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ABSTRACT 
Stochastic gene regulatory networks exhibit complex dynamics that require efficient methods for 
parameter inference and uncertainty quantification. In this work, we propose a surrogate modelling 
framework that combines a partial integro-differential equation (PIDE) formulation with polynomial 
chaos expansions (PCE) to efficiently approximate the stochastic dynamics of gene expression 
models under parametric uncertainty. The approach represents the time evolution of low-order 
statistical moments as polynomial functions of uncertain kinetic parameters, enabling fast evalu-
ations and tractable inference. The method is demonstrated on a self-regulating gene network, 
achieving accurate parameter estimation and a reduction of approximately two orders of magni-
tude in computational cost compared to direct PIDE-based optimisation. 
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INTRODUCTION 
 Stochasticity is an inherent feature of cellular pro-
cesses, playing a crucial role in various biological phe-
nomena. A prominent example is gene expression, where 
small numbers of DNA and regulatory molecules lead to 
pronounced stochastic effects [1]. These fluctuations 
contribute to the significant cell-to-cell variability ob-
served even in genetically identical cell populations, in-
fluencing key processes such as differentiation, pheno-
typic switching, adaptation, and evolution [1-3]. Ad-
vanced single-cell microscopy techniques, combined 
with mathematical models for single-gene expression, 
have led to essential insights into elucidating the sources 
of intrinsic noise in cells [4]. At the same time, they have 
highlighted new challenges for quantitative modelling, 
particularly in statistical inference and uncertainty quan-
tification. 
 Stochastic gene expression is commonly modelled 
as a reaction network governed by the chemical master 
equation (CME) [5]. Despite its simple formulation, the 
CME is generally intractable and exact analytical solu-
tions exist only for a few simple systems. On the other 
hand, the stochastic simulation algorithm (SSA) provides 
a numerical approximation of the CME solution. However, 
stochastic simulations are computationally demanding, 

making systematic analysis challenging. As an alternative 
to computing full probability distributions using the CME 
or its approximations, such systems are often analysed 
through low-order statistical moments of mRNA or pro-
tein abundance [6].  

Gene regulatory network (GRN) models are neces-
sarily approximations of biological reality and are there-
fore affected by multiple sources of uncertainty. In many 
practical applications, model parameters are only ap-
proximately known, as direct experimental measure-
ments of kinetic reaction rates are difficult to obtain. 
Moreover, even when reliable estimates are available, in 
vivo parameters may be influenced by a multitude of cel-
lular and environmental factors, leading to significant 
parametric variability [7]. Furthermore, incomplete 
knowledge of network topology and reaction mecha-
nisms can introduce structural uncertainty, while the in-
trinsic randomness of molecular interactions gives rise to 
aleatory variability. If not properly accounted for, these 
effects can substantially impact model predictions and 
lead to misleading interpretations in biological applica-
tions. 

In this work, we combine an efficient partial integro-
differential equation (PIDE) framework for modelling sto-
chastic gene regulatory networks with polynomial chaos 
expansion (PCE) for uncertainty quantification under 
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parametric uncertainty. The PCE represents the statisti-
cal moments of the system as polynomial functions of the 
model parameters, enabling fast moment evaluation. We 
demonstrate the effectiveness of the PCE-based ap-
proach on a positive autoregulation model by estimating 
all kinetic parameters of the network. Compared to 
standard stochastic simulation–based methods, the pro-
posed framework achieves up to a 100-fold reduction in 
computational cost, making it particularly suitable for in-
ference and uncertainty quantification analyses.  

METHODS 

PIDE Model 
We consider a gene regulatory network comprising 

n genes 𝑮𝑮 = {DNA1, … , DNA�}, each responsible for the 
synthesis of a distinct protein type 𝑿𝑿 = {𝑋𝑋1, … ,𝑋𝑋�} 
through their respective messenger RNAs 𝑴𝑴 =
{mRNA1, … , mRNA�}, following the central dogma. The 
number of molecules of mRNA and proteins is repre-
sented by vectors, 𝒎𝒎,𝒙𝒙 ∈ 𝑅𝑅�, where 𝒎𝒎 = (𝑚𝑚1, … ,𝑚𝑚�) and 
𝒙𝒙 = (𝑥𝑥1, … , 𝑥𝑥�), respectively. A schematic representation 
of the gene network is shown in Figure 1. 

Figure 1. Schematic representation of the gene 
expression model. 

 Each gene switches between an active 𝐷𝐷𝐷𝐷𝐷𝐷��� 
and an inactive 𝐷𝐷𝐷𝐷𝐷𝐷�

��� state. In the active state, mRNA is 
transcribed at a rate 𝑘𝑘��  and translated into a protein at a 
rate 𝑘𝑘�� . A gene is activated at a rate 𝑘𝑘���  and inactivates 
at a rate 𝑘𝑘���� , with an additional leakage transcription rate 
𝑘𝑘�� . mRNA and protein degrade at rates 𝛾𝛾��  and 𝛾𝛾��, respec-
tively. Under the assumption of protein-burst condition, 
the time evolution of the protein probability density func-
tion can be described by the following PIDE [4]: 
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 𝑝𝑝(0,𝒙𝒙) = 𝑝𝑝0(𝒙𝒙). 

The burst condition is represented by β�, with 

β�(𝑥𝑥� − 𝑦𝑦�) = 𝜔𝜔�(𝑥𝑥� − 𝑦𝑦�)−  𝛿𝛿(𝑥𝑥� − 𝑦𝑦�), (3) 

where 𝒚𝒚� is obtained from 𝐱𝐱 by replacing its 𝑖𝑖-th 

component by 𝑦𝑦�. Additionally, burst size is modelled by 
an exponential distribution, such that 

𝜔𝜔�(𝑥𝑥� − 𝑦𝑦�) = 1
𝑏𝑏�

exp �−
(𝑥𝑥� − 𝑦𝑦�)
𝑏𝑏�

� , (4) 

where 𝑏𝑏� = ���
���

. The initial condition 𝑝𝑝0(𝑥𝑥) is a probability 

density function assumed to be normally distributed. 
Here, the function 𝑐𝑐�(𝑥𝑥) represents the regulatory control 
of a gene 𝑖𝑖 by other proteins in the network, and it is typ-
ically modelled using Hill functions  

𝜌𝜌��(��) =
𝑥𝑥�
���

𝑥𝑥�
��� +  𝐾𝐾��

���
, (5) 

where 𝐻𝐻�� is the Hill coefficient indicating the cooperativ-
ity in the regulation, and 𝐾𝐾�� is the corresponding Hill con-
stant. In the case of regulation by a single protein, the 
transcription rate is proportional to the fraction of active 
promoter, expressed as: 

𝑐𝑐��𝑥𝑥�� = �1 − ρ��𝑥𝑥��� + ρ��𝑥𝑥��ε�. (6) 

Here ε� is the leakage constant from the inactive pro-
moter. The effect of multiple proteins regulating a gene 
can be modelled by combining individual Hill functions 
using logical operations [4]. 

The PIDE is solved numerically using SELANSI, 
which computes the solution via an efficient and scalable 
semi-Lagrangian method, providing the temporal evolu-
tion of the protein probability density function [5]. The 
PIDE approach provides an accurate and computationally 
efficient approximation of the chemical master equation 
(CME) solution compared to the standard Gillespie sto-
chastic simulation algorithm. A computational mesh con-
sisting of 5000 time points and 1200 spatial nodes is em-
ployed. 

Polynomial Chaos Expansion 
PCE is a spectral method for uncertainty quantifica-

tion that represents random variables as expansions in 
orthogonal polynomial bases for which stochastic infor-
mation is available [6]. The PCE expansion of a random 
variable 𝑢𝑢 can be described as: 

𝑢𝑢(𝜽𝜽) = � 𝑢𝑢�𝚽𝚽�(𝜽𝜽),
�

�=0
(7) 

where 𝐿𝐿 is the total number of polynomial terms up to a 
degree 𝑑𝑑,𝚽𝚽�(𝜽𝜽) are multivariate orthogonal polynomials in 
the random variable 𝜽𝜽,𝑢𝑢� the PCE coefficients, and 𝑗𝑗 is a 
multi-index. The choice of the polynomial family follows 
the Askey scheme and depends on the probability distri-
butions of the input parameters. Although classical PCE 
assumes standard distributions, the approach can be ex-
tended to arbitrary input measures. The PCE coefficients 
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are computed using a non-intrusive regression-based 
approach. The underlying model is evaluated at a finite 
set of sampling points in the parameter space, and the 
coefficients are obtained by solving an ordinary least-
squares problem using the corresponding model evalua-
tions. 

Moment-based PCE  
Since tracking the full probability distribution is 

computationally expensive, a surrogate model tracking 
the moments of the gene circuit is constructed. To this 
end, the first 𝑘𝑘 raw moments are computed by integrating 
the probability density obtained from the PIDE formula-
tion at selected time instants  

𝑀𝑀� = ∫ 𝑥𝑥�𝑝𝑝(𝑥𝑥)𝑑𝑑𝑑𝑑. (8) 

Each moment  𝑀𝑀�(𝑡𝑡, 𝜽𝜽) is then represented as a pol-
ynomial chaos expansion in the parametric space. Spe-
cifically, the 𝑖𝑖-th moment is approximated 
as

 𝑀𝑀�(𝑡𝑡, 𝜽𝜽) ≈ ∑ 𝑚𝑚�,�(𝑡𝑡)
�
�=0  𝚽𝚽�(𝜽𝜽), (9) 

Where 𝑚𝑚�,�  are the corresponding deterministic PCE co-
efficients. 

RESULTS 

Moment-based PCE 
In this case study, we consider a single-gene circuit 

with self-regulation, in which feedback arises from the 
binding of the protein encoded by the gene to its own 
regulatory regions. This is 

𝜌𝜌1(�1) = �1
�11

�1
�11+ �1

�11
, (10)  

and 𝐻𝐻11 has a negative sign because positive self-regu-
lation is considered. The network dynamics are governed 
by the transcription rate 𝑘𝑘�, the translation rate 𝑘𝑘�, and 
the mRNA and protein degradation rates γ� and γ�. How-
ever, since the mean burst size is given by 𝑏𝑏1 =  𝑘𝑘�/γ�,𝑘𝑘� 
and γ� are not independently identifiable. Consequently, 
only three independent network parameters can be esti-
mated, namely 𝑘𝑘�,  𝑘𝑘� and γ�. These parameters are as-
sumed to be uncertain and are modelled as independent 
normally distributed random variables with 𝑁𝑁~�μ, (0.1μ)2�. 
Their mean values used in the simulations are listed in 
Table 1, and the PIDE solutions corresponding to the 
nominal values are shown in Figure 2. 

Simulation data are normalised to the interval [0, 1] 
to facilitate the PCE construction by avoiding large dif-
ferences in numerical magnitude between data points. 
The corresponding probability density functions are nor-
malised consistently. The first five raw moments of pro-
tein expression are computed from the distributions 

obtained via the PIDE stochastic model and used as train-
ing data for the surrogate. 

Table 1: Kinetic parameters used in the PIDE simulation. 

Parameter Description Value 
𝑘𝑘� Translation rate  
𝑘𝑘� Transcription rate  
𝛾𝛾� mRNA degradation rate  
𝛾𝛾� Protein degradation rate  
𝐻𝐻11 Hill coefficient  
𝐾𝐾1 Hill constant  
ε1 Leakage constant  

 

 

Figure 2: Time evolution of PIDE simulation with nominal 
values. Bimodal behaviour characteristic of positive 
autoregulation is observed.  

 A second-order PCE is employed, with an exper-
imental design consisting of 300 model evaluations and 
their corresponding moments. Based on the assumed 
distributions of the uncertain parameters, the polynomial 
basis is chosen as a set of normalised Hermite polynomi-
als. The surrogate is fitted to snapshot data collected at 
10 discrete time steps, and the PCE coefficients are com-
puted using the least angle regression (LAR) algorithm, 
as implemented in UQLab [8]. The choice of the polyno-
mial degree, the size of the experimental design, and the 
regression algorithm may vary depending on the level of 
accuracy required. In practice, these choices involve a 
trade-off between computational cost and surrogate 
performance. In the present case, the generation of the 
training samples represents the most computationally 
expensive step and requires approximately 20 minutes of 
CPU time. Once trained, however, the PCE surrogate pro-
vides an efficient representation of the model response 
over the entire parameter space, enabling rapid evalua-
tions. Moreover, key statistical quantities such as the 
mean, variance, and Sobol sensitivity indices can be ob-
tained directly from the PCE coefficients at negligible ad-
ditional cost.  

Parity plots shown in Figure 3 demonstrate strong 
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agreement between the moments predicted by the PCE 
surrogate and those obtained from the validation dataset 
across all considered time points. In particular, data 
points closely follow the identity line for the first four mo-
ments, indicating that the surrogate accurately captures 
both the magnitude and temporal evolution of the sto-
chastic moment dynamics.  

 To quantitatively assess the accuracy of the PCE 
surrogate, leave-one-out (LOO) cross-validation errors, 
modified LOO errors, and root-mean-square errors 
(RMSE) were evaluated at all time points. Since the ze-
roth moment is identically equal to 1, it was excluded from 
the error analysis. Considering only moments of order 
greater than zero, the surrogate errors remained low 
throughout the simulation, with the global RMSE staying 
below 1.5  × 10−3. The largest contribution to the total er-
ror arose from the first moment, whose RMSE increased 
at early times and then stabilised at approximately 
1.5  × 10−3, while the remaining moments were predicted 

more accurately, with RMSE values below 1.0  × 10−4. 
Small deviations are observed only in a limited number of 
cases, with the first moment contributing most to the to-
tal error due to its comparatively larger variability. Nev-
ertheless, the remaining moments are reproduced with 
very high accuracy, and the overall results confirm that 
the surrogate provides an accurate approximation of the 
moment dynamics over the entire time horizon. Further 
improvements may be achieved through alternative sam-
pling strategies, different regression techniques for com-
puting the PCE coefficients, or larger experimental de-
signs. 

 Moment-based approaches provide an efficient 
alternative for characterising stochastic dynamics by 
representing the system through the evolution of its mo-
ments [9]. By focusing on their dynamics, these methods 
enable the quantification of fluctuations over time while 
substantially reducing computational cost compared to 
full distribution-based analyses, as will be demonstrated 

 
Figure 3. Parity plots comparing the first four moments predicted by the PCE surrogate (dots) against the 
validation dataset (continuous line). A second-order PCE constructed from 300 training samples is used. The 
zeroth moment is omitted for clarity, and selected data points at representative time instants are shown. 
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in the following section. 

Parameter Inference  
Following the validation of the PCE surrogate, it is 

employed to estimate the model parameters using a 
multi-start optimisation strategy. Randomised initial 
guesses within predefined parameter bounds are used in 
a constrained optimisation algorithm to minimise a 
weighted least-squares objective. Noisy measurements 
are generated from the moment dynamics, assuming 10% 
multiplicative Gaussian noise. The PCE surrogate enables 
rapid evaluation of the forward model, making the multi-
start procedure computationally feasible while jointly es-
timating all kinetic parameters of the regulatory network. 
The parameter set yielding the lowest objective value 
across all optimisation runs is selected as the final esti-
mate. 

Under 10% relative noise, the PCE surrogate accu-
rately captures the underlying moment dynamics. The 
estimated parameters reproduce the temporal evolution 
of the measured moments and remain in close agreement 
with the reference PIDE solution, as shown in Figure 4. 

Table 2 summarises the estimated parameters and 
their relative errors obtained with the PIDE and PCE mod-
els, while the resulting probability density functions 

simulated using the optimised parameters are shown in 
Figure 5. 

Table 2: Estimated parameters and relative errors from 
the PIDE and PCE model. 

Param PIDE PCE Rel Error 
PIDE 

Rel Error 
PCE 

𝑘𝑘�   % % 
𝑘𝑘�   % % 
𝛾𝛾�   % % 

 
 While the PIDE approach yields accurate parameter 
estimates with relative errors below 12%, the surrogate-
based inference exhibits moderate deviations for some 
parameters, particularly those associated with stronger 
coupling and reduced practical identifiability. Neverthe-
less, the parameter estimates obtained with the PCE sur-
rogate remain within acceptable accuracy and success-
fully reproduce the temporal evolution of the observed 
moments. Moreover, the probability density functions re-
constructed using the parameters inferred from the PCE 
surrogate closely match those obtained with the refer-
ence PIDE model and the nominal parameter set despite 
parameter deviations. 

 
Figure 4: Nominal values, measurements, and estimated moments obtained using the PIDE and PCE models. The 
zeroth moment is omitted for clarity, and 10 data snapshots are considered. 
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Beyond accuracy, the use of the PCE surrogate pro-
vides substantial computational advantages. For a multi-
start optimisation with 20 initial guesses and parallel ex-
ecution, the total optimisation time using the PCE surro-
gate was 1.8 minutes, compared to 180.9 minutes when 
relying on the PIDE model, corresponding to an approxi-
mately 100-fold reduction in computational cost. Once 
constructed, the surrogate can be readily employed for 
both forward and inverse uncertainty quantification 
tasks. Furthermore, the non-intrusive nature of the sur-
rogate modelling approach facilitates the inclusion of 
multiple uncertain parameters, making the proposed 
framework well-suited for efficient inference and uncer-
tainty quantification in stochastic gene regulatory net-
works. 

CONCLUSIONS AND FUTURE RESEARCH 
In this work, we develop a surrogate modelling 

framework for uncertainty quantification in stochastic 
gene regulatory networks. The proposed approach com-
bines PIDE-based simulations for computing probability 
density functions with Polynomial Chaos Expansions 
(PCE) to construct an efficient surrogate model. The cen-
tral idea is to represent the time evolution of statistical 
moments as functions of uncertain input parameters. 

The effectiveness of the proposed method is 
demonstrated using a one-dimensional self-regulating 
gene network as a case study. This system is selected 
for its conceptual simplicity while still exhibiting bimodal 
behaviour depending on the uncertain input parameters. 
Despite its low dimensionality, the example highlights 
that accurate joint inference of all kinetic parameters can 
be achieved with a substantial reduction in computational 
cost. These computational gains are expected to become 
even more pronounced for more complex gene regula-
tory networks involving multiple interacting genes. 

Future research directions include extending the 
proposed framework to more advanced uncertainty 
quantification tasks, such as Bayesian parameter infer-
ence, and to larger gene regulatory networks with multi-
ple uncertain parameters. Additional reductions in train-
ing cost may be achieved through more efficient sam-
pling strategies and improved experimental design. 
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Figure 5: Probability density functions obtained using the optimised parameters for the PIDE and PCE models. The 
PCE-based estimates closely match the reference PIDE solution and preserve the multimodal structure of the 
distribution. 
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