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ABSTRACT 
The objective of this work is to investigate strategies for the calibration of crystallization models 
aimed at predicting particle size distributions (PSDs) of active pharmaceutical ingredients (APIs) 
when using industrial datasets, which are limited in terms of number or information for the model-
ing exercise. In this work, the calibration task relies on two kinds of measurements, commonly 
performed in industrial crystallization practice: offline measurements of PSDs and API solute con-
centration carried out only at the beginning and at the end of experiments, and online measure-
ments of chord length distributions (CLDs). Particularly, a strategy is proposed to use CLDs data 
from focused beam reflectance measurement (FBRM) probes as proxies of the PSD, which is the 
main key performance indicator for the model exercise. Industrial data concerning a seeded batch 
cooling recrystallization of an API in an organic solvent are used as a case study. The PharmaPy 
process simulator is used for parameter estimation and process simulation. Results demonstrate 
that, with proper data processing and feature extraction, all parameters can be estimated with 
sufficient precision. The model performance is satisfactory for most of the batch duration, even 
though some shortcomings highlight possible limitations in the data and/or in the model itself. 
From the industrial perspective, results pave the way for a quantitative usage of FBRM probes to 
enhance process understanding and to guide process development and scale-up. 
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INTRODUCTION 
Crystallization is a key step in the downstream man-

ufacturing of active pharmaceutical ingredients (APIs), 
since it is responsible for the isolation of the target com-
pound as a stable solid phase. It has a huge impact on 
the final product’s critical quality attributes (CQAs), which 
are mainly related to purity and size distribution of the 
obtained particles [1]. Models can be employed to predict 
such CQAs based on system properties and operating 
conditions, allowing for simulation, optimization and 
scale-up of crystallization unit operations. In this way, the 
application of model-based approaches can represent an 
answer to the increasing demand in research efficiency 
and quality assurance in pharmaceutical process design 
and setup [2]. 

A variety of phenomena can influence the evolution 

of crystal size distribution (CSD) during a crystallization 
process: nucleation and growth are typically the main 
ones, but also breakage and agglomeration of particles 
can occur. Whether each of these phenomena is trig-
gered, and the mechanism according to which it may de-
velop, depend on many different factors, e.g. the way 
and the rate at which the driving force is generated, the 
operation history, the equipment geometry and mixing, 
etc. 

Population balance models (PBMs), combined with 
momentum, mass and energy balances, may allow for a 
comprehensive description of the crystallization process 
[3]. They are founded on the knowledge of the physics 
of the system, preserving interpretability and demanding 
less information to be calibrated with respect to data-
driven alternatives. Moreover, they are more suitable to 
use such information, typically retrievable from 
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laboratory scale, to represent crystallizers at the indus-
trial scale. For this reason, they are a very common and 
powerful tool for crystallization modelling [4]. 

Still, the calibration of PBMs is a non-trivial task, and 
often relies on multiple experiments characterized by dif-
ferent operating conditions, with measurements of parti-
cle size distribution (PSD) and concentration that allow to 
track the evolution of CQAs during the process [5, 6]. 
Performing such measurements can be difficult and time 
consuming, especially when it comes to PSD, due to the 
complexity either in treating samples for offline measure-
ments or in getting the desired data for PBM calibration 
from online probes, such as FBRM or in process micros-
copy. However, industrial contexts are usually character-
ized by tight constraints on time and budget, and there-
fore the minimization of resources required for experi-
mental campaigns is paramount. Therefore, developing 
calibration methods for PBMs that require fewer data 
points is important when available instrumentation, ex-
perimental setups, and sample sizes are limited. 

For instance, exploiting measurements of crystals’ 
chord length distributions (CLDs) is deemed as an inter-
esting solution to maximize the extraction of information 
for PBMs calibration, even if in industrial practice they are 
typically used as qualitative indicators only [7]; in fact, 
they are often available and can be continuously rec-
orded by process analytical technology (PAT) tools in-
stalled inline. However, CLDs are inherently different 
from CSDs, and then system-specific transformations 
should be applied in order to be able to use those quan-
tities for parameter estimation [8]. In this work a more 
general strategy is proposed, based on the assumption 
that the CLDs collected by focused beam reflectance 
measurement (FBRM) probes can be compared to CSDs 
obtained as model outputs through their derivatives. 
Thus, trends in CLD data are combined with concentra-
tion and PSD data gathered only for the initial and final 
conditions of each batch, in order to calibrate PBMs with 
good predictive capability for industrial purposes. 

MATERIALS AND METHODS 
The proposed approach is presented in this section, 

starting from the definition of the batch cooling crystalli-
zation model. After that, the strategy for model calibra-
tion with limited datasets is illustrated, together with cri-
teria for the assessment of fitting quality. Finally, the ap-
plication to the industrial case study concerning API crys-
tallization are commented on. 

Model structure 
Mechanistic models are chosen over data-driven 

models, since their calibration needs less data, they are 
interpretable and they are typically more suitable for 
scale-up problems. In particular, population balance 

models are a staple in the field, since they allow to de-
scribe the evolution of distributed properties, like particle 
sizes. Hence, the following formulation of the population 
balance equation (Equation 1) is derived from the general 
form for the case of a simple batch cooling crystallization 
in which mixing can be assumed ideal, volume of the 
slurry can be considered constant, 3D particles are char-
acterized by a single equivalent dimension, and there are 
no significant dissolution, breakage or agglomeration 
phenomena: 
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Here, 𝑛𝑛 represents the CSD, depending on time 𝑡𝑡 and 
the internal coordinate 𝐿𝐿,𝐵𝐵 and 𝐺𝐺 represent the nuclea-
tion and growth kinetic terms, respectively, 𝛿𝛿 is the Kron-
ecker’s delta and 𝐿𝐿0 is the minimum value of the internal 
coordinate 𝐿𝐿, namely the minimum characteristic size of 
a particle. As typically done [4], the terms for nucleation 
(𝐵𝐵) and growth (𝐺𝐺) kinetics are defined as Arrhenius-like 
laws based on the relative supersaturation. 
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This latter is denoted with 𝑆𝑆 (Equation 4) and, in 
turn, depends on the difference between the concentra-
tion of the target compound in the liquid (𝑐𝑐���) and its sol-
ubility (𝑐𝑐���, Equation 5), which varies with the tempera-
ture (𝑇𝑇). If the crystallization is seeded, it is reasonable to 
take into account the effect of the total volume of parti-
cles already present in the system (𝜇𝜇3) on the generation 
of new crystals, and thus to formulate 𝐵𝐵 as a secondary 
nucleation term (𝐵𝐵�, Equation 2). 

𝐾𝐾��, 𝑗𝑗, 𝑏𝑏𝑏𝑏, 𝑘𝑘� and 𝑔𝑔 are kinetic parameters specific to 
each crystallization process, while 𝐴𝐴,𝐵𝐵 and 𝐶𝐶 are coeffi-
cients of the Apelblat equation, used to describe the sol-
ubility curve. In addition, the model includes the equation 
for the mass balance, based on concentrations, coupled 
with an equation to track the evolution of liquid volume: 
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where, 𝑐𝑐� is the concentration of the compound 𝑖𝑖,𝑉𝑉 ��� 
is the liquid volume, 𝑘𝑘� and 𝜇𝜇2 are the shape factor and 
the total surface area of the crystals, while 𝜌𝜌����� and 𝜌𝜌��� 
are the densities of the crystals and of the liquid, respec-
tively. The energy balance is not considered, instead, 
since temperature is assumed to be perfectly controlled 
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and to follow a known temperature profile. The standard 
method of moments (SMOM) is used to discretize the 
partial differential equations, obtaining a closed form of 
the set of equations to be solved [3]. 

Model calibration 
In order to estimate the model parameters, pre-pro-

cessing of available datasets is required. In this way, the 
model calibration strategy is refined by excluding possi-
ble outliers in the data and by selecting which model re-
sponses or features should be considered. Total counts 
and particles’ population weighted mean diameter are 
chosen as core quantities for the calibration method, to-
gether with initial and final API concentration. In particu-
lar, derivatives over time of such core quantities are em-
ployed, based on the assumption that they are compara-
ble for CLDs and CSDs. In this way, trends of FBRM 
measurements can be used in a quantitative manner, 
combined with the few samples that are available for the 
other types of measurements. Average size allows to 
solve potential consistency issues between the infor-
mation provided by CLD trends and that provided by ini-
tial and final PSD measurement, so that the maximum 
amount of information can be exploited. The objective 
function (𝑂𝑂𝑂𝑂𝑂𝑂) to be minimized is defined as a weighted 
mean square error (WMSE) that compares model re-
sponses and experimental data: 
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Here, 𝑤𝑤 coefficients indicate the weights attributed 
to each of the terms in the summation, 𝑁𝑁� indicates the 
number of experiments, 𝑁𝑁���,𝑁𝑁��� and 𝑁𝑁� indicate the 
number of samples available for each type of measure-
ment, 𝑐𝑐 indicates concentrations and 𝜇𝜇0 and 𝜇𝜇1 indicate 
moments of size distributions. Subscripts of moments re-
fer to the kind of size distribution (PSD or CLD) and the 
applied pre-treatments that are used to perform the cal-
culations. All the quantities reported with the subscript 𝑚𝑚, 
instead, correspond to model outputs. It is important to 
highlight that the first two terms involve derivatives over 
time of total counts and particles’ mean diameter, re-
spectively, instead of their absolute values. 

The SciPy implementation of adaptive Nelder-Mead 
algorithm is used for parameter estimation; multiple 
starts from different initial conditions reduce the possi-
bility to incur local minima. Note that, for the same rea-
son, terms in Equations 2 and 3 are formulated by em-
ploying dimensionless transformations of all parameters, 
and logarithmic versions of the pre-exponentials. The 

precision of the parameters’ estimates is evaluated by 
means of a t-test, according to Equation 9. 

𝑡𝑡�,� = ��̂

√��,��
> 𝑡𝑡���(1 − 𝛼𝛼 2⁄ ,𝑁𝑁�� − 𝑁𝑁�)   (9) 

Each parameter estimate 𝜃𝜃�� is considered statisti-
cally meaningful only if the related t-value 𝑡𝑡�� exceeds a 
specific reference value 𝑡𝑡���. This latter is identified as the 
percentile with 𝛼𝛼 confidence of a standardized t-distribu-
tion, characterized by a number of degrees of freedom 
which is obtained as the difference between the number 
of samples 𝑁𝑁�� and 𝑁𝑁�. Parameter uncertainties are com-
puted based on the diagonal terms of the variance-co-
variance matrix 𝜈𝜈�,��, which in turn is retrieved from the 
local sensitivities of responses with respect to parame-
ters, thanks to common assumptions of local linearity 
[10]. 

Case study 
Model and methods implementations are built 

around tools and functionalities provided by the Phar-
maPy library, which serves as core process simulator [11]. 
Procedures are tested on real data collected in industrial 
laboratories for a seeded batch cooling recrystallization 
of an API in an organic solvent. The experimental cam-
paign includes five experiments: three runs are distin-
guished only by different temperature profiles, while the 
other two are characterized by either different batch size 
or seed quantity. Indirect estimates of initial and final 
concentration are available for all the experiments, to-
gether with measurements of the seed and final product 
PSDs obtained by laser diffraction on the dried product. 
In addition, the evolution of the CLDs is tracked online by 
FBRM probes during the entire batches. Furthermore, for 
all the experiments, some data points are removed from 
the calibration set mainly due to probe fouling and clean-
ing, or to the unwanted recording of the addition of seed 
material. 

RESULTS 
In this section, results that were achieved by apply-

ing the presented methodology to the industrial case 
study are discussed. The model was calibrated on the 
data gathered during the experimental campaign de-
scribed in the previous paragraph. 

Table 1 shows the estimates of the kinetic parame-
ters. It can be noticed that their values are outside the 
typical ranges [4]. In particular, the exponent in the 
growth term is higher than the exponent in the nucleation 
term, implying that the growth phenomenon is faster and 
requires higher levels of supersaturation to be triggered, 
with respect to nucleation. Even though this is not com-
monly verified in crystallization systems, it is actually co-
herent with the behavior of the available experimental 
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data gathered by the FBRM probes. 

Table 1: Estimated values of the kinetic parameters with 
the respective units, 95 % confidence intervals (95 % CI) 
and t-values. 𝑡𝑡��� indicates the reference threshold value 
for the t-test. 

Parameter Units 𝜽𝜽 ̂ % CI tvalue 
𝑙𝑙𝑙𝑙𝑙𝑙 (𝑘𝑘��) #

𝑘𝑘𝑘𝑘 ∙ 𝑠𝑠 
   

𝑏𝑏� -    
𝑗𝑗� -    

𝑙𝑙𝑙𝑙𝑙𝑙(𝑘𝑘�) 𝜇𝜇𝜇𝜇
𝑠𝑠  -   

𝑔𝑔 -    
||𝑡𝑡���|| = 1.96 

 
Moreover, computed uncertainties are relatively 

low, as proven by the very high t-values that easily over-
come the threshold reference value for all the parame-
ters; for this reason, all of them can be considered as sta-
tistically significant. This is a non-obvious finding be-
cause population balance models, and especially Arrhe-
nius-like kinetic equations, often suffer from strong cor-
relation among parameters, which undermines 

parametric precision. In this case, the large number of 
available samples allows decreasing the uncertainty on 
the estimates, and it represents one of the main ad-
vantages of exploiting data from online probes.  

Fitting results for the first experiment of the cam-
paign are represented in Figure 1. Each blue dot in Figure 
1.a represents the total number of particles (or 0th mo-
ment) calculated from the CLD measured by the FBRM 
probe at a specific time point. The same holds for blue 
dots in Figure 1.c, except that they refer to population 
weighted mean size. In both cases, the dashed lines rep-
resent the corresponding curves obtained from model 
outputs after simulating with the estimated values of ki-
netic parameters. Furthermore, 95 % confidence bounds 
of the outputs are calculated by following a Monte Carlo 
approach, and are reported as yellow areas. In the case 
of average size (c), the initial and final values derived 
from the laser diffraction measurements are also in-
cluded (yellow triangles). Figures 1.b and 1.d show the 
derivatives of what is displayed in 1.a and 1.c, respec-
tively. 

From the profiles it can be seen that the main trends 
in the experimental data are fitted by the model, in par-
ticular for the total counts. However, the increase in av-
erage size in the first half of the batch is not captured, 

 
Figure 1: Fitting results for the first experiment of the campaign. Each graph shows: the quantity derived from 
chord length distribution data (dataFBRM, dots), the curve of model output, or feature, obtained from simulation with 
estimated values of kinetic parameters (yfit, dashed line), 95 % confidence bounds (yuncertainty,95 %, yellow area). a) 
total counts. b) Derivative of total counts. c) Average size, with initial and final point values computed from laser 
diffraction measurements (PSD mean size, yellow triangles). d) Derivative of average size. 
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and this leads also to a slight underestimation in the pre-
diction of the end-point value. In general, even by testing 
slightly different calibration setups, one part of the pro-
cess is always less accurately described, highlighting the 
limitations in the available measurement techniques and, 
possibly, in the structure of the model itself. Offsets in 
the plots of the non-differentiated quantities are ex-
pected, since the model was trained on the derivatives of 
CLD data, but used information from the laser diffraction 
measurements as initial conditions. 

The outcomes are deemed satisfactory, and 
demonstrate that FBRM measurements can be used as 
complementary information to more reliable data about 
the starting point of the process and product properties. 
The proposed strategy can be very valuable from the in-
dustrial perspective, especially for early-stage process 
development, where resources are limited and maximiz-
ing information from scarce data can be a key advantage. 

CONCLUSIONS 
First-principles models based on population bal-

ances are powerful tools that can enhance the under-
standing and aid the development of crystallization pro-
cesses for API production. Identifying a proper structure 
and achieving an accurate calibration for PBMs can be a 
challenging task, particularly in an industrial environment, 
where thorough experimental campaigns may not be af-
fordable, and advanced instrumentation and setup may 
not be available. Thus, being able to exploit in a quanti-
tative manner trends in data that are usually interpreted 
as qualitative indications of process evolution, like CLDs 
measured by FBRM probes, can be crucial. The results of 
this work demonstrate the potential of strategies built 
around the usage of such CLD data, in combination with 
a minimum amount of offline measurements and with 
proper data processing, feature extraction and numerical 
routines. In fact, statistically precise estimations for ki-
netic parameters of basic PBMs formulations that include 
nucleation and growth mechanisms are obtained, to-
gether with good prediction capabilities for early-stage 
process development purposes. Future work will be fo-
cused on assessing the impact that measurement availa-
bility can have on model performances, which will be 
evaluated both in calibration and in validation. Similar ap-
proaches will be applied on different datasets and by var-
ying the amount and type of data used for parameter es-
timation, with the aim of finding an optimum trade-off be-
tween model quality and experimental effort. 
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