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ABSTRACT

Biopharmaceutical manufacturing requires systematic identification, understanding and control of
critical process parameters (CPPs) and critical quality attributes (CQAs) While deterministic ma-
chine learning models have proven valuable for describing complex systems and providing insights
into process behaviour, the extension to probabilistic frameworks allows for the capture of intrinsic
biological and process variability, improving robustness, understanding and safety. This work in-
troduces a framework for autoregressive variational Bayesian neural networks (BNNs) that inte-
grate uncertainty quantification into data-driven modelling. The approach is demonstrated on a
multicolumn countercurrent solvent gradient purification (MCSGP) process for monoclonal anti-
body purification. The BNN is trained autoregressively on high fidelity data generated using a de-
tailed mechanistic process model data. A heteroscedastic variance head is included to model sig-
nal-dependent observation noise, while the epistemic uncertainty is captured through stochastic
network parameters. Model performance is assessed using both deterministic accuracy metrics -
MSE and probabilistic scores namely coverage and continuous ranked probability scores (CRPS).
Results show that the proposed method accurately recovers noiseless concentration profiles while
maintaining well calibrated predictive distributions. Additionally, the framework is tested under
multiple noise regimes to test robustness of the proposed approach.

Keywords: Modelling and Simulations, Algorithms, Bayesian Neural Networks, Variational Inference, Uncer-
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INTRODUCTION

Biologics, such as monoclonal antibodies (mAbs),
play a central role in the treatment of diseases, including
cancers and autoimmune disorders. The commercial im-
portance of mAbs is substantial, with six of the top ten
best pharmaceutical products being mAb-based thera-
pies [1]. As a result, there is an increasing demand for
cost minimisation and high production efficiency, while
regulators are pushing for transparency, robustness and
explainability through initiatives such as Quality by De-
sign (QbD) and the drive towards Biopharma 4.0. In this
context, process modelling provides a valuable tool for
supporting design, operation and decision making, by im-
proving understanding and operability of complex bio-
processes.

Data-driven modelling allows engineers with access
https://doi.org/10.69997/sct.132487
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to process data and often limited mechanistic process
knowledge to model unknown phenomena. This is perti-
nent in upstream bioprocessing where many underlying
mechanisms remain partially characterised. In down-
stream processing, where process knowledge is richer,
data-driven modelling can offer significant improvement
in computational time for inference, making them attrac-
tive for online monitoring, optimisation, and control. How-
ever, in the pursuit of Biopharma 4.0, deterministic model
inference alone is insufficient to support risk-aware de-
cision making. Biological systems are often characterised
by substantial inherent variability and therefore process
decisions must account for uncertainty to satisfy strin-
gent regulatory constraints and ensure consistent prod-
uct quality.

In this setting, Bayesian Neural Networks (BNNs) of-
fer a promising solution, by retaining the predictive
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capabilities of artificial neural networks, while providing
uncertainty estimates via probabilistic inference. In con-
trast to deterministic models, BNNs provide predictive
distributions rather than point estimates, enabling quan-
tification of uncertainty. This includes aleatoric uncer-
tainty arising from measurement noise or process varia-
bility, and epistemic uncertainty associated with limited
data and uncertainty in model parameters. Gaussian Pro-
cesses (GP) are commonly utilised for this purpose, how-
ever lack scalability in dynamic systems such as biopro-
cessing [2].

Many algorithms exist for the training of BNNs, with
Markov Chain Monte Carlo (MCMC) methods often being
regarded as the gold standard [3]. Despite their wide ap-
plication, these exact methods can be slow to converge
and may become computationally prohibitive for large
networks. Approximate inference methods offer a scala-
ble alternative that is compatible with gradient based op-
timisation. In this work, the applicability of variational in-
ference for autoregressive BNNs in bioprocess modelling
is assessed using ion-exchange chromatography as a
use case. The proposed framework is designed to enable
probabilistic prediction and decompose aleatoric and ep-
istemic uncertainties. This distinction is important, as
only epistemic uncertainty can be reduced by more data
and targeted experimentation, whereas the aleatoric un-
certainty represents intrinsic process variability that must
instead be managed through robust operation and con-
trol.

THE USE CASE OF MULTICOLUMN
COUNTERCURRENT SOLVENT GRADIENT
PURIFICATION (MCSGP) PROCESS

The case study of interest is the twin-column Multi-
column Countercurrent Solvent Gradient Purification
(MCSGP) process presented by Aumann and Morbidelli
[4]. The process is an ion exchange chromatography
used as a purification step in mAb production. The sys-
tem separates three components, namely the product,
the weak impurities, and the strong impurities.

Figure 1: Diagram of MCSGP operating cycle

Operation proceeds through four phases: Two inter-
connected (I1 and 12) and two batch (B1 and B2) (Figure
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1). During the interconnected phases, outlet streams
containing off specification product fractions are recy-
cled between columns to enhance recovery, while batch
phases allow for the elution of high purity product. Strong
and weak impurity fractions are discarded. After the cy-
cle shown in Figure 1, the roles of the columns reverse
and the process is repeated.

A high fidelity, experimentally validated, process
model, originally developed by Miiller-Spath et al. [5] was
utilised to generate data of the MCSGP process. This
lumped kinetic model, comprises over 4000 ordinary dif-
ferential equations [6], after spatial discretization, repre-
senting a computational bottleneck for real time applica-
tions and uncertainty quantification (UQ).

METHODOLOGY

Data Generation and Process Model

Data is generated according to the strategy pro-
posed by Michalopoulou et al. [7]. In which Sobol sam-
pling is used to sample nine design variables through
ranges presented in Table 1.

Table 1: Inputs and Bounds for Data Generation

Variable Lower Upper Units
Bound Bound

Weak Feed 0.05 0.08 mg/ml

Concentration

Product Feed 0.3 0.5 mg/ml

Concentration

Strong Feed 0.03 0.05 mg/ml

Concentration

Batch Flowrates 0.1 1.0 ml/min

11 Flowrate 0.1 1.0 mI/min

12 Flowrate 0.1 1.0 ml/min

Modifier Feed 1.0 3.0 mg/ml

Concentration

Initial Modifier 2.0 3.0 mg/ml

Concentration

Phase 11 col-

umn 1

Initial Modifier ~ 0.8 1.2 mg/ml

Concentration

Phase 11 col-

umn 2

The model is simulated to Cyclic Steady State (CSS)
and input-output data, consisting of these nine design
variables and the output concentrations of each species
for a full CSS cycle is taken to create the dataset. For
quantifying aleatoric uncertainty in this methodology,
heteroscedastic noise is added to the measured concen-
trations of species.

Syst Control Trans 5:992-1000 (2026) 993
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Figure 2. Autoregressive Bayesian Neural Network Architecture

Autoregressive Bayesian Neural Network
A dataset of
N
(e i)} . Wherex, € R are exogenous inputs and
0 YuT)f,

multivariate time sequences

¥, € R% are the targets, is constructed. The model is
trained  autoregressively  to  predict  §™ =
fo (X 911 )- Using a fixed context length C. Predic-
tions are generated sequentially, with the previous C pre-
dicted outputs fed back as inputs for subsequent time
steps.

The predictor, fp, is a Bayesian neural network with
a factorised Gaussian variational posterior over weights
and biases. For each layer ¢, the posterior is parameter-
ised as shown in Eq. (1) and (2).

9(Wp) = N, oy, M
qa(be) = N(up,» 3,) (2)

Where W, and b, denote the weights and biases of
layer ¢ of the network. The standard deviations are pa-
rameterised via Eq. (3).

o = log(1 + exp(p)) (3)

With, p, a learned parameter for each weight and
bias, to ensure positivity and improved training stability.
The BNN includes a heteroscedastic variance head that
predicts the log-variance, log(o7;)Vj = 1,...,d,, for each
output dimension at each timestep. A schematic of the
network is displayed in Figure 2.

Variational Inference

The training of the BNN approximates the posterior
distribution over network parameters () given by Eq. (4)
p(D|O)p®)

p@ID) ==—""

(4)
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Where, p(D)is the evidence or the marginal likeli-
hood shown in Eq. (5).

p(D) = [ p(D|B)p(6) dd (5)
Which requires integration over all possible parameter re-
alisations and is non-conjugate and therefore intractable
to compute analytically requiring an approximate infer-
ence algorithm. In this case variational inference was
chosen as it can be seamlessly integrated into gradient
descent optimisation algorithms.

Variational inference introduces a parameterised
variational distribution and seeks a member of this family
that is the closest to the true posterior, defined by Eq. (6)
the Kullback-Leibler (KL) divergence.

44(0) = argmin Dy (a5®)|p(8 1 D)) (6)

Direct evaluation of Eq. (6) is infeasible, as it re-
quires the unknown posterior, therefore optimisation is
performed indirectly by maximising the evidence lower
bound (ELBO) defined in Eq. (7).

Lecso = Equellogp(D | 0)] - KL(qy(0)|p(®)) (7)

The ELBO defines a lower bound on the log-evidence and
is related to the intractable KL divergence in Eq. (8).

log p(D) = Lego +KL(q4(6)]p(6]D)) (8)

Since the KL divergence on the right-hand side of Eq. (8)
is non-negative, maximising the ELBO is the equivalent to
minimising the KL divergence between the variational ap-
proximation and the true posterior. The ELBO consists of
two competing terms, the expected log-likelihood term
that encourages the model to explain the observed data,
while the KL term acts as a regulariser towards the prior
distribution.

The variational loss function applied in this algorithm
is defined by Eq. (9).
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L =—Eye|Sr_c,,logp (9 | @.67)] + BKL(q(0)][p(8))
(9)

To enable gradient based optimisation of the ELBO,
the expectation with respect to the variational posterior
is approximated using Monte Carlo sampling combined
with the reparameterization trick [8]. Specifically, for
layer ¢, weights and biases are sampled from Eq. (10) and
Eq. (11).

Wg = I"Wg + O'Weeé (10)
b, = up, + 0p,€; (1

Where ¢ ~ N(0,1). This formulation expresses the sto-
chastic network parameters as deterministic functions of
the variational parameters and auxiliary noise variables
(¢), allowing the Monte Carlo estimated ELBO to be com-
puted via automatic differentiation.

Model Training

The training data consists of 400 cyclic steady state
sequences generated from the mechanistic model, with
the nine varied design variables and three output con-
centration profiles. A further 200 sequences are used for
validation, and 90 sequences are held out for testing and
visualisation.

The BNN receives 13 input features at each time
step. These consist of the nine design variables, the most
recent prediction of the three outlet concentrations, and
time. The network contains three fully connected hidden
layers with sizes 64, 64 and 32, respectively, each fol-
lowed by RelLU activations. The architecture and model
hyperparameters were optimised using Tree Structured
Parzen Estimator based Bayesian Optimisation [9]. The
final output layer consists of six neurons, predicting the
mean and heteroscedastic noise estimate for each con-
centration.

During training the KL divergence term is computed
independently for each layer and scaled by the batch size
to avoid batch-size dependence or the variational objec-
tive. To improve optimisation stability, the KL weight g, is
linearly annealed from O to 1 during an initial warmup
phase. After warmup, full variational regularisation is ap-
plied.

The ELBO is approximated using X Monte Carlo
samples of the network parameters. For each particle in-
dependent random keys are used to sample weights and
biases, producing X autoregressive rollouts.

During training teacher forcing is employed to stabi-
lise the learning. At each time step, the history value fed
back to the model is chosen according to Eq. (11).

st — {yt, with probability prg

hist —

{;,  with probability (1 — prp) ()

Where pyr is the probability of teacher forcing. This prob-
ability is annealed linearly over a fraction of the total op-
timisation steps in training, gradually transitioning from
Spencer et al. / LAPSE:2026.0327

fully guided rollouts towards fully self-predicted trajecto-
ries.

When physical bounds are supplied the predictive
mean is mapped through a sigmoid transformation (Eq.
12)

i =a+(b—a)o(a™) (12)

Where a and b represent the lower and upper
bounds and o(-)is the sigmoid function. In this case
bounds are chosen as [0, 1] mg/ml. This deterministic and
differentiable mapping enforces hard constraints on the
mean prediction while preserving gradient based optimi-
sation of the variational loss. Since epistemic uncertainty
arises from variability in the network parameters, con-
straining the sampled mean predictions also constrains
the resulting epistemic uncertainty distribution. In con-
trast, the heteroscedastic variance head remains un-
bounded, allowing the model to freely represent the ale-
atoric noise.

Model Inference

At inference time, predictive uncertainty is ob-
tained via Monte Carlo sampling of the learned variational
posterior. In all experiments, 1000 parameter samples are
drawn. For each sample, a full autoregressive rollout of
the concentration trajectories is generated.

The predictive mean is computed as the mean tra-
jectories across all samples. Epistemic uncertainty is
quantified as the variability across these sampled mean
predictions. This sampling-based formulation allows the
predictive distribution to be non-Gaussian and enables
direct estimation of prediction quantiles.

Aleatoric uncertainty is obtained from the hetero-
scedastic output head. Since the variance prediction it-
self depends on stochastic network parameters, the ale-
atoric estimate exhibits epistemic uncertainty as a sec-
ond order effect. The total predictive uncertainty is
therefore composed of both epistemic and aleatoric con-
tribution, combined under a conditional independence
assumption.

Computation

In this work the BNN architecture and training algo-
rithm were constructed using JAX, to enable efficient au-
tomatic differentiation and hardware acceleration [10].
Just-in-time (JIT) compilation was used extensively to
optimise the autoregressive rollout and ELBO computa-
tion, allowing entire sequence scans to be compiled into
fused kernels. Vectorisation was performed across
batches and Monte Carlo particles to enable efficient
parallel evaluation of stochastic network samples during
training and inference. Gradient descent was performed
with AdamW using the Optax suite [11], [12]. All experi-
ments are performed using an NVIDIA RTX 4090 GPU.
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Figure 3. Nominal heteroscedastic noise profiles applied to outlet concentrations.

RESULTS AND DISCUSSION

Nominal Test Case

The nominal test case takes the train, test and vali-
dation sets and applies noise to the outputs before train-
ing and testing. The noise model in this scenario is
Gaussian heteroscedastic noise with noise standard de-
viation defined as a sum of a constant baseline compo-
nent and a signal magnitude dependent component given
by Eq. (13)

noisy

Vi =Vuj ey €y~ N(O, (o0 + oc|yw-|)2) (13)

Where o, represent the baseline noise and a con-
trols the signal dependent noise, and where j represents
each component. For this hominal case g, = 0.005,a =

Spencer et al. / LAPSE:2026.0327
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0.08 was used, an example profile is shown in Figure 3.

Validation metrics of deterministic prediction accu-
racy and uncertainty quantification capability are dis-
played in Table 3. The mean squared error (MSE) quanti-
fies the accuracy of the predictive mean, while the em-
pirical coverage, the frequency at which the model’s pre-
dicted intervals contain the observed values, evaluates
the calibration of the predictive intervals. The continuous
ranked probability score (CRPS) [13] is a proper scoring
rule that assess the difference between the predicted
and observed cumulative distributions.

Figure 4 displays a representative outlet concentra-
tion prediction profile from the test set. The predictive
means closely follow the true, noiseless, profiles. While
the predictive uncertainty bands capture the epistemic
and aleatoric uncertainty throughout time. A subset of
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Figure 4. Left: Predicted outlet concentration profiles for representative test sequence. Right: Calibration plots for

nominal case, over all test set sequences.

noisy realisations are marked with a cross to demonstrate
the capability of the model to capture the heteroscedas-
tic noise.

Table 2: Validation Metrics for Nominal Case

Metric Weak Product Strong Units
Impuri- Impuri-
ties ties
MSE 6.32e-4 1.79e-3 1.37e- [mg/ml]?
4
95% 93.4% 92.2% 93.8% -
Cover-
age
CRPS 5.99e-3 1.13e-2 4.03e3— mg/ml

The probabilistic calibration of the predictive distri-
butions is assessed via calibration curves shown in Figure
4, across all sequences in the test set, for each compo-
nent. The empirical coverage closely matches the nomi-
nal confidence levels across all components, with slight
overconfidence in the product profiles. Overall, the nom-
inal test case demonstrates that the predictive distribu-
tion from the BNN achieves accurate predictions and is
able to filter noise to predict close to true noiseless val-
ues with low MSE, within its predicted epistemic uncer-
tainty. While the noise levels are accurately captured by
the heteroscedastic head, with a mean absolute error in
noise levels of 8e-4.

Secondary Noise Model

To better reflect realistic UV sensor behaviour typi-
cally observed in chromatographic systems, and test the
algorithm in different, more complex and realistic noise
regimes, a secondary noise model is introduced. Unlike
the nominal case, which assumes temporally independ-
ent noise observations, this model incorporates addi-
tional structure, including temporal correlation and base-
line drift. In this case there is an additive noise given by
Eq. (14)

noisy

Yij o =Vejte (14)
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Where ¢, ; is composed of three contributions:

(i) The heteroscedastic white noise displayed in Eq.
(15)

€het,t,j ~ N(O’ (co + O‘|Yt,j|)2) (15)

(ii) Temporally correlated first order autoregressive
noise (AR(1)) shown in Eq. (16)

€ar,t,j = P€ar,t-1,j + Nt ji
1 1j~ N(0,(0a)?) (16)

Where p € (—1,1) controls the strength of temporal
correlation and g,, determines the magnitude of the cor-
related noise.

(iii) Baseline drift modelled as a random walk given
by Eqg. (17)

dt,j = dt—l,j + gt,j (17)
with &, ; denoting a zero mean Gaussian increment.

Figure 5 illustrates the new noise profiles on an ex-
ample sequence. This test case uses: ¢, = 0.002,a =
0.02, p = 0.95, g, = 0.002.

The model architecture, training epochs and
data set size are identical to the nominal test case for
comparability. Quantitative validation metrics obtained
under the secondary regime are reported in Table 3.
Compared to the nominal case, point prediction error in-
creases modestly across all components, reflecting the
increased complexity in filtering temporally correlated
noise and baseline drift. Despite this, the empirical 95%
coverage remains close to the nominal level across all
components, indicating that the predictive uncertainty
adapts to the new noise regime. The increase in CRPS
reflects a reduced predictive sharpness and increased
uncertainty, which is consistent with the more challeng-
ing noise model.

Syst Control Trans 5:992-1000 (2026) 997
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Figure 5. Secondary noise model profiles applied to outlet concentrations.

Figure 6 shows a representative prediction under
the secondary noise model. Despite the added complex-
ity of the noise regime, the predictive mean is still able to
track the noiseless truth, while the uncertainty bands
adapt to the new regime. The predictive uncertainty in-
creases in regions effected by baseline drift, reflecting
reduced confidence in the inferred signal.

The right-hand side of Figure 6 shows the calibra-
tion of the network remains tight across all components,
with slight overconfidence in some regions.

Spencer et al. / LAPSE:2026.0327
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Table 3: Validation Metrics for Secondary Case

Metric Weak Product Strong Units
Impuri- Impuri-
ties ties

MSE 7.54e-4 2.73e-3 2.40e-4 [mg/mi]?

95% 91.8% 92.6% 90.6%

Cover-

age

CRPS 1.14e-2 1.85e-2 9.23e-3 mg/ml
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Figure 6. Left: Predicted outlet concentration profiles for representative test sequence, under secondary noise
model. Right: Calibration plots for secondary case, over all test set sequences.

CONCLUSION AND OUTLOOK

This work has demonstrated the applicability of au-
toregressive Bayesian neural networks trained via varia-
tional inference for modelling and uncertainty quantifica-
tion in downstream bioprocessing operations. Using the
MCSGP case study, the proposed framework was shown
to produce accurate predictive means while also provid-
ing well calibrated uncertainties. The decomposition of
predictive uncertainty into epistemic and aleatoric com-
ponents enables meaningful interpretation of model con-
fidence.

The nominal test case demonstrated that the BNN is
able to accurately recover noiseless concentration pro-
files from heteroscedastic observations, while maintain-
ing reliable uncertainty calibration. The introduction of a
secondary, more complex, noise model showed the
framework remains robust under more challenging, but
practically relevant conditions.

A key strength of the proposed approach is the au-
toregressive formulation, which allows the model to gen-
erate predictions sequentially without reliance on cyclic
steady state conditions. Looking forward, the framework
will be tested under fully dynamic operation or transient
disturbances, allowing deployment in online monitoring,
optimisation or control.

A particularly promising direction in the application
of the framework is in upstream bioprocessing, where bi-
ological variability arising from cellular mechanisms intro-
duces substantially higher uncertainty than downstream
steps. Eventually, targeting an uncertainty-aware holistic
modelling pipeline connecting the upstream and down-
stream processing units.

Training data requirements remain a key limitation
for Bayesian Neural Networks over using Gaussian Pro-
cesses. Future work will explore smaller models and
lower training data availability, to demonstrate applicabil-
ity in the data sparse environments often found in bio-
processing. Particularly looking at the effect of training
data availability on epistemic uncertainty estimates.
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