. Initial parameter estimates are derived through non-linear least 
squares regression for an in silico data set of biomass, glucose and acetate concentration. Prac-
tical identifiability analysis is employed to explore parameter estimates. Specifically, profile likeli-
hood & sensitivity analysis results lead to model reduction by eliminating the combined acetate-
biomass producing pathway. To further improve parameter uncertainty, Optimal Experiment De-
sign (OED) is used to obtain an additional informative experiment. Finally, the calibrated model is 
validated against a new artificial dataset. 
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INTRODUCTION 
Mathematical modelling of intracellular processes is 

gaining popularity towards developing metabolic and bi-
ochemical engineering applications [1]. Recent break-
throughs suggest the formulation of multi-scale model-
ling approaches that avail of mechanistic information for 
intracellular metabolism, towards accurately describing 
changes in microbial communities.  

Typically, such models adopt a “grey-box” structure. 
Specifically, population-based models that come with a 
form of Ordinary Differential Equations (ODEs) are di-
rectly informed by mechanistic models (e.g. Genome-
scale Models (GEMs)) for intracellular metabolism [2]. 
When parametrised, they are calibrated based on limited 
experimental data to offer informative predictions for bi-
oprocesses. 

However, the systematic employment of such mod-
els is often hindered by parameter identifiability issues. 
Many reasons lead to excess parameter uncertainty, 
which hinders the causal link between intracellular me-
tabolism and extracellular phenotype [3]. As a result, this 
poses a major threat to the fundamental understanding 
of complex biological phenomena. 

This paper aims to advance the understanding of 
parameter identifiability in multi-scale models. It employs 
the Hybrid Cybernetic Model (HCM) to capture temporal 
changes of biomass, acetate and glucose concentrations 
within an E.Coli case study [4]. It performs practical iden-
tifiability and sensitivity analysis to further explore the 
estimated parameters’ relationship with model in-
puts/outputs. The study further proceeds with model re-
duction and Optimal Experiment Design (OED), towards 
expanding the knowledge on HCM’s responses. 
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MATERIALS & METHODS 

Case Study Design 
This study chooses Escherichia Coli str. K-12 as a 

model organism for in silico experimentation. First, an ar-
tificial data set is generated based on E.Coli metabolism. 
The in silico environment resembles a bio-reactor that 
operates under batch-ideal conditions. This assumption 
serves as the basis for all subsequent modelling and 
analysis. 

Dynamic - Flux Balance Analysis 
To simulate the temporal changes in cellular bio-

mass production, metabolite consumption and secretion, 
the e_coli_core GEM for E.Coli K-12 is selected [5]. 

Dynamic-Flux Balance Analysis (d-FBA) further aids 
in generating the artificial data set. The initial conditions 
of the in silico experiment are: 0.001 gDW/L biomass, 10 
mmol/L glucose and 0.35 mmol/L acetate. To impose glu-
cose availability as an in silico constraint for cellular up-
take of glucose, a Michaelis-Menten expression is used: 

Vglc =  −Vmax ∙
S

Ks+S
     (1) 

where Vglc, Vmax are the actual and maximum specific 
uptake rate (mmol/gDW*h), equal to 10, and Ks is the half-
maximum saturation constant (mmol/L), equal to 5. Oxy-
gen uptake was further constrained (-2, +1000) 
mmol/gDW*h to enable secretion of both acetate and bi-
omass. The sampling interval is 1 hour, and the simulation 
lasts for 36 hours, until complete depletion of substrate. 

Hybrid Cybernetic Model 
The HCM is a dynamic approach for metabolic mod-

elling, initially presented by [4]. It comes as a set of ODEs, 
which stem from GEM networks. It incorporates a regula-
tory process on internal metabolism by using “artificial 
enzymes” and cybernetic variables [6]. This approach 
describes the cellular attempt to make optimal use of its 
resources, among competing pathways, in response to 
extracellular nutrient availability. 

Extracellular Metabolite Balance 
The extracellular metabolite balance is given by the 

following Equations: 
dmex

dt
= S ∙ ZT ∙ 𝕀𝕀 ∙ v ∙ r ∙ c    (2) 

ri = kimax ∙ erel,i ∙ �
�

Ki+s
�    (3) 

 where mex (mmol/L) denotes the extracellular metab-
olite concentration and r (mmol/gDW*h) is a vector for all 
pathway specific uptake rates, S (nmetabolites x nreactions) is the 
GEM stoichiometric matrix, Z (nreactions x npathways) extracts key 
yielding pathways from S, c (gDW/L) is the biomass con-
centration, v [-] is a vector for all pathways cybernetic 

enzyme activity, ki
max (mmol/gDW*h) is the maximum spe-

cific uptake rate, erel [-] is the relative enzyme level for 
every pathway, s (mmol/L) is the substrate concentration 
and K (mmol/L) is the half-maximum saturation constant. 

Biomass Balance 
The biomass concentration is given by: 
dc

dt
= μ ∙ c      (4) 

where μ (1/h) is the total specific growth rate, given by 
the weighted sum of all fluxes. 

Enzyme Balance 
As stated, key “artificial enzymes” are allocated to 

every reaction of the network's metabolic pathways and 
catalyse substrate conversion. The relative enzyme bal-
ance is: 

derel
dt

= a + (𝕀𝕀 ∙ u ∙ re,rel)− (𝕀𝕀 ∙ β + μ) ∙ erel  (5) 

re,rel,i = ke,i ∙ �
s

Ki+s
�     (6) 

where a (1/h) and β (1/h) are the enzymatic constitutive 
synthesis and degradation rate, respectively. Moreover, 
u (-) is the cybernetic variable for enzyme synthesis, 𝕀𝕀 is 
the identity matrix, re, rel (1/h) is the specific enzyme syn-
thesis rate and ke, i (1/h) is the maximum enzyme synthesis 
rate. 

Cybernetic Laws 
The allocated enzymes are themselves governed by 

two cybernetic variables, u and v. Both are bounded [0, 1] 
and are determined through optimal control theory [7]. 
Therefore, two cybernetic laws are formulated: 

u = pi
∑pi

      (7)  

v = pi
max (pi)

      (8)  

 Specifically, u regulates enzyme synthesis by fol-
lowing the “Matching Law “, and v regulates enzyme ac-
tivity by following the “Proportional Law”. For both cyber-
netic variables, the cellular metabolic goal p is defined as 
follows: 

𝑝𝑝� = 𝑓𝑓 ∙ 𝑟𝑟�      (9) 

 Where f (-) is the substrate’s number of carbon at-
oms, and r is each pathway’s specific uptake rate. 

Pathway Matrix - Z 
The e_coli_core GEM contains 72 metabolites and 

95 reactions; the stoichiometric matrix S is of size [72 x 
95]. To reduce the total pathways, and therefore param-
eters, a key-pathway identification routine takes place. 

Opt-yield Flux Balance Analysis 



 

Floros et al. / LAPSE:2026.0342 Syst Control Trans 5:1102-1110 (2026) 1104  

An opt-yield FBA algorithm was employed to iden-
tify a physiologically relevant set of yield-maximising 
metabolic pathways [8]. Yield is defined as the ratio of 
product formation rate (rp) to substrate uptake rate (rs). In 
short, opt-yield FBA transforms the nonlinear fractional 
objective of yield �Y = rp

rs
�, into a linear one �rp − Ytemp ∙ rs�, 

by introducing a Ytemp temporary yield, and optimises the 
latter iteratively until the maximal yield is found. The al-
gorithm was applied to the e_coli_core GEM under aero-
bic conditions, and bound glucose (-10, -0.1) 
mmol/gDW*h to compute the yield space for biomass and 
acetate, having glucose as substrate. 

Metabolic Yield Analysis 
Subsequently, MYA was used to reduce the opt-

yield FBA pathways to a minimal set that covers 99% of 
the original convex yield space. A bottom-up approach 
was used select the minimum number of biochemical 
pathways, by sequentially comparing the spanned con-
vex hull volume between the reduced and original yield 
space [9]. The minimal number of pathways is used for 
formulating the HCM through the Z matrix. 

Parameter Estimation 
For the HCM, 5 unknown parameters (kmax, K, a, β, ke) 

exist. Every unknown parameter vector has size equal to 
the number of columns (i.e., minimal pathways) of Z. Val-
ues for a, β, and ke are selected from the literature [6-8].  

Nonlinear Least Squares Regression 
Model parameters kmax and K were estimated with 

least squares regression, minimising the sum of squares 
errors between model predictions and in silico data for 
biomass, glucose and acetate concentrations. The objec-
tive function was defined as: 

LSE(θ) =  ∑ �ysampled,i − ymodel,ι(θ)�2N
i   (10)  

where θ denotes the vector of unknown parameters, ysam-

pled represents the measured data, and ymodel(θ) the model 
predictions. To assess the goodness of fit, the Mean 
Squared Error (MSE) was used: 

MSE = 1

nsampled−nθ
∙ LSE(θ)    (11)  

Here, n signifies either the number of sampled data or pa-
rameters. 

Parameter Identifiability 
To evaluate parameter practical identifiability, we 

employed the profile likelihood approach [10, 11]. For 
each parameter θ, the profile likelihood χ2

PL(θι) was com-
puted by re-optimising all other parameters while keep-
ing θi fixed at a series of values: 

χPL2 = min [χ2(θ)]     (12) 

where, χ2(θ) = LSE(θ) under the assumption of normally 
distributed residuals. The likelihood-based confidence 
interval (CI) at level α was defined by the threshold: 

Δ� = χ2(α, df = 1)     (13) 

where α is the quantile of the χ2 distribution with df de-
grees of freedom. A parameter was considered practi-
cally non-identifiable if its profile likelihood remained be-
low Δα in either the increasing or decreasing direction, in-
dicating an infinitely extended confidence bound in that 
direction. CIs were extracted from the parameter values 
were χ2

PL crossed the threshold Δα. 

Local Sensitivity Analysis 
All parameters were examined for their influence on 
model output via local sensitivity analysis. The sensitivity 
matrix S was computed numerically as: 

Si,j = ϑyi
ϑθj

     (14) 

Parameters with consistently low sensitivity and flat pro-
file likelihoods were considered for model reduction. 

Optimal Experiment Design 
To reduce parameter uncertainty, OED was per-

formed using the Modified E-optimality criterion [12]. The 
Fischer Information Matrix (FIM) was approximated from 
local sensitivities, evaluated at the nominal parameter es-
timates: 

FIM(θ) = ∑ S(θ, tk)T ∙ Q−1 ∙ S(θ, tk)Nt
k=1    (15) 

Where S(θ, tk)= ϑy/ϑθ|tk is the sensitivity matrix at time tk, 
and Q is the covariance matrix of measurement errors. 
The modified E-optimality criterion aims to minimise the 
condition number of the FIM, which is equivalent to mini-
mising the ratio of the largest to the smallest eigenvalue: 

Ecriterion = min�λmax�FIM(θ)�

λmin(FIM(θ)
�   (16) 

 Αn additional in silico experiment was designed by 
solving this optimisation problem under feasible opera-
tional bounds, yielding an informative input profile (e.g., 
a time-varying substrate feed) that was simulated to 
generate new data for re-estimation. 

Numerical Simulations 
All computations were performed in Spyder v6 IDE 

virtual environment, using the Python 3.10.6 program-
ming language. A numerical simulation for the whole 
pipeline lasts approximately 7 hours and 15 minutes. 
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RESULTS & DISCUSSION 

Yield Space 
The opt-yield FBA results in 22 physiologically rele-

vant metabolic pathways, which together span the - ac-
etate/biomass over glucose - yield space. Then, MYA 
identifies 4 pathways containing 99% of the original con-
vex hull. From these, 2 identified pathways correspond to 
high-yield acetate and biomass production (pathway 1 & 
2, respectively), where a third one represents a no-
growth state of complete respiration process.  

 
Figure 1. Opt-yield FBA and MYA convex yield space. 

With pathway 4, which contains a set of intra-extracellu-
lar reaction fluxes for combined acetate & biomass se-
cretion. All four are forming a Z-matrix and include all the 
necessary knowledge towards describing trade-offs be-
tween growth and by-product formation. 

HCM – 4 Pathways 

Model Fit 
The HCM accurately reproduces the batch dynam-

ics of biomass growth, glucose uptake and acetate se-
cretion, while preserving metabolic mechanistic inter-
pretability. Model predictions achieve a low MSE for all 
measured states (Table 1). Meanwhile, cybernetic varia-
bles allocate enzyme activity in a physiologically con-
sistent way; growth-oriented pathways dominate during 
high glucose, and acetate-reassimilation pathways dom-
inate for low carbon conditions. 

Table 1: Optimal parameter values, HCM (4 paths). 

Pathway kmax (mmol/gDW*h) K (mmol/L) MSE 
    
   
   
   

 
 

 
(a)

 
(b) 

Figure 2: Model fit of HCM for 4 pathways. (a) HCM predictions for glucose, biomass and acetate states, using 
optimal parameters (Table 1), (b) Simulated cybernetic variables (u, v) for model’s fit. 
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Within all pathways, the 4th stands out; it is least sensi-
tive to substrate concentration, has a low exchange rate 
constant (K4 = 10, k4

max=0.1), while pathway enzyme syn-
thesis and activity are approaching 0 over time. 

Identifiability & Sensitivity Analysis 
Profile likelihoods and local sensitivities reveal that 

not all pathway-specific uptake parameters are 

practically identifiable with the initial experiment, moti-
vating the need for model reduction and additional input 
data. Similar identifiability issues have been reported for 
large kinetic and population-balance models, where flat 
profile likelihoods indicate over-parametrisation and the 
need for targeted experiments through OED [10, 12]. 

 

 
(a) 

 
(b) 

Figure 3: Parameter identifiability and sensitivity results, of HCM, for optimal parameters (Table 1). (a) Profile 
Likelihoods, (b) Normalised sensitivity profiles; impact of perturbed parameter on model outputs. 
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HCM – 3 Pathways 

Model Reduction & OED 
Model reduction from 4 to 3 pathways is motivated 

by the combined flat profile likelihoods (K4, Figure 3a) 
and low local sensitivities (k4

max, K4 Figure 3b) for the ace-
tate-biomass co-producing route, indicating practical 
non-identifiability and limited influence on measured out-
puts. Removing this pathway promises a more contained 
model structure, with chances of parameter identifiability 
[13]. 

Furthermore, on the structurally reduced 3-pathway 
HCM, OED is employed using the modified E-criterion to 
improve the conditioning of the FIM matrix. Specifically, 
it aims to target FIM directions that are poorly informed 
by the initial dataset. OED results in an optimal initial glu-
cose concentration (i.e., 25.47 g/L), thus dFBA is per-
formed again to design this new input, yielding a more 
differentiated activation of the 3 remaining pathways, 
over time. 

Table 2: Optimal parameter values, ODE-HCM (4 paths). 

Pathway kmax (mmol/gDW*h) K (mmol/L) MSE 
   e- 
   
   

Model Fit 
In the joint estimation for the merged dataset, the 3-

pathway HCM seem to play a complementary role. The 
high-yield, glucose-to-biomass route dominates early 
growth and remains highly activated throughout the ex-
periment. Additionally, acetate overflow and respiration 
pathways are initially active, but their enzymatic promo-
tion and activity are decreasing proportionally with time 
(i.e., substrate depletion) (Figure 3). This synergy leads 
to a very low MSE (Table 2) while maintaining physiolog-
ically plausible values for six estimated parameters. 

Identifiability & Sensitivity Analysis 
Model reduction, by itself, improves the practical 

identifiability of maximum exchange rate constants for 
pathways 1 and 2, since both profiles cross the Δα thresh-
old. However, it only induces a slight change of slope for 
the rest of the parameters, with partial or unsuccessful 
crossing of the threshold, still indicating practical non-
identifiability for k3

max, K1, K2 and K3 (Figure 5a). The OED 
experiment induces a clear curve across the 95% CI for 
three parameters, notably making K2 practically identifia-
ble. The 95% CI of previously identifiable parameters be-
come narrower, but the kinetic parameters that belong to 
pathway 3 and K1 remain practically non-identifiable. 

Multiple reasons may contribute to this result. For 
example, the lack of sufficient/informative data could 

 
(a) 

 
(b) 

Figure 4: Model fit of ODE-enriched HCM for 3 pathways. (a) HCM predictions for glucose, biomass and acetate 
states, using optimal parameters (Table 2), (b) Simulated cybernetic variables (u, v) for model’s fit. 
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lead to incomplete parameter identifiability. As local sen-
sitivities show (Figure 5b), the OED dataset improves the 
sensitivity of model output over parameter perturbations 
mostly for pathway 2. However, it didn’t succeed in sep-
arating the profiles for the pathway 1 & 2. This could re-
quire more measurements (e.g. CO2 for pathway 3), or an 
acetate-driven OED design is needed to improve 

pathway contributions between 1 & 2.  Additionally, if one 
revisits the HCM Michaelis-Menten formulation for path-
way exchange rate, it is of intuitive understanding that 
the kmax and K parameters are countering each other dur-
ing the profile likelihood analysis. Specifically, when the 
K value becomes too low, the parameter is negligible to-
wards the value of kmax; thus, the parameter is not 

 
(a) 

 
(b) 

Figure 5: Parameter identifiability & sensitivity results; ODE-assisted HCM, for optimal parameters (Table 2). 
(a) Profile Likelihoods, (b) Normalised sensitivity profiles; impact of perturbed parameters on model outputs. 
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informed by the data. On the other hand, when K 
achieves a large value, substrate concentration is negli-
gible, thus only the kmax

K
 ratio can be identifiable. It is 

therefore a matter of proper experiment design, as well 
as inclusion of multiple measurements, to achieve a prac-
tically identifiable profile for the K parameters, as the K2 
profile likelihood signifies. 

CONCLUSIONS 
The proposed workflow shows that HCMs can be 

systematically reduced and still capture microbial meta-
bolic dynamics. Combining methods like opt-yield FBA, 
MYA and profile likelihood analysis yields a statistically 
well-defined 3-pathway HCM that retains almost all the 
original yield space. A modified E-criterion provides an 
additional informative experiment that improves confi-
dence bounds, measurement sensitivity and parameters’ 
practical identifiability. Together, these steps showcase 
how integrated analysis enables the reliable employment 
of mechanistic models for robust prediction and control 
of microbial bioprocesses. 
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