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ABSTRACT

Probabilistic design spaces enable pharmaceutical manufacturers to balance regulatory compli-
ance and operational efficiency. In this context, the "edge-of-failure" separating compliant from
non-compliant operation is not a fixed line, but an uncertain region driven by model parameter
uncertainty. Traditional methods typically map this probability of failure across the whole design
space, which is a computationally expensive task. We propose a more direct approach, reformu-
lating the problem using quantile functions to search for a deterministic boundary at a desired
confidence level. These functions are approximated via Gaussian process surrogates using a novel
adaptive sampling strategy. An industrial peptide acylation case study identifies the probabilistic
design space using 13 experiments versus 18 from a traditional DoE; a 28% reduction. The frame-
work quantifies trade-offs between operational robustness and yield optima.
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INTRODUCTION

In pharmaceutical manufacturing, a design space
(DS) is “the multidimensional combination and interac-
tion of material attributes and process parameters that
have been demonstrated to provide assurance of qual-
ity” [1]. Once approved, a DS allows manufacturers to ad-
just process settings within its bounds without additional
regulatory submissions, enabling operational flexibility
[2]. A DS can be expressed mathematically as

[x e X |V¢ €{1,...,L}, go(x, f(x,6)) < 0}, (1)

where X C RP is the knowledge space, and the process
model y = f(x,0) predicts CQAs y € R? with fixed model
parameters 6 € RR. Each constraint g, represents a CQA
specification limit or a process constraint.

Ignoring model parameter uncertainty yields a de-
terministic design space (DDS), as in Eq. (1). In practice,
parameter uncertainty can reduce or reshape the DS,
motivating methods to define a probabilistic design
space (PDS). In this context, the model parameters follow
a conditional density p(6 | x), which can be inferred via
first-order Taylor series approximation [3] or Bayesian
https://doi.org/10.69997/sct.107168

parameter estimation [4]. Under model parameter uncer-
tainty, the constraints in Eq. (1) become probabilistic

[xex|veel,..,L}L,P(g(x f(x,0)) <0) > C},(2)

where @ is a random variable with density p(6 | x),C is a
reliability level, and

P(go(%. f(%.©)) < 0) = [y o (s sy} PO | %) d6. (3)

The central challenge in PDS identification is the compu-
tational cost of evaluating Eq. (3). The objective of this
paper is to propose a method that bypasses this cost by
reformulating Eq. (2) as a deterministic problem.

Sampling-based approaches to PDS
identification

Wet-lab experimentation is a costly and time-con-
suming task in pharmaceutical development. Therefore,
the literature favors model-based methods for mapping
the DS [5]. Knowledge-driven models are often preferred
over purely empirical ones as they embed physical prin-
ciples, require less calibration data, and extrapolate more
reliably beyond the training domain [6].
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Standard PDS identification typically employs a
Monte Carlo framework [7]. The knowledge space X is
discretized, and the model f(x,0) is evaluated by drawing
samples of 6 at each discrete point x. The feasibility prob-
ability in Eq. (3) is estimated as the fraction of simulations
satisfying all CQA constraints. The PDS is then defined as
the set of inputs x where this probability meets the relia-
bility level C.

While robust and widely applicable, this approach
carries a computational cost proportional to the product
of grid points and parameter samples, which often proves
prohibitive for complex models or large knowledge
spaces. To combat this, dimension reduction techniques
like partial least squares (PLS) are used to project high-
dimensional inputs into a tractable latent space prior to
PDS mapping [19]. Computational overhead can also be
managed through targeted exploration; nested sampling
[8], for instance, accelerates convergence by iteratively
discarding low-probability points in favor of candidates
near the target threshold C. Furthermore, adaptive surro-
gate-driven sampling [9] can reduce simulation require-
ments by learning a surrogate of the feasibility probability
and direct new evaluations to the most informative re-
gions (e.g., near the feasibility boundary [10]). Common
surrogates include Gaussian process (GP) regression [11]
to drive acquisition via uncertainty estimates, or artificial
neural networks (ANNs) [12], which have recently been
deployed to approximate expensive mechanistic models
under material uncertainty [20]. Alternative approaches
replace the inner sampling over 6 by a fast optimizer in-
spired by flexibility analysis [13], though it tends to yield
more conservative PDS estimates.

After identifying the PDS, a common next step is to
inscribe the largest axis-aligned (hyper)rectangle within
it - the acceptable operating region (AOR) - as this facil-
itates simple communication about process flexibility to
regulatory authorities. However, a fundamental limitation
persists across the aforementioned methods: they rely
on grid discretization to generate probability maps. If ex-
plicit analytical expressions for the boundary constraints
existed, AOR identification could be formulated directly
as a volume-maximizing problem, akin to flexibility index
calculations [13]. Because current sampling-based ap-
proaches lack these explicit expressions, AOR identifica-
tion typically demands complex post-processing via
computational geometry [5]. This highlights a critical gap:
the need for a methodology that generates explicit
boundary constraints to streamline AOR identification
and reveal flexibility-limiting boundary points.

Quantile-based PDS formulation

To provide practitioners with explicit boundaries, we
propose a new formulation of the PDS, inspired by meth-
ods from reliability-based design optimization [14, 17].
We utilize the quantile function, which is defined as
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Q) = inf{q € R | P(g,(x. f(x,0)) < q) > C}, (4)

for each ¢ = 1,..., L. Effectively, Q\ acts as the inverse
of Eq. (3). Leveraging the properties of Q”, we can re-
cast the probabilistic constraints in Eq. (2) into

P(g.(x f(x,0)) <0) > C & Qx) <0, (5)

for all 0 < C < 1. Using Eq. (5), PDS identification turns
into a deterministic problem, where the zero-level set
{x1Q¥(x) = 0} explicitly defines the "edge-of-failure"
boundary at a fixed reliability level C. Unlike raw proba-
bilities, the quantile constraint provides a clearer, more
useful signal for targeted experimentation: its sign indi-
cates feasibility, and its magnitude measures the dis-
tance to the boundary.

The challenge lies in learning a surrogate for these
quantiles based on data from a small DoE. This work ad-
dresses three practical questions:

(i) Surrogate construction: How do we build quantile
surrogates that account for input and model un-
certainty? We employ GP surrogates trained with
a novel three-phase adaptive sampling scheme:
(1) sample along the PDS boundary, (2) target in-
tersection points between the boundary and the
AOR to identify binding constraints, and (3) sam-
ple near KPI optima to balance performance with
robustness.

(ii) Experiment selection: Which experiments most
effectively reduce uncertainty? We target the in-
tersection of the AOR and the feasibility boundary
to pinpoint edge-of-failure zones.

(iii) Stopping criteria: How many experiments are re-
quired? We monitor the convergence of the size of
the AOR to determine a minimum viable dataset.

The remainder of this paper details the methodol-
ogy, applies it to an industrial API case study, and vali-
dates the results against traditional approaches.

METHODOLOGY

This paper introduces a novel methodology to iden-
tify PDSs using quantile surrogates, as summarized in Fig.
1. The core innovation is to replace expensive Monte
Carlo simulations with a surrogate model that predicts
the quantiles of the CQA constraints to account for both
process and model uncertainty. To use the methodology,
we assume the following two requirements are met:

(a) Process model: A mechanistic model f exists,
mapping process parameters x and model param-
eters 6 to the relevant CQAs.

(b) Uncertainty characterization: We assume a small
initial DOE has already been performed. This data

Syst Control Trans 5:756-762 (2026) 757



is used to fit the model f and will result in a condi-
tional probability density p(é | x) that quantifies the
uncertainty in the model parameters.

1. Uncertainty propagation

( Generate samples of process parameters x using LHS ]

[

[ Generate samples of uncertain model parameters 6 using p(8 | x) ]

l

[ Evaluate model f(x,6), constraints g,(x, f(x,8)), and objective h(x, f(x,6)) ]

Out: Initial training set  (x,0) = (g4, ..., gr, h)

Fit GP regression models on (x,8) » (g;, ..., g1, h)

Compute surrogates Q) (x) = mg(x) + Cvy’*(x) and A(x) = m;, (x)

|

Estimate PDS as {x ex|vee(L,..,L}, 0 < o}

3. Adpative refinement

[ Generate adaptive samples with  (7) boundary-, (2) contact-, or (3) objective-sampling ]

[

[ Select informative samples and augment  training set (x,8) - (g4, ..., g, h) ]

I

[ Compute AOR (maximal hyperrectangle within PDS) and NOP ( center of AOR) ]

Out: Current A ORand NOP

¢ ?

Out: Final PDSwith operating regions

Figure 1. PDS identification methodology.

Step 1: Uncertainty propagation

The first step generates an initial training set to cap-
ture how parameter uncertainty propagates to the con-
straints g,, as well as to the objective function k, which
describes process KPIs like yield or capacity. To obtain
analytical expressions of uncertainty, we require Gauss-
ian model parameters. Since this may not be true in gen-
eral, we assume a transformation T (e.g., Box-Cox) exists
such that the transformed model parameters Z := T(®)
are distributed as Z ~ N(u(x), Z). This leads to analytical
results for the model uncertainty and avoids expensive
Monte Carlo sampling in subsequent steps [16].

We generate an initial training set D, by sampling I,
process parameter points using Latin hypercube sam-
pling (LHS) for uniform coverage. At each process point,
we draw J, model parameter realizations from the condi-
tional density. In practice, we typically find that I, € [5,15]
and J, € [1,10] are sufficient. The model f is evaluated at
these points to compute the constraints and objective.
The surrogate fits to the output w;;, which is defined ac-
cording to the function being modeled:

This yields an initial training set of input-output pairs D, =

concatenates both the deterministic process settings
and the transformed model parameters.

Step 2: Surrogate model construction

Given the initial training set D,, we employ GP re-
gression to model the constraint functions g, and objec-
tive h. GP regression is preferred for its strength in un-
certainty quantification [11]. The GP assumes a zero-
mean prior and a squared exponential (SE) kernel func-
tion with automatic relevance determination (ARD) [15].
This allows the model to learn unique length-scales for
each input dimension, effectively identifying the im-
portance of each process and model parameter.

Analytical moment matching: Standard GP predic-
tion assumes deterministic inputs. However, our inputs
include uncertain model parameters Z. While mapping a
Gaussian input through a nonlinear GP generally yields a
non-Gaussian predictive distribution, we approximate
the resulting distribution with a Gaussian using moment
matching [16]. As a result, we can derive closed-form ex-
pressions for the mean m,(x*) and variance §,,(x*)

M, (x*) = BTq(x*),
§,(x*) = a? — tr<(K + 631)_1Q(x*))
+ BTQ(x")B — M, (x*). (7)

We refer the reader to [16] for the definitions of 8,q and
Q and the full derivation of Eq. (7). The other parameters
include the signal variance o? of the SE kernel and the
observation noise ¢2. The covariance matrix K is com-
puted by evaluating the SE kernel across all input pairs.

Quantile surrogate construction: Using these ana-
lytical moments, we construct the C-level quantile surro-
gate. For a required reliability level C (e.g., 95%), the sur-
rogate is defined as the upper confidence bound of the
predictive distribution

0Cx) = i, (x) + O~ (CHF ), ®)

where ®~! is the quantile function of the Gaussian distri-
bution. The PDS can then be directly approximated as

(xex|vee(,..,L}Q) (x) <o}, (9)

thereby accounting for both input and model uncertainty.
Unlike Eq. (8), the objective surrogate is expressed as
h(x) = i, (x), as it approximates only the expected value
rather than a quantile. At this stage, all surrogates are
built on D,, and the next step is to refine them near AOR-
critical regions and the process optimum.

g(x;, T\(z;;)), constraint model I, ©) Step 3: Adaptive refinement
v h(x;, T~'(z;;)), objective model. Surrogates based on space-filling designs often
lack accuracy at the specific boundaries that define
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feasibility. We define a three-phase adaptive sampling
strategy to combat this. At each iteration, the algorithm
selects a new design point x* and parameter realization
z* to evaluate, refits the surrogates, and updates the
PDS.

e Phase 1: Boundary-guided sampling: Early itera-
tions focus on sharpening the PDS boundaries. We
search for process settings where the constraints
are closest to their critical values (the zero-level set).
This amounts to minimizing the worst-case con-
straint violation, i.e.., m;lx|Q(€C)(x)|. To enable gradi-
ent-guided optimization, we build a smooth proxy of
the worst-case constraint violation, given by

r(x) = ~log(3,_, exp(n Q7 () )), (10)

where 7 > 0 is a sharpness parameter. As 7 — oo, r(x)

approaches max Q”E,c)(x). We optimize
x* = argmin r3(x), (11)
xeX

to target regions where r(x) ~ 0, which correspond to
the zero-level set of the worst-case constraint.

¢ Phase 2: Contact-guided sampling: Once the quan-
tile boundary is defined, we focus on the AOR - the
largest hyperrectangle inscribed within the PDS. The
accuracy of the AOR depends on the so-called con-
tact points, which we define as the points where the
rectangle intersects the PDS boundary. We first
solve an optimization problem to maximize the AOR
volume. We then sample the edge points of this hy-
perrectangle that are predicted to lie on the quantile
boundary. This refines the "edge-of-failure" regions
that ultimately limit the size of the operating window.

e Phase 3: Objective-guided sampling: Finally, the
strategy aims at optimizing process performance.
We maximize the objective surrogate subject to the
quantile constraints. This ensures the PDS is accu-
rate in the region of optimal operation, verifying that
the identified optimum is truly robust to uncertainty.

The Next Iteration: Once the best process point x*
is identified (from any of the three phases), we must se-
lect which parameter realization z* to simulate. Simply
sampling the mean is insufficient. Instead, we draw can-
didates from the parameter distribution N(u(x*),%) and
select the one that minimizes the boundary uncertainty.
Mathematically, we identify active constraint ¢* €
{1,...,L} (defined as the one nearest to x*) and compute

% s Mg ((x*52])]
z* = argmin —4——, 12
gz Spx([x*;2]) (12)

where m,+ and s, are the GP posterior mean and variance
for constraint ¢* [15]. This criterion selects parameters
where the constraint prediction is near the boundary
(small |m,|) yet highly uncertain and poorly informed
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(large s,+) [17]. If multiple parameter samples are desired
(as in Step 1), we select those close to the minimum.
The new simulation is added to the training set

V", go(x*, T7H(z"))},
V', h(x*, T}(z*)},

D DU { COI']SZ‘I}'ZI'HI‘[,
objective.
and all surrogates are refitted. Convergence is assessed
differently for each phase: An error-based stopping cri-
terion (ESC) is used for boundary sampling (see [18] for
details), AOR size stability is used for contact sampling,
and optimizer convergence is used for the objective
phase. When one phase converges, we either advance to
the next or analyze the final PDS. If not, we can add more
digital samples or update with new experimental data.

CASE STUDY

In this paper, we consider an acylation reaction step,
which is a critical synthetic step in the production of a
long-acting peptide-based API. The process attaches a
hydrophobic side chain to the peptide intermediate to
form the final API. Several competing reactions must be
balanced to achieve high product purity and yield while
minimizing the formation of impurities.

Reaction scheme and knowledge-driven
model

The mechanistic model comprises seven coupled
ordinary differential equations tracking the concentra-
tions of the species: SM (starting material), P (desired
product), A (impurity from undesired acylation), HI (hy-
drophobic impurities from di-acylation), HSC (hydrolyzed
side chain reagent), SC (side chain reagent), and P* (de-
graded product). The reaction scheme is:

SM + SC El» P (desired acylation at primary site)

SM +SC EZ» A (undesired acylation at secondary site)
P+ SC E HI (di-acylation at secondary site)

A+SC E, HI (di-acylation at primary site)

SC E HSC (hydrolysis of side chain reagent)

k4 .
P — P* (product degradation)

We assume that reactions at the same site happen at
identical rates regardless of the other site's state, so only
two acylation rates are required. We also assume that
both rates depend on pH and temperature, k; = k_i(pH, T)
for i =1,2. The hydrolysis and degradation rates follow
k; = ky(T)10PH-14 for i = 3,4, reflecting their hydroxide-
catalyzed mechanisms. All rate parameters are log-trans-
formed and estimated using least-squares regression on
the 18 available LHS experiments
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10g(k1(PH9 T)) = P11+ B1,/T + B13pH + 51,4PH2 + &,

10g(k2(pH, T)) = B1 + Bao/T + Bo3pH + B, ,pH? + €5,
10g(k3(T)) = B33+ B3 y/T + ¢35
log(ka(T)) = Bay + Bay/T + €4 (14)
where the 8s denote regression coefficients, and the es
are zero-mean Gaussian errors. The 1/T term captures
Arrhenius temperature dependence, and log-transfor-
mation ensures approximate Gaussianity (as required by
Step 1 of the methodology), with means parameterized
by pH and T. As an example, take pH = 11.5,T = 2.50°C.
Then log([ky, ky, ks, ka]™) ~ N(u(11.5,2.50), ) with

u(11.5,2.50) = [—4.26,—8.11,1.11,—0.950] ",

¥ = 1073 diag(5.96, 0.856, 915, 269). (15)

For brevity (and model confidentiality), we do not report
the full distributions across all (pH, T). By construction,
the rates are modeled as independent random variables
(no covariance entries in X).

RESULTS AND DISCUSSION

We demonstrate the methodology on the peptide
acylation case study. Based on the reaction scheme, a
standard kinetic model was formulated as a system of or-
dinary differential equations. With this, Requirement (a)
of the methodology (process model) is fulfilled. Further-
more, the fitted rate parameters in Eq. (14) follow a
Gaussian distribution, thereby meeting Requirement (b)
(uncertainty characterization).

Design space characterization

We characterize the PDS by two CQAs - hydropho-
bic impurities < 2% (constraint 1) and purity > 70% (con-
straint 2) over pH € [10.5,12.5] and T € [-3,10]°C. We set
x:= [pH, T]" and z := log([ky, k,, ks, k4] ") and calibrate with
13 experiments (this choice is justified later). The reliabi-
lity level is set at C = 0.975. For each sample of x, we draw
five Z ~ N(u(x),X). The surrogate is initialized with 10
LHS points in x, then refined adaptively.

Fig. 2 shows the PDS evolution at 15/30/40 itera-
tions using the three-phase sampling strategy. At itera-
tion 15 (Fig. 2(a)), boundary-guided samples (black x)
cluster on Oic) =0 and Q(ZC) = 0 (solid lines), quickly cap-
turing the quantile boundary. Separation from the mean
contours (dashed lines) reflect model uncertainty.

By iteration 30 (Fig. 2(b)), the AOR (black O) is iden-
tified, and contact-focused samples ( ) intersect
the contours. The PDS geometry changes only slightly,
with the mean purity contour shifting toward the quantile,
indicating reduced uncertainty; the AOR’s upper-left cor-
ner remains unsampled because it is unconstrained. The
nominal operating point (NOP) lies around pH ~ 11.8 and
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T =~ 1.6°C (black ¥%).
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Figure 2. Snapshots of the PDS identification scheme.

At iteration 40 (Fig. 2(c)), we introduce a yield ob-
jective. Objective-guided samples (green x) cluster near
pH ~ 11.7 and T = 0.5°C, producing a yield-centered NOP
(green *). The AOR has shifted slightly to the right, pos-
sibly reflecting selection among equally sized rectangles.

The resulting PDS (Fig. 2(d)) shows two sets of
NOPs and AORs: the yield-centered AOR (green O) has
area ~ 1.8 versus ~ 4.6 for the maximal-flexibility AOR
(black 0O), quantifying the robustness—performance
trade-off. Maximizing yield narrows the window and
raises violation risk, yet the flexibility-oriented AOR still
contains the yield optimum, enabling optimal operation
within robust ranges. Three edge-of-failure points (

) are found as local averages of the corner-point
clusters. Using these as suggestions for follow-up exper-
iments will most efficiently sharpen the boundary be-
tween feasible and infeasible operation.

Convergence analysis and experimental strategy

Fig. 3 shows convergence of the three-phase adap-
tive sampling. The error-based stopping criterion (ESC) in
Fig. 3(a) converges within ~10 boundary-guided itera-
tions: the purity error (e,) drops from ~18% to ~7.5% and
remains below 10%, while the impurity constraint (e;) is
reliably identified within five iterations. We extend to 15
iterations to confirm stability of the estimates.

The NOP stabilizes after 15 iterations of contact-
guided sampling (30 iterations in total). Another 10 itera-
tions of objective-guided sampling shows that the NOP
remains locked at pH =~ 11.8 and T ~ 1.6°C (Fig. 3(b)).
Overall, we ran 40 iterations (five parameter draws each)
760



plus 10 LHS burn in runs, totaling 210 evaluations of f.

(a) Error convergence (b) NOP convergence
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Figure 3. Convergence analysis.

Fig. 3(c) uses the edge-of-failure points ( )
to guide laboratory experimentation. We start with N =5
experiments (the minimum to estimate Eq. (14)) and iter-
atively add new experiments by choosing (pH, T) settings
near these points. As N increases, the NOP converges; a
color gradient shows experiment order, and the gray
background partitions points into bins by rounding them
to one decimal place; darker shading indicates a higher
concentration of points. By N = 10, the NOP is near its fi-
nal location, with most runs at pH ~ 11.8 and T =~ 1.6°C.

Fig. 3(d) confirms that 13 experiments suffice to es-
timate the PDS: tracking the AOR area for N € [5,18]
shows stabilization at N =13, with an average area of
~ 4.48; additional runs will not expand the feasible region.

Validation and practical considerations

We validated the PDS against a DDS derived
from standard Monte Carlo [7]. Rather than sampling
across an uncertain parameter space, we fix the
log-transformed rates at their expected values u(x) and
compute max(g;,g,) on a 250 x 250 grid (totaling 62500
evaluations of f). We report that the PDS mean boundary
closely aligns with the DDS boundary, while the PDS
quantile boundary is strictly enclosed by the DDS, ensur-
ing a conservative buffer against parameter uncertainty.

Implementation alongside traditional workflows:
Traditional (large factorial) DoEs lack adaptivity and ex-
pend runs in infeasible or low-information regions; our
approach concentrates experiments at feasibility bound-
aries to most effectively reduce uncertainty and define
the operating window.

In process development, a small confirmation study
is often included between process characterization and
validation to address residual gaps; the proposed
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methodology in this paper can guide this stage. Further-
more, it naturally accommodates incremental updates
with new data from scale-up and commercial manufac-
turing, making it well-suited for lifecycle management.

Batch-wise experimentation: As shown in Fig. 3,
targeting edge-of-failure points reduced experiments
from 18 to 13; an important saving given costly interme-
diates/reagents and reaction times of up to 17 hours. In
practice, single-run experimentation is often infeasible,
as samples are sent for analysis at central facilities. This
can delay results for hours or days. Batch-sequential de-
sign can address this by bundling the experiments, with
adaptive refinement between batches.

Model extensions: CQA data may exhibit significant
analytical variation. To account for this uncertainty, im-
plementing stochastic differential equations (rather than
ordinary differential equations) could provide a more ro-
bust analysis by explicitly modeling measurement noise
alongside process dynamics.

CONCLUSION

We present a quantile-based, adaptive methodol-
ogy for probabilistic design space identification that effi-
ciently characterizes feasible operating regions under
parameter uncertainty; it yields explicit boundary con-
straints, identifies edge-of-failure points for targeted ex-
perimentation, and provides convergence criteria for re-
liable characterization.

Applied to industrial APl manufacturing, the meth-
odology identified the probabilistic design space in 13 ra-
ther than 18 experiments (28% reduction), saving costly
intermediates and time. It also computed the largest in-
scribed operating window at the most flexible point (AOR
area = 4.5) and at the yield optimum (AOR area = 1.8),
capturing the robustness—performance trade-off.

Future extensions include: (i) strategies for cases
where the process optimum lies on the feasibility bound-
ary (vanishing flexibility); and (ii) multi objective formula-
tions using convex combinations of yield, capacity, and
unit cost to map trade-offs and define operating windows
spanning multiple modes. A mode-switching policy could
alternate between these optima as conditions change,
enabling real-time optimization while maintaining compli-
ance. In summary, quantile-based design space identifi-
cation provides a fast route to process characterization
that balances product quality and process efficiency.
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