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ABSTRACT 
Mathematical models are increasingly used in pharmaceutical process development within quality-
by-design (QbD) frameworks to reduce experimental effort and enable rational process design. 
However, model validation is still often based on deterministic performance indicators, which do 
not explicitly account for experimental variability, measurement noise, and model uncertainty. This 
work proposes an uncertainty-aware framework for model validation in pharmaceutical processes 
that quantifies predictive reliability in probabilistic terms, consistent with regulatory concepts. The 
framework explicitly integrates uncertainty in operating conditions, measurements, and model pa-
rameters, and evaluates model performance based on the probability that prediction satisfy pre-
defined acceptance criteria rather than on single-point accuracy indicators. An in-silico case study 
of crystallization was performed to demonstrate the approach, where synthetic experimental data 
with controlled uncertainty were generated. This enables systematic assessment of the effect of 
data quality, data quantity, and methods of uncertainty analysis on model validity results. Overall, 
the proposed framework provides a structured and robust approach for uncertainty-aware, regu-
latory-aligned model validation in pharmaceutical process development. 
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INTRODCUTION 
The increasing use of mechanistic, data-driven, and 

hybrid models in pharmaceutical process development 
reflects a broader shift toward model-based decision-
making within quality-by-design (QbD) frameworks. Pro-
cess models are increasingly used for process scale-up 
and design space exploration, contributing to significant 
reductions in experimental effort while enabling deeper 
process understanding [1]. From a regulatory perspec-
tive, however, model credibility and suitability must be 
systematically assessed in order to support risk-in-
formed decision-making [2]. 

Since uncertainty plays a central role in process de-
velopment, many process systems engineering studies 
have focused on uncertainty analysis and stochastic sim-
ulation. For example, Geremia et al. presented robust de-
sign spaces that capture the effects of process uncer-
tainties on drug product quality [3], and Pessina et al. 
proposed a Bayesian framework for parametric uncer-
tainty quantification in nonlinear protein crystallization 

models [4]. These studies primarily emphasize prediction 
of expected variability in product quality, rather than 
model credibility assessment. 

Despite these advances, model validation in prac-
tice is still often based on deterministic goodness-of-fit 
metrics such as the coefficient of determination or the 
root mean square error. While these metrics quantify 
agreement between model predictions and experimental 
data, they do not explicitly account for experimental var-
iability, measurement uncertainty, or uncertainty in model 
structure and parameters. Although Barhate et al. as-
sessed the robustness of estimated parameters in crys-
tallization by comparing parametric uncertainty with 
measurement uncertainty [5], model robustness and re-
liability remain difficult to quantify in a generalized man-
ner. This gap limits the ability to perform risk-informed, 
context-dependent assessment of model credibility. 

In this work, we present an uncertainty-aware 
model validation framework for pharmaceutical process 
development. An in-silico case study of cooling crystalli-
zation was used to demonstrate the approach, where 
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synthetic experimental datasets with controlled opera-
tional and measurement uncertainty were generated us-
ing a population balance model (PBM). By considering 
scenarios with different uncertainty levels and different 
amounts of experimental data, multiple validation criteria 
and model uncertainty quantification approaches were 
compared to assess the influence of data quality, data 
quantity, and uncertainty treatment on validation out-
comes. The objective is to provide a structured and 
transparent methodology for uncertainty-aware, regula-
tory-aligned model validation in pharmaceutical process 
development. 

PROPOSED METHODOLOGY 

In-silico experimental data generation 
Two sources of experimental variability were con-

sidered in the in-silico experiments. The first source is 
“operational variability” (𝜺𝜺ope ), which represents devia-
tions between nominal setpoints and actual process con-
ditions. The second source is “measurement variability” 
(𝜺𝜺meas), which combines sampling effects and measure-
ment errors. In this in-silico study, the function 𝑓𝑓GT  is 
treated as a ground-truth process model. The true re-
sponse 𝒚𝒚true is defined as the noise-free outputs of 𝑓𝑓GT, 
whereas the observed response 𝒀𝒀meas  denotes a syn-
thetic observable generated from this model with im-
posed variability.  

The true values and the observed values are defined 
as : 

𝒚𝒚true = 𝑓𝑓GT(𝒙𝒙, 𝜽𝜽)    (1) 

𝒀𝒀obs = 𝑓𝑓GT�𝒙𝒙 + 𝜺𝜺ope𝒙𝒙, 𝜽𝜽�+ 𝜺𝜺meas  (2) 

where 𝒙𝒙 and 𝜽𝜽 denote nominal operating conditions and 
model parameters, respectively.  

Uncertainty-conscious predictions 
After parameter estimation yielding 𝜽𝜽 ̂of the predic-

tive model 𝑓𝑓pred, quality attributes can be predicted with 
uncertainty. Here, uncertainty is categorized into “para-
metric uncertainty” ( 𝜺𝜺θ ) and “experimental variability” 
(𝜺𝜺exp). Model predictions are denoted by the parametric 
predicted values 𝒀𝒀pred,par  and the full predicted values 
𝒀𝒀pred,full , corresponding to parametric uncertainty only 
and combined parametric and experimental uncertainty, 
respectively.  

𝒀𝒀pred,par = 𝑓𝑓pred�𝒙𝒙, 𝜽𝜽 ̂+ 𝜺𝜺θ�   (3) 

𝒀𝒀pred,full = 𝑓𝑓pred�𝒙𝒙, 𝜽𝜽 ̂+ 𝜺𝜺θ� + 𝜺𝜺exp  (4) 

Parametric uncertainty quantification 
As summarized in the literature [6, 7], several ap-

proaches exist to quantify parametric uncertainty, which 

differ in terms of their assumptions, computational cost, 
and the extent to which they explore the parameter 
space. These approaches can be categorized into deriv-
ative-based methods and sampling-based methods. 

Derivate-based methods approximate uncertainty 
locally around the estimated parameter vector 𝜽𝜽.̂ The Ja-
cobian-based approach is the most common and relies 
on a first-order linearization of the residual function, 
which may lead to underestimation of uncertainty for 
strongly nonlinear models. The Hessian-based approach 
incorporates second-order curvature information of the 
objective function. For derivate-based methods, accu-
rate parameter estimation is critical, as the covariance is 
computed locally around 𝜽𝜽.̂ 

In contrast, sampling-based approaches aim to 
characterize uncertainty more globally by repeatedly re-
fitting the model to resampled datasets (e.g., bootstrap) 
or by sampling from a parameter distribution consistent 
with the data (e.g., Markov Chain Monte Carlo). These 
methods are generally more robust to nonlinearity and 
multimodality [4] but are computationally expensive. In 
this study, Jacobian- and Hessian-based covariance ap-
proximations were employed due to their computational 
efficiency within the proposed validation framework. 

Regulatory-aligned model validation metrics 

Threshold-based validation approach 
US Food and Drug Administration (FDA) has pro-

posed a “threshold-based” acceptance criterion for med-
ical-device submissions to assess whether a model pro-
duces results that are sufficiently reliable from a safety 
standpoint [8]. This approach validates the closeness be-
tween simulation and experimental results relative to a 
safety threshold 𝑦𝑦th . The comparison error 𝐸𝐸  and the 
proximity 𝛺𝛺 are computed for attribute 𝑖𝑖 as: 

𝐸𝐸(�) = ||𝑌𝑌pred,par
(�) − 𝑌𝑌obs

(�) ||   (5) 

𝛺𝛺(�) = ||𝑦𝑦th
(�) − 𝑌𝑌pred,par

(�) ||   (6) 

where a probability distribution of 𝑌𝑌obs
(�)   is generated 

based on experimental data 𝑦𝑦obs
(�)   and 𝜀𝜀exp

(�)  . The model is 
considered validated if i) 𝔼𝔼[𝐸𝐸] < 𝔼𝔼[𝛺𝛺]  and ii) the confi-
dence intervals (CIs) of 𝐸𝐸 and 𝛺𝛺 do not overlap.  

For general model validation, the safety threshold 
can be extended to acceptable prediction errors relative 
to experimental data. Using a predefined tolerance 𝜀𝜀th

(�) , 
the threshold 𝑦𝑦th

(�)  is defined as �1 ± 𝜀𝜀th
(�)� ∙ 𝑦𝑦obs

(�)  . Since this 
yields two-sided thresholds, the proximity is extended to 
𝛺𝛺lower and 𝛺𝛺upper. 

Model reliability assessment 
Alternatively, model reliability under uncertainty is 

assessed as illustrated in Figure 1. A reliable model 
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should exhibit a small deviation between 𝒚𝒚true  and 
𝔼𝔼�𝒀𝒀pred,par�  and a small statistical distance between the 
distributions of 𝒀𝒀obs  and 𝒀𝒀pred,full . Since neither 𝒚𝒚true  nor 
distributions of 𝒀𝒀obs is known in practice, reliability met-
rics are introduced to estimate model confidence. 

 
Figure 1. Concept of reliability scores based on (a) 
𝒀𝒀pred,par and (b) 𝒀𝒀pred,full. 

First, predictions with parametric uncertainty 
𝑌𝑌pred,par

(�)   are compared against thresholds (Figure 1(a)). 
The nominal reliability score 𝑅𝑅nom is defined as: 

𝑅𝑅nom
(�) = ℙ�𝑦𝑦th,lower

(�) ≤ 𝑌𝑌pred,par
(�) ≤ 𝑦𝑦th,upper

(�) � (7) 

To incorporate experimental variability, worst-case 
𝑅𝑅WC and best-case reliability scores 𝑅𝑅BC are defined as: 

𝑅𝑅WC
(�) = ℙ�𝑦𝑦th,lower

(�) + 𝜀𝜀exp
(�) ≤ 𝑌𝑌pred,par

(�) ≤ 𝑦𝑦th,upper
(�) − 𝜀𝜀exp

(�) �
       (8) 

𝑅𝑅BC
(�) = ℙ�𝑦𝑦th,lower

(�) − 𝜀𝜀exp
(�) ≤ 𝑌𝑌pred,par

(�) ≤ 𝑦𝑦th,upper
(�) + 𝜀𝜀exp

(�) �
       (9) 

While 𝑅𝑅WC cannot be high when experimental variability 
is large, 𝑅𝑅BC  should be sufficiently high; otherwise 
𝒀𝒀pred,par  deviates substantially from 𝒚𝒚true  or parametric 
uncertainty is excessive. 

An alternative reliability score 𝑅𝑅unc  is described 
based on 𝒀𝒀pred,full (Figure 1(b)) as:  

𝑅𝑅unc
(�) = ℙ�𝑦𝑦th,lower

(�) ≤ 𝑌𝑌pred,full
(�) ≤ 𝑦𝑦th,upper

(�) � (10) 

CASE STUDY DESCRIPTION 
To demonstrate the proposed validation framework, 

a case study was conducted using cooling crystallization 
of paracetamol. Both the experimental conditions and the 
true values of model parameters were defined based on 
literature data [9]. 

Model description 
A one-dimensional population balance model (PBM) 

was used for synthetic experimental data generation, pa-
rameter estimation, and model validation. In this case 
study, the same PBM formulation was employed as both 
𝑓𝑓GT  and 𝑓𝑓pred . The number density of crystals of size 𝐿𝐿 , 
denoted by 𝑛𝑛(𝐿𝐿) , was described by considering crystal 
growth, primary nucleation, and secondary nucleation: 

∂�(�)

∂�
+ ∂[��(�)]

∂�
= �𝐵𝐵p + 𝐵𝐵s� ∙ 𝛿𝛿(𝐿𝐿 − 𝐿𝐿n)  (12) 

where 𝛿𝛿 is a Dirac delta function and 𝐿𝐿n is the nuclei size. 
The growth rate 𝐺𝐺 , the primary nucleation rate 𝐵𝐵p , 

and the secondary nucleation rate 𝐵𝐵s are defined as: 

𝐺𝐺 = 𝑘𝑘g𝜎𝜎� exp�− �A
��K
�    (13) 

𝐵𝐵p = 𝑘𝑘p𝜎𝜎�     (14) 

𝐵𝐵s = 𝑘𝑘s𝜎𝜎�𝐴𝐴c     (15) 

where 𝜎𝜎 is the relative supersaturation, 𝑅𝑅 is the gas con-
stant, 𝑇𝑇K  is the temperature, 𝐴𝐴c  is the specific surface 
area of crystals. The seven model parameters 

(a)

(b)

Table 1: In-silico DoE used for parameter estimation and validation. 

Purpose Seed fraction 
[%] 

Cooling rate [K s-] Seed size 
[µm] 

# of ex-
periments 

Parameter estimation { } { }  (if seeded)  
Experimental variability     
Interpolating validation  { } { }   
Extrapolating validation { } {   } {  }  
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𝑘𝑘g, 𝑔𝑔,𝐸𝐸A, 𝑘𝑘p,𝑝𝑝,𝑘𝑘s, and 𝑠𝑠 were estimated. All computational 
work was performed using PharmaPy, an open-source 
tool for the digital pharmaceutical process design [10]. 

In-silico design of experiments (DoE) 
Table 1 summarizes the in-silico DoE used to gener-

ate synthetic experimental data, using the ground truth 
model. Two-level full factorial experiments in seed frac-
tion and cooling rate were performed for parameter esti-
mation, with three additional repeated runs at the center 
point to assess experimental variability. Two sets of vali-
dation runs were designed: four interpolating conditions 
and six extrapolating conditions. In the extrapolating con-
ditions, seed size was also varied as an additional factor. 
Variability terms 𝜀𝜀ope

(fra), 𝜀𝜀ope
(cl)  , and 𝜀𝜀ope

(size)  were assigned to 
seed fraction, cooling rate, and seed size, respectively. 

During the in-silico experiments, both the paraceta-
mol concentration and the total number of crystals were 
recorded at five normalized time points corresponding to 
0, 0.25, 0.5, 0.75, and 1 times the total cooling duration, 
with measurement variabilities 𝜀𝜀meas

(conc)  and 𝜀𝜀meas
(num) . After 

completion of each experiment, product size quantiles 
𝐷𝐷10,𝐷𝐷50 , and 𝐷𝐷90  were also generated, with associated 
measurement variabilities 𝜀𝜀meas

(D10), 𝜀𝜀meas
(D50), and 𝜀𝜀meas

(D90). 

CASE STUDY RESULTS 

The generated measured values 𝒀𝒀obs at the center 
point of the operating conditions are shown in Figure 2. 
Normal distributions were assumed for all variability 
terms. The standard deviations of operating variabilities 
were set to 5% for 𝜀𝜀ope

(fra), 𝜀𝜀ope
(cl) , and 𝜀𝜀ope

(size), while the standard 
deviations of measurements variabilities were defined as 
𝜎𝜎�𝜀𝜀meas

(conc), 𝜀𝜀meas
(num), 𝜀𝜀meas

(D10), 𝜀𝜀meas
(D50), 𝜀𝜀meas

(D90)� = (10 kg m-3, 105, 3 µm, 5 
µm, 8 µm). 

Parametric uncertainty results 
Parameter estimation was performed by minimizing 

a weighted least-squares objective function constructed 
from all available in-silico observations. To account for 

differences in magnitude and measurement reliability 
among these quantities, the weighting factors were de-
fined based on the inverse of the experimental variability 
observed from the three repeated center-point runs. 

Table 2: Estimated model parameters and 95% CIs using 
Jacobian and Hessian matrices. 

Parameter Esti-
mated 
value 

CI (Jaco-
bian) 

CI (Hessian) 

𝑘𝑘g [m s-]  [ ] [ ] 
𝑔𝑔 [-]  [ ] [ ] 
𝐸𝐸A [kJ mol-]  [ ] [ ] 
𝑘𝑘p [m- s-]  [ ] [ ] 
𝑝𝑝 [-]  [ ] [ ] 
𝑘𝑘s [m- s-]  [ ] [ ] 
𝑠𝑠 [-]  [ ] [ ] 

 
After parameter estimation, covariance matrices 

were computed using both the Jacobian and Hessian ap-
proximations. The resulting 95% CIs are summarized in 
Table 2. The Jacobian-based approach produced very 
narrow CIs, all within 0.5% of the estimated values. In 
contrast, the Hessian-based approach yielded substan-
tially wider CIs, ranging from 0.9 and 26.5% of the esti-
mated values, reflecting the nonlinear sensitivity of the 
model parameters. 

In-silico validation experiments 
At the validation conditions summarized in Table 1, 

both 𝒚𝒚true  and 𝒀𝒀obs  were generated. Among the quality 
attributes, 𝐷𝐷90 was selected as the most critical attribute, 
and a relative tolerance of 𝜀𝜀th

(D90)=15% was applied. 
Figure 3(a) shows the probability density functions 

of 𝑌𝑌pred,par
(D90)   for one representative validation condition. 

The expected value 𝔼𝔼�𝑌𝑌pred,par
(D90) �  was very close to 𝑦𝑦true

(D90) , 
with a relative error of 0.8%. However, the Jacobian-
based 𝑌𝑌pred,par

(D90)   did not cover 𝑦𝑦true
(D90) , whereas 𝑦𝑦true

(D90)  fell 
within the support of the Hessian-based 𝑌𝑌pred,par

(D90) . Similar 

 
Figure 2. In-silico experimental data wih uncertainty at the centerpoint. (a) paracetamol concentration profile with 
95% CIs, (b) crystal number profile with CIs, (c) probability densities of 𝐷𝐷10, 𝐷𝐷50, and 𝐷𝐷90 of the final products. 

(a) (b) (c)
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trends were observed in eight out of ten validation runs, 
indicating that the Jacobian approximation systemati-
cally underestimates parametric uncertainty. 

The probability density functions of 𝑌𝑌pred,full
(D90) , shown 

in Figure 3(b), were very similar for the Jacobian- and the 
Hessian-based approaches. This occurs because exper-
imental variability dominates over parametric uncertainty 
for this attribute. Compared to 𝑌𝑌pred,full

(D90) , the distribution of 
𝑌𝑌obs

(D90)  exhibited a broader distribution with weak bimo-
dality. This discrepancy is attributed to underestimation 
of experimental variability and to the assumption of nor-
mally distributed noise. 

 

 
Figure 3. Probability density distributions of 𝐷𝐷90  at a 
validation run: (a) 𝑦𝑦true and 𝒀𝒀pred,par; (b) 𝒀𝒀obs and 𝒀𝒀pred,full. 

Validation metrics 
For validation, it was assumed that only a single ex-

perimental observation 𝑦𝑦obs
(D90) , sampled from 𝑌𝑌obs

(D90),  is 
available per validation condition, reflecting typical ex-
perimental practice. This observation was compared 
against the Hessian-based 𝑌𝑌pred,par

(D90)   using the proposed 
validation metrics.  

To assess the effect of experimental replication, 
three independent in-silico observations were generated 
per validation condition and their mean was used for val-
idation, with the effective experimental variability 𝜺𝜺exp es-
timated separately for each condition rather than from 

center-point repeats. 
Using the threshold-based approach, six out of ten 

validation conditions satisfied the validation criteria. Most 
failures were associated with large uncertainty in the 
comparison error 𝐸𝐸(D90), which was primarily driven by ex-
perimental variability. When the mean of three repeated 
measurements was used for each condition, the number 
of validated conditions decreased to five, indicating that 
the validation outcome changed only marginally with rep-
lication in this dataset.  

Table 3 summarizes the results of different valida-
tion metrics, including conventional deterministic met-
rics: the coefficient of determination (𝑅𝑅2 ), root mean 
square error (𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅), and mean absolute percentage er-
ror (𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 ). Both deterministic and uncertainty-aware 
metrics changed with the number of samples; however, 
the interpretation may differ. The deterministic metrics 
are directly affected by experimental variability, meaning 
that validation conclusions based on unrepeated experi-
ments can be strongly influenced by random experi-
mental noise, making rational decision-making challeng-
ing. 

Table 3: Summary of different validation metrics using a 
single sample and the mean of three repeated runs per 
condition. 

Metrics Single sample Three samples 
𝑅𝑅2 [-]   
𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 [µm]   
𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 [%]   
𝔼𝔼�𝑅𝑅nom

(D90)� [%]   

𝔼𝔼�𝑅𝑅WC
(D90)� [%]   

𝔼𝔼�𝑅𝑅BC
(D90)� [%]   

𝔼𝔼�𝑅𝑅unc
(D90)� [%]   

 
In contrast, the proposed validation metrics could 

provide additional diagnostic insight into both model va-
lidity and data quality. The best-case reliability 𝑅𝑅BC

(D90) re-
mained at 100% across all cases, which is important be-
cause it avoids rejecting model validity solely due to large 
experimental variability. The worst-case reliability 𝑅𝑅WC

(D90) 
was relatively low when only a single observation per 
condition was available. This indicates that there remains 
a non-negligible risk that the model could be incorrect, 
because a single noisy observation cannot reliably distin-
guish model mismatch from experimental scatter. When 
the mean of three repeated measurements was used, 
𝑅𝑅WC

(D90) increased, reducing the risk of an incorrect model 
conclusion. In this case, 𝑅𝑅WC

(D90) acts as a conservative in-
dicator of the remaining model risk under uncertainty. 

Overall, these results highlight how uncertainty-
aware validation metrics can improve interpretability of 

(a)

(b)

(Jacobian)
(Hessian)

(Jacobian)  
(Hessian)   
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model credibility and provide a structured way to assess 
the impact of experimental variability and replication on 
validation outcomes. 

CONCLUSIONS 
This work presented an uncertainty-aware frame-

work for model validation in pharmaceutical process de-
velopment from a regulatory perspective. By distinguish-
ing between parametric uncertainty and experimental 
variability, the framework enables probabilistic rather 
than purely deterministic validation. The proposed relia-
bility-based metrics extend traditional goodness-of-fit 
measures by quantifying the likelihood that predictions 
satisfy predefined acceptance criteria under uncertainty. 
An in-silico crystallization case study demonstrated how 
uncertainty quantification methods, experimental design, 
and replication influence validation outcomes. The re-
sults highlight limitations of local linear uncertainty ap-
proximations and the need to account for experimental 
variability when interpreting validation results. 

Future work will focus on broader application of the 
framework across pharmaceutical unit operations, such 
as reactions and wet milling, as well as its application to 
real experimental datasets. Further development will also 
address systematic treatment of structural model uncer-
tainty and improved characterization of experimental 
variability, including non-Gaussian noise and correlated 
disturbances. Ultimately, extending the framework to-
ward integrated consideration of model, parameter, and 
experimental uncertainties can support transparent, risk-
informed, and regulatorily aligned use of process models 
throughout pharmaceutical development and scale-up. 
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