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ABSTRACT 
Accurate calibration of spectroscopic measurements is essential for reliable real-time monitoring 
and control of crystallization processes. In this work, calibration strategies for Attenuated Total 
Reflectance Fourier Transform Infrared (ATR-FTIR) spectroscopy were systematically evaluated 
for concentration monitoring in batch cooling crystallization of paracetamol in ethanol. Linear re-
gression (LR), Partial Least Squares Regression (PLSR), Principal Component Regression (PCR), 
and symbolic regression (SR) were compared using both peak-based features and full spectral 
representations. Peak-based models provided a transparent baseline, with peak-area-based 
models consistently outperforming peak-height-based models. For LR, incorporating multiple ab-
sorption bands reduced the mean squared error (MSE) by nearly one order of magnitude compared 
to single-peak models. Using the same peak-based inputs, SR further improved performance, re-
ducing prediction bias at high concentrations and yielding higher coefficients of determination (R² 
> 0.99) compared to LR. A substantial improvement was achieved when full spectral information 
was used. Among all evaluated approaches, SR with unprocessed spectra yielded the best overall 
performance, achieving an R² of 0.996 and an MSE of 1.4 × 10⁻⁶ on the validation dataset. This 
model also demonstrated strong generalization on an independent solubility test dataset, closely 
reproducing the reference solubility curve over the full temperature range with minimal deviation. 
In contrast, PCR and PLSR models showed increased sensitivity to preprocessing choices and 
exhibited larger errors on the test dataset. SR provided an accurate, robust, and interpretable 
calibration framework for ATR-FTIR, with reduced reliance on spectral preprocessing and potential 
for real-time process analytical technology and control applications. 
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INTRODUCTION 
Crystallization is a key separation and purification 

unit operation in the pharmaceutical and fine chemicals 
industries, where stringent quality requirements demand 
tight control over product attributes such as purity, crys-
tal size distribution (CSD), polymorphic form, and mor-
phology [1]. In batch cooling crystallization, these attrib-
utes are influenced by the temporal evolution of super-
saturation, which governs nucleation and crystal growth 

kinetics. Poor supersaturation control can lead to exces-
sive primary or secondary nucleation, agglomeration, 
fouling, and batch-to-batch variability, ultimately com-
promising product quality and process robustness [2]. As 
a result, real-time monitoring and control of crystalliza-
tion processes have been a long-standing focus of re-
search in process systems engineering and control [3].  

The introduction of process analytical technology 
(PAT) frameworks has significantly advanced the moni-
toring and understanding of crystallization systems [4]. 
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PAT tools enable real-time or near-real-time access to 
critical process information, supporting data-driven deci-
sion-making and advanced control strategies [5]. Com-
monly applied PAT techniques in crystallization include 
attenuated total reflectance Fourier transform infrared 
(ATR-FTIR) spectroscopy, Raman spectroscopy, focused 
beam reflectance measurement (FBRM), particle vision 
and measurement (PVM), and ultrasonic spectroscopy 
[6]. Spectroscopic techniques such as ATR-FTIR and Ra-
man are primarily used for monitoring solute concentra-
tion and supersaturation, whereas chord length distribu-
tion (CLD) measurements from FBRM and image-based 
measurements from PVM provide indirect information re-
lated to particle size and shape. The complementary use 
of multiple PAT tools has enabled more comprehensive 
characterization of crystallization dynamics and facili-
tated the development of model-based monitoring and 
control frameworks [7]. 

Among these techniques, ATR-FTIR spectroscopy 
has become one of the most widely adopted PAT tools 
for concentration measurement in crystallization pro-
cesses [8]. Its popularity stems from its non-invasive op-
eration, fast sampling rates, robustness in slurry environ-
ments, and compatibility with laboratory and pilot-scale 
crystallizers. However, ATR-FTIR does not provide direct 
concentration measurements; instead, it generates spec-
tra that must be translated into quantitative concentra-
tion estimates through calibration models [7]. The relia-
bility of any ATR-FTIR-based monitoring or control strat-
egy therefore depends fundamentally on the accuracy, 
robustness, and generalization capability of the calibra-
tion model [4, 6]. 

Early ATR-FTIR calibration approaches were pre-
dominantly based on linear regression (LR) models using 
selected peak heights or peak areas, often combined 
with baseline correction and explicit temperature com-
pensation [9]. While these methods are straightforward 
to implement and interpret, they rely heavily on expert-
driven feature selection and may fail to capture nonline-
arities arising from temperature effects, solute–solvent 
interactions, and spectral overlap. To address these lim-
itations, multivariate statistical techniques such as partial 
least squares regression (PLSR) have become the stand-
ard approach to develop ATR-FTIR calibration models 
[6]. PLSR enables dimensionality reduction while maxim-
izing covariance between spectral data and concentra-
tion and has been successfully applied in a wide range of 
crystallization studies [10, 11]. 

Despite their widespread use, conventional calibra-
tion approaches exhibit several limitations. Linear models 
can be overly restrictive, while PLSR models are often 
sensitive to data preprocessing choices, including spec-
tral filtering, scatter correction, and wavelength range 
selection [12]. Furthermore, latent-variable models such 
as PLSR may suffer from reduced interpretability, as the 

physical meaning of latent components is not always 
clear. These challenges become particularly pronounced 
when calibration models are expected to operate across 
varying temperatures, solvent compositions, or process 
conditions, motivating the exploration of more flexible 
and robust modeling strategies [4, 6]. 

In recent years, machine learning techniques have 
been increasingly investigated as alternatives or comple-
ments to classical calibration methods in spectroscopic 
PAT applications [13]. Approaches such as support vec-
tor regression, Gaussian process regression, and artificial 
neural networks (ANNs) have demonstrated improved 
predictive performance in some cases, particularly when 
nonlinear effects are significant [6]. However, many of 
these methods function as black-box models, limiting 
their interpretability and complicating their deployment in 
regulated industrial environments [4]. Moreover, their 
computational complexity and reliance on large, repre-
sentative datasets can pose challenges for real-time im-
plementation and long-term maintenance. 

Within this context, symbolic regression (SR) has 
emerged as a promising interpretable machine learning 
approach for process modeling and calibration [7]. SR 
aims to identify explicit mathematical expressions that 
relate input variables to outputs, without assuming a pre-
defined model structure [14]. By balancing model accu-
racy and complexity, SR can uncover nonlinear relation-
ships while producing closed-form equations that are 
transparent and amenable to physical interpretation [15]. 
These characteristics make SR particularly attractive for 
PAT-enabled crystallization systems, where interpreta-
bility, robustness, and ease of deployment are critical. 

Although SR has been successfully applied to a va-
riety of chemical engineering problems, including model 
correction, system identification, and control-oriented 
modeling [14-16], its application to ATR-FTIR calibration 
for crystallization monitoring remains limited in the open 
literature [7]. Most existing studies continue to rely on LR 
or latent-variable methods, despite growing interest in 
interpretable scientific machine learning frameworks [4, 
6]. This gap highlights the need for a systematic evalua-
tion of SR as a calibration methodology and a direct com-
parison with established approaches under consistent 
experimental conditions. 

In this work, ATR-FTIR calibration models were de-
veloped for paracetamol–ethanol systems using SR and 
benchmarked against conventional LR, PLSR, and and 
principal component regression (PCR) models. As pre-
sented in Figure 1, different input representations were 
investigated, including peak-based features, tempera-
ture, and principal components derived from limited 
spectral ranges. The influence of common preprocessing 
strategies was assessed, and the resulting models were 
evaluated in terms of predictive accuracy, robustness, 
and generalization capability. The main objective was to 
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assess the suitability of SR as a practical and interpreta-
ble alternative for ATR-FTIR calibration in crystallization 
monitoring and control applications. 

DATA ACQUISITION 
The experimental dataset used in this work was ob-

tained from the batch crystallization study reported in 
Lima et al. [7]. In that work, paracetamol–ethanol mix-
tures were prepared gravimetrically and monitored in situ 
using ATR-FTIR spectroscopy, with complementary PAT 
tools (FBRM and temperature sensing) available in the 
same setup. Infrared spectra were acquired using a Re-
actIR system over 648–2500 cm⁻¹ at a sampling rate of 
one spectrum per minute. 

For calibration-model development, the dataset 
comprises 107 ATR-FTIR spectra paired with reference 
concentrations covering 0 to 0.5 g paracetamol/g ethanol 
and temperatures spanning from 10 to 70 °C. The data 
originate from four calibration experiments designed to 
systematically vary composition and temperature, in-
cluding dilution sequences where ethanol was added to 
a fully dissolved paracetamol–ethanol solution and step-
wise addition of paracetamol into ethanol. Across these 
experiments, spectra for a given concentration level were 
acquired at multiple temperatures, ensuring that the cal-
ibration models capture the coupled influence of concen-
tration and temperature on spectral response. This da-
taset was randomly divided into calibration and validation 
subsets, with 70 % of the samples used for model training 
and the remaining 30 % reserved for validation. 

In addition to the calibration and validation datasets, 
an independent test dataset was used to evaluate model 
generalization. This test set corresponds to an equilib-
rium solubility experiment reported in Lima et al. [7], 
where a paracetamol–ethanol mixture was held at 10 °C 
for 3 h to ensure equilibrium and then heated at 0.1 K/min 
up to 55 °C. The resulting equilibrium concentrations 

were compared against the solubility model reported by 
Griffin et al. [17], providing an external check that model-
predicted concentrations reproduce physically meaning-
ful temperature–solubility trends beyond the calibration 
split. 

SPECTRAL PREPROCESSING AND 
FEATURE CONSTRUCTION 

Preprocessing approaches were systematically 
tested to quantify how common chemometric treatments 
and feature representations affect calibration accuracy 
and robustness. The starting point was a peak-based 
calibration strategy derived from chemically meaningful 
absorption bands of paracetamol in the ATR-FTIR spec-
tra. Both peak height and peak area were evaluated as 
inputs. Prior to peak extraction, baseline subtraction was 
applied to reduce offsets and slow drifts in the spectra. 
Peak areas and peak heights were then computed over 
the following wavenumber intervals: 1584-1532 cm⁻¹, 
1532-1492 cm⁻¹, and 1292-1184 cm⁻¹. 

Beyond the peak-based representation, full-spec-
trum representations were also investigated to evaluate 
whether multivariate inputs improve performance relative 
to hand-crafted features. In addition to the full spectral 
range, a reduced window between 600 and 1800 cm⁻¹ 
was considered, as it concentrates the most informative 
absorbance features for paracetamol while excluding re-
gions more affected by noise or solvent interference. For 
noise attenuation, Savitzky–Golay filtering was tested us-
ing SciPy [18]. To compensate for baseline shifts and 
multiplicative scattering effects, extended multiplicative 
signal correction (EMSC) was evaluated using the 
chemometrics Python package [19], both alone and com-
bined with smoothing. When spectral vectors (full or re-
duced) were used as model inputs, dimensionality reduc-
tion via principal component analysis (PCA) was per-
formed using scikit-learn [20], and the resulting 

 
Figure 1. Symbolic regression approach proposed to develop ATR-FTIR calibration models. 
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components were used as regressors together with tem-
perature. 

All preprocessing variants were applied consistently 
across training, validation, and test datasets, and prepro-
cessing parameters were kept fixed across modeling ap-
proaches to avoid information leakage and ensure that 
observed performance differences reflect the calibration 
models rather than data handling choices. 

CALIBRATION MODEL DEVELOPMENT 
Four calibration strategies were investigated to cal-

culate the paracetamol mole fraction and compared in 
this work: LR, PLSR, PCR, and SR. LR models were con-
structed using peak-based spectral features obtained af-
ter baseline subtraction. Both peak heights and peak ar-
eas were considered as explanatory variables, together 
with temperature to account for its influence on spectral 
response and solubility. Model parameters were esti-
mated using ordinary least squares as implemented in 
scikit-learn [20]. These linear models were directly com-
pared to SR models using the same peak-area and peak-
height inputs, enabling an explicit assessment of whether 
SR provides benefit over the conventional peak-based 
calibration strategy. 

PLSR and PCR models were developed using spec-
tral information in combination with temperature, using 
implementations available in scikit-learn [20]. Depending 
on the preprocessing strategy, either full-spectrum data 
or reduced spectral windows were used as inputs. For 
PCR, PCA was first applied to the spectral matrix, and a 
fixed number of principal components were retained as 
regressors in a linear model together with temperature. 
For PLSR, latent variables were extracted by maximizing 
covariance between spectral inputs and concentration. In 
both PCR and PLSR, the number of retained compo-
nents/latent variables was selected a priori by inspecting 
the cumulative explained variance of the spectral decom-
position and the stability of prediction performance on 
the held-out validation split, and then fixing a single value 
used consistently across all subsequent comparisons. 

SR was employed as an interpretable machine learn-
ing approach to develop nonlinear calibration models 
without assuming a predefined functional form. SR mod-
els were developed using the PySR framework [21], 
which searches for explicit mathematical expressions re-
lating spectral inputs and temperature to solute concen-
tration. Different input representations were explored, in-
cluding peak-based features (peak height/area) and prin-
cipal components derived from full or reduced spectra. 
Model complexity was controlled by limiting expression 
depth and length to promote models suitable for real-
time monitoring and control applications. 

Across all calibration strategies, model performance 
was evaluated using identical data splits and 

performance metrics, ensuring a consistent and fair com-
parison between linear, latent-variable, and symbolic ap-
proaches. 

RESULTS AND DISCUSSION 

Peak-based Calibration Models 
Initially, calibration models based on manually se-

lected spectral features were investigated. Peak-based 
models were constructed using both peak height and 
peak area extracted from characteristic paracetamol ab-
sorption bands after baseline subtraction. The models 
were initially developed using a single absorption band 
and subsequently extended by including additional 
chemically relevant peaks, specifically the 1292–1184 
cm⁻¹, 1532–1492 cm⁻¹, and 1584–1532 cm⁻¹ regions. 
These models represent the conventional approach 
adopted in ATR-FTIR calibration and provide a bench-
mark against which multivariate and symbolic regression 
models can be assessed. The SR models were trained 
with 200 iterations and a population size of 20. 

Table 1: Performance of the LR and SR models to calcu-
late the paracetamol mole fraction for the validation set, 
considering temperature and peak areas or heights as in-
puts 

Peak Area 

Model Number of 
Inputs R MSE 

LR   x- 

LR   x- 
LR   x- 
SR   x- 
SR   x- 
SR   x- 

Peak Height 

Model Number of 
Inputs R MSE 

LR   x- 
LR   x- 
LR   x- 
SR   x- 
SR   x- 
SR   x- 
 
Table 1 summarizes the performance of the LR and 

SR models developed using peak-based spectral fea-
tures and temperature as inputs. For both peak height 
and peak area representations, increasing the number of 
peaks used as inputs leads to a systematic improvement 
in model accuracy, as reflected by increasing R² values 
and decreasing mean squared error (MSE). This trend is 
observed consistently for both LR and SR models and in-
dicates that incorporating multiple chemically relevant 
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absorption bands provides complementary information, 
reducing sensitivity to noise and local spectral distortions 
associated with individual peaks. 

For LR models, the improvement with additional 
peaks is particularly evident when moving from two to 
four inputs, where the MSE decreases significantly for 
both peak height and peak area representations. This re-
flects the limited expressive capability of linear models, 
which rely on sufficiently rich input information to ap-
proximate the underlying concentration–temperature re-
lationship. Eq. 1 shows the resulting LR formulation, 
where the predicted concentration is expressed as a 
weighted linear combination of peak intensities and tem-
perature. While this structure is transparent and easy to 
interpret, it cannot explicitly represent nonlinear interac-
tions between spectral features and temperature.  

𝑋𝑋���� = −0.000191𝑇𝑇  +  0.271 ℎ1256  +  0.356ℎ1512 −
          0.559ℎ1560  +  0.0447        (1) 

On the other hand, the SR model, given in Eq. 2, in-
troduces nonlinear combinations of peak intensities and 
temperature through higher-order and multiplicative 
terms. These nonlinear structures allow the model to 
capture temperature-dependent changes in spectral re-
sponse and interactions between absorption bands that 
are not accessible to linear regression. As a result, SR 
achieves lower MSE and higher R² values than LR for the 
same set of peak-based inputs, particularly when three 
or four peaks are included. The model described in Eq. 2 
was obtained using the three peak heights as inputs, but 
only the most relevant inputs stay in the equation in sym-
bolic regression. 

𝑋𝑋���� = ℎ1512[ (0.714 + 0.430ℎ1512)
4 − 0.00553ℎ1560𝑇𝑇]  (2) 

Figure 2 presents the parity plots for LR and SR 
models using four peak heights and temperature as in-
puts. Both models show good agreement between pre-
dicted and reference concentrations. However, the SR 
model exhibited reduced bias at higher concentrations 
and improved clustering around the parity line. This be-
havior was consistent with the nonlinear structure of Eq. 
2, which enables better extrapolation toward the solubil-
ity limit compared to the linear formulation in Eq. 1. 

Despite these improvements, peak-based models 
remain fundamentally limited by the reduced information 
content of manually selected spectral features. Although 
SR partially mitigates this limitation through nonlinear 
functional forms, the performance gains remain modest 
when compared to multivariate models based on full or 
reduced spectral representations. Nevertheless, the 
peak-based analysis establishes a clear and interpreta-
ble baseline, demonstrating that SR can extract addi-
tional predictive value from low-dimensional inputs while 
preserving model transparency and suitability for real-
time implementation. 

Spectra-based Calibration Models 
To overcome the limitations associated with manu-

ally selected peak-based features, calibration models 
based on spectral representations were subsequently in-
vestigated. In this approach, the ATR-FTIR spectra were 
used directly as model inputs together with temperature, 
allowing the calibration models to exploit distributed 
spectral information related to both concentration and 
temperature effects. The comparative performance of 
the spectra-based calibration models is summarized in 
Table 2 for the validation set, while representative parity 
plots for the validation dataset are shown in Fig. 3. 

 
Figure 2. Comparison between the predicted and 
measured values of the paracetamol mole fraction for the 
validation set, considering SR and LR models using four 
peak heights and temperature as input. 
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The influence of spectral preprocessing was sys-
tematically evaluated using common chemometric ap-
proaches, including Savitzky–Golay (SG) filtering, EMSC, 
and spectral range reduction. As presented in Table 2, 
these preprocessing steps noticeably affect linear and 
latent-variable models, but have a limited impact on SR. 
Notably, the best overall performance was obtained with 
SR trained on the full, unprocessed spectra, indicating 
that SR can internally construct nonlinear combinations 
of spectral features that effectively account for baseline 
variations, noise, and temperature-dependent distortions 
without requiring explicit preprocessing. In several cases, 
applying preprocessing led to negligible improvements or 
slight degradations, reinforcing that extensive prepro-
cessing is not necessary for the SR workflow in this da-
taset. 

As shown in Table 2, spectra-based models consist-
ently outperformed peak-based strategies across all 
modeling approaches. This improvement is particularly 
pronounced for SR, which achieves the lowest prediction 
errors and highest coefficients of determination. The par-
ity plots in Fig. 3 presents the improved agreement be-
tween predicted and measured concentrations when full 
spectral information is used, with reduced scatter and 
minimal systematic bias across the calibration and vali-
dation datasets. 

The calibration model obtained by SR using the raw 
spectra and temperature as inputs is described in Eq. 3. 
ℎ�̂ is the absorbance intensity at wavenumber 𝑖𝑖 cm-1. All 
SR models were trained with 200 iterations and a 

population size of 20. 

𝑋𝑋���� = ℎ1̂656�1.148 − ℎ1̂056� + 2.425�ℎ2̂1282 − 0.00419�  (3) 

Eq. 3 highlights the ability of SR to identify compact 
and interpretable nonlinear relationships directly from 
raw spectral inputs. The model combines contributions 
from multiple spectral regions through both linear and 
nonlinear terms, capturing interactions that are not ex-
plicitly represented in linear or latent-variable models.  

The generalization capability of the spectra-based 
models was further assessed using an independent test 
dataset, corresponding to equilibrium solubility measure-
ments. The performance on this test dataset is shown in 
Fig. 4, in which model predictions are compared against 
reference solubility model as a function of temperature 
from Griffin et al. [17]. The SR model trained on the full, 
unprocessed spectra shows close agreement with the 
reference solubility behavior over the investigated tem-
perature range, with only minor deviations near the solu-
bility limit. The performance of the SR model confirms the 
extrapolation capability beyond the calibration split and 
demonstrates that the model preserves physically mean-
ingful concentration–temperature trends under equilib-
rium conditions. 

PCR and PLSR models exhibited more dependence 
on preprocessing choices. Although dimensionality re-
duction and scatter correction can improve calibration 
and validation metrics, increased deviation from the ref-
erence solubility trend was observed on the test dataset, 
as shown in Fig. 4, indicating reduced robustness when 

Table 2: Performance of spectra-based calibration models considering different preprocessing strategies for the 
validation set 

 
Metric Full spectra Trimmed spectra 

SR PLSR PCR SR PLSR PCR 

No 
preprocessing 

R²       

MSE ×⁻⁶ ×⁻⁶ ×⁻⁵ ×⁻⁶ ×⁻⁶ ×⁻⁵ 

SG filter 
R²       

MSE ×⁻⁶ ×⁻⁷ ×⁻⁶ ×⁻⁷ ×⁻⁷ ×⁻⁶ 

EMSC 
R²       

MSE ×⁻⁶ ×⁻⁶ ×⁻⁶ ×⁻⁶ ×⁻⁶ ×⁻⁶ 

EMSC + SG 
filter 

R²       

MSE ×⁻⁶ ×⁻⁶ ×⁻⁶ ×⁻⁶ ×⁻⁶ ×⁻⁶ 
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extrapolating toward equilibrium conditions. Overall, the 
spectra-based analysis demonstrates that combining full 
ATR-FTIR spectra with SR yielded the most accurate and 
robust calibration strategy investigated in this study, and 
that its accurate performance on the independent solu-
bility test dataset supports its suitability for reliable spec-
troscopic monitoring and control of crystallization pro-
cesses. 

CONCLUSION 
This study evaluated different calibration strategies 

for ATR-FTIR-based concentration monitoring, compar-
ing conventional peak-based models with spectra-based 
approaches using LR, latent-variable methods, and SR. 
Peak-based models provided a transparent baseline, 
with improved performance when multiple absorption 
bands and peak areas were used. SR consistently out-
performed LR for the same peak-based inputs by captur-
ing nonlinear interactions between spectral features and 
temperature, although performance remained limited by 
the reduced information content of manually selected 
peaks. 

The use of full spectral information led to a substan-
tial improvement in calibration accuracy and robustness. 
Among all approaches, SR applied directly to the unpro-
cessed spectra yielded the best performance and 
demonstrated generalization on an independent solubil-
ity test dataset. The ability of SR to deliver compact, in-
terpretable models without extensive preprocessing 
highlights its potential as a practical and robust calibra-
tion methodology for real-time spectroscopic monitoring 
and control of crystallization processes. 
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Figure 3. Comparison between the predicted and 
measured values of the paracetamol mole fraction for the 
validation set, considering SR, PLSR and PCR models 
using all spectra and temperature as input. 
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Figure 4. Comparison between the predictions of SR, 
PLSR and PCR to the solubility model of Griffin et al. [17], 
considering no preprocessing and filtering. 
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