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ABSTRACT 
Crystallization is a relevant process in the pharmaceutical industry for product purification and 
particle production. An efficient crystallization is characterized by crystals produced with the de-
sired attributes. Therefore, modeling this process is a key point to achieve this goal. In this sense, 
the objective of this work is to propose a hybrid model to describe paracetamol dissolution in 
ethanol. The universal differential equations methodology is considered in the development of this 
model, using a neural network to predict the dissolution rate combined with the population balance 
equations to calculate the moments of the crystal size distribution (CSD) and the concentration. 
The model was developed using experimental batches. The dataset is composed of concentration 
measurements obtained using attenuated total reflectance-Fourier transform infrared (ATR-FTIR). 
The objective function of the optimization problem is to minimize the relative absolute difference 
between the experimental and the predicted concentration. The hybrid model efficiently predicted 
the concentration compared to the experimental measurements. Furthermore, the hybrid ap-
proach made predictions of the moments of the CSD similar to the population balance model pro-
posed by Kim et al. [1], being able to successfully calculate batches not considered in the training 
dataset. Moreover, the performance of the hybrid model was similar to the phenomenological one 
based on population balance. Therefore, the universal differential equations approach is presented 
as an efficient methodology for modeling crystallization processes with limited information.  
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INTRODUCTION 
Crystallization is a separation and purification pro-

cess that is characterized by a phase change in which 
crystalline product is obtained from a solution [1]. It is a 
relevant unit operation and is commonly used for purifi-
cation, separation and production. It is a practical method 
that produces pure, concentrated, appealing and con-
venient to handle chemical substances. Thus, crystalliza-
tion processes are present in many industries such as 

pharmaceuticals, food and agrochemicals. Many active 
ingredients in pharmaceutical industries are produced in 
the form of crystals, such as paracetamol [2], praziquan-
tel [3] and amoxicillin [4].  

For the development of an efficient crystallization 
process, the product should present the desired charac-
teristics, such as size and shape. Therefore, modeling the 
crystallization kinetics to calculate the crystal size distri-
bution (CSD) is a key point to predict these characteris-
tics and to optimize the process. Population balance 
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model (PBM) is the methodology usually applied for mod-
eling crystallization processes. This approach was used 
to model the batch crystallization of many compounds, 
such as potassium dihydrogen phosphate (KDP) [5], pa-
racetamol [2, 6, 7] and potassium sulfate [8]. 

Over the last years, advancements in machine learn-
ing have been fueled by greater computational power, 
the abundance of extensive experimental data, and the 
development of more efficient algorithms. Machine learn-
ing techniques have achieved significant success in ana-
lyzing and predicting complex behaviors from large da-
tasets, as demonstrated by applications such as web 
searches, email filtering, and image recognition [9, 10]. In 
the field of crystallization, machine learning is emerging 
as a valuable tool for predicting and optimizing processes 
to meet specific product requirements [11, 12]. 

Even with these positive points of machine learning 
models, they are usually empirical models and do not 
consider the physical laws that describe the system. Hy-
brid models present as an alternative to solve these 
problems. Hybrid models are a combination of data-
driven and first principles models [13]. These approaches 
combine the flexibility of data-driven with the knowledge 
of physical laws from first principles models [14].  

Regarding crystallization processes, Lima et al. [15] 
combined neural networks and PBM for modeling the nu-
cleation, crystal growth and dissolution for the potassium 
sulfate batch crystallization. Wu et al. [16] proposed a 
physics-informed recurrent neural network (PIRNN) for 
modeling the crystallization process of aspirin. Sitapure 
and Kwon [17] developed hybrid modeling approach 
combining time-series-transformers (TSTs) to population 
balance model. They used TSTs to obtain the nucleation 
and growth rates for the batch crystallization of dextrose. 
Then, the rates were used in the population balance 
equations to obtain the crystal size distribution (CSD). 
There are also hybrid model applications used to de-
scribe the batch crystallization of sugar accounting for 
nucleation, growth and agglomeration [18, 19]. 

The goal of this work is to propose a hybrid model 
based on universal differential equations (UDEs) ap-
proach with a neural network as a universal approximator 
to describe the dissolution for the paracetamol batch 
crystallization in ethanol. According to Xiouras et al. [9] 
and Lima et al. [10], the use of hybrid models for crystal-
lization processes is not new, but there are few applica-
tions of these methodologies. Most studies proposed hy-
brid models for sugar crystallization. There is a lack of 
hybrid model applications for the pharmaceutical field 
and none of them considered paracetamol. Paracetamol 
is a pharmaceutical compound whose crystallization has 
been extensively explored in the literature for modeling 
and control studies. The hybrid model is composed of a 
neural network to calculate the dissolution rate combined 
with the population balance equations to predict the 

concentration and the moments of the CSD. The concen-
tration measurements obtained by Kim et al. [2] were 
used to develop the hybrid model. Therefore, the hybrid 
approach presents flexibility to model the dissolution rate 
compared to the PBM. 

METHODOLOGY 

Population Balance Model 
Kim et al. [2] proposed a PBM to describe the para-

cetamol batch crystallization in ethanol. The model ac-
counts for nucleation, crystal growth and dissolution. The 
method of moments was applied to solve this problem. 

Eq. 1 describes the 𝑖𝑖𝑡𝑡ℎ order moment, in which 𝐿𝐿  is 
the characteristic crystal size, and 𝑛𝑛(𝐿𝐿) is the number 
density of crystals. The moments 𝜇𝜇0, 𝜇𝜇1, 𝜇𝜇2and 𝜇𝜇3 are pro-
portional to the total number, length, surface area, and 
volume of crystals, respectively. 

 

𝜇𝜇𝑖𝑖  =   � 𝐿𝐿𝑖𝑖
∞

0
𝑛𝑛(𝐿𝐿)𝑑𝑑𝑑𝑑,  𝑖𝑖  =  1,2,3, …                                                   (1) 

 
The paracetamol dissolution PBM is described by 

Eq. 2, where 𝑘𝑘𝑣𝑣 is the volume shape factor, 𝜌𝜌𝑐𝑐 is the solid 
density of crystals (g/cm3), and 𝐷𝐷 is the dissolution rate. 

 

𝑑𝑑𝜇𝜇0
𝑑𝑑𝑑𝑑 = 0                                                                                                 (2𝑎𝑎) 

𝑑𝑑𝜇𝜇1
𝑑𝑑𝑑𝑑 = 𝐷𝐷𝜇𝜇0                                                                                            (2𝑏𝑏) 

𝑑𝑑𝜇𝜇2
𝑑𝑑𝑑𝑑 = 2𝐷𝐷𝜇𝜇1                                                                                          (2𝑐𝑐) 

𝑑𝑑𝜇𝜇3
𝑑𝑑𝑑𝑑 = 3𝐷𝐷𝜇𝜇2                                                                                         (2𝑑𝑑) 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = −3𝑘𝑘𝑣𝑣𝜌𝜌𝑐𝑐 𝐷𝐷𝜇𝜇2                                                                              (2𝑒𝑒) 

 
The dissolution rate is described by Eq. 3, where 𝑘𝑘𝑑𝑑 

is the pre-exponential rate constants for the crystal 
growth ((μm/min)(g/g)−γd), 𝐸𝐸𝑎𝑎𝑑𝑑 is the activation energy 
(J/mol) and 𝛾𝛾𝑑𝑑 is a exponential parameters on supersatu-
ration. 𝑅𝑅 is the universal gas constant (J/(mol K)) [20]. 

 

𝐷𝐷 =  𝑘𝑘𝑑𝑑𝑒𝑒𝑒𝑒𝑒𝑒 �
−𝐸𝐸𝑎𝑎𝑑𝑑
𝑅𝑅𝑅𝑅 � (𝐶𝐶𝑆𝑆 − 𝐶𝐶)𝛾𝛾𝑑𝑑                                                         (3) 

 
In Eq. 3, 𝐶𝐶  (g solute/g solvent) is the concentration 

in the solution and 𝐶𝐶𝑆𝑆 (g solute/g solvent) is the saturated 
concentration at the system temperature. The saturated 
concentration can be calculated by the polynomial de-
scribed by Eq. 5, in which 𝑇𝑇 is the temperature in Kelvin.  
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𝐶𝐶𝑆𝑆 = −8.707 + 9.669𝑥𝑥10−2𝑇𝑇  −  3.610𝑥𝑥10−4 𝑇𝑇2
+  4.590𝑥𝑥10−7 𝑇𝑇3                                            (5)  

To estimate the parameters of this PBM, Kim et al. 
[2] performed seven experimental batches, which five 
were used to develop the model and two to validate it. All 
experimental batches were developed at constant tem-
peratures; two of them were performed at 10°C, one at 
15°C, three at 20°C, and one at 30°C. The initial concen-
tration was also changed for the batches, considering 
values between 0.142 and 0.202 g/g. The model was de-
veloped using concentration measurements obtained 
during the experimental batches with attenuated total re-
flectance Fourier transform infrared (ATR-FTIR). 

Universal Differential Equations 
Universal differential equations (UDEs) are differen-

tial equations enhanced by the inclusion of one or more 
universal approximators. Various functions and series 
have been recognized as universal approximators due to 
their versatility and adaptability. Neural networks excel 
as universal approximators in higher-dimensional set-
tings. Their layered architecture and the use of nonlinear 
activation functions allow them to effectively approxi-
mate functions within multidimensional spaces [15]. 

In this work, a hybrid model was developed to de-
scribe the dissolution kinetics of paracetamol in ethanol 
based on the UDE approach. A neural network is used to 
calculate the dissolution rate, while the moments of the 
CSD and the concentration are obtained by the popula-
tion balance equations. The neural network uses concen-
tration measurements and the saturated concentration to 
calculate the dissolution rate. Before being used by the 
neural network, the inputs were scaled between zero and 
one. Figure 1 presents a scheme of the proposed UDE. 

The model was developed using the concentration 
measurements obtained by Kim et al. [2] during the batch 
experiments. Similarly to Kim et al. [2], two experimental 
batches were used to test the model. However, four 
batches were used to train and one to validate the model 
to avoid overfitting. The optimization problem consisted 
of designing the neural network that minimizes Eq. 6, 
where 𝐶𝐶𝑖𝑖 is the experimental concentration, 𝐶̂𝐶𝑖𝑖 is the pre-
dicted concentration and 𝑁𝑁 is the number of measure-
ments. As this model accounts only for undersaturated 
conditions, the constraint described in Eq. 7 was consid-
ered for the optimization problem. 

𝐹𝐹𝑜𝑜𝑜𝑜𝑜𝑜 =  
1
𝑁𝑁��

𝐶̂𝐶𝑖𝑖 − 𝐶𝐶𝑖𝑖
𝐶𝐶𝑖𝑖

�
𝑁𝑁

𝑖𝑖=1

                                                                        (6) 

𝐶̂𝐶𝑖𝑖
𝐶𝐶𝑆𝑆(𝑇𝑇𝑖𝑖)
� ≤ 1                                                                                         (7) 

The hybrid model was developed in Python using 
the deep learning library, Pytorch [21] and the neural 

differential equations library TorchDyn [22]. The opti-
mizer Adam was used to train the hybrid model. Early 
stopping was also considered in the training to avoid 
overfitting with a criterion of stopping the training when-
ever the model exceeded 70 epochs without lowering 
validation error. 

 
Figure 1. Hybrid model scheme.  

RESULTS AND DISCUSSION 
The hybrid model was composed of a neural net-

work with one hidden layer containing 30 neurons and 
using hyperbolic tangent as the activation function. An 
adaptive learning rate was considered with an initial value 
equal to 10−5. The learning rate is reduced to 10% of the 
initial value after 500 epochs.  

Table 1 presents the relative mean absolute error 
(RMAE) between the predicted and measured concentra-
tions for the PBM and the hybrid model. While the perfor-
mance of the PBM was better for the test dataset, the 
hybrid model was able to make predictions closer to the 
experimental values for the training and validation da-
tasets. However, both approaches presented close val-
ues of RMAE in all cases.Fig. 2 presents the performance 
of the hybrid model and the PBM to predict the solution 
concentration for the validation batch. The PBM and the 
hybrid model showed close performances. Their concen-
tration predictions presented a similar behavior and 
achieved the same equilibrium concentration at the end 
of the batch. Compared to the experimental values, the 
UDE model made predictions closer to the concentration 
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measurements than the PBM.  

Table 1: Relative mean absolute error (RMAE) between 
the concentration measurements and the predicted val-
ues by the PBM and the hybrid model. 

Model Training Test Validation 
PBM x- x- x- 
UDE x- x- x- 

 
Figure 2. Performance of the PBM and hybrid model to 
predict the concentration for the validation batch. 

Fig. 3 presents the performance of the hybrid model 
and the PBM to predict the solution concentration for one 
of the test batches. Once again, both methodologies 
were able to make close concentration predictions. The 
RMAE value, in Table 1, for the hybrid model for the test 
dataset was higher than the PBM because of the offset 
that the UDE model left in the equilibrium concentration 
compared to the experimental data.  

The values presented in Table 1 and the perfor-
mances showed in Figs 2 and 3 suggest that the hybrid 
model presented a better performance for the training 
and validation dataset. On the other hand, the PBM was 
more efficient for the test dataset. These facts suggest 
that the UDE model is able to make efficient predictions, 
but the PBM was more effective for conditions not con-
sidered in the training dataset. Therefore, the perfor-
mance of the PBM was better for extrapolation. This can 
be expected as the PBM is based on physics laws.  

Fig. 4 presents a simulation of one experimental 
batch using the hybrid model and the PBM. In this simu-
lation, 𝜇𝜇1, 𝜇𝜇2, 𝜇𝜇3 and the solution concentration were cal-
culated. Regarding the concentration predictions, both 
approaches were able to achieve the same equilibrium 
concentration at the end of the batch. However, PBM 
presented a faster response compared to the UDE tra-
jectories. This behaviour was also observed in Fig. 2, 
showing that the PBM is overestimating this 

characteristic when compared to the experimental data. 
The same thing happens for the predictions of the mo-
ments of the CSD. Both models were able to achieve sim-
ilar equilibrium values at the end of the batch. The same 
differences in the transient response are also present in 
the moments. 

 
Figure 3. Performance of the PBM and hybrid model to 
predict the concentration for one of the test batches. 

The differences presented in Fig. 4 between the 
predictions of the hybrid model and the PBM are conse-
quence of the challenge when dealing with dissolution. 
The dissolution is a quick phenomenon. Therefore, when 
the crystals are added in the undersaturated solution 
during the batch, they are quickly dissolved until the 
equilibrium is reached. This fact makes it difficult to find 
an efficient model for dissolution. The errors calculated 
in Table 1 and the profiles obtained in Figs. 2 and 3 sug-
gest that the hybrid model was able to make predictions 
closer to the real measurements when the crystals are 
dissolving compared to the PBM.  

The proposed hybrid approach based on UDE pre-
sented a good performance for modeling the dissolution 
of paracetamol in ethanol. The PBM presented the best 
performance for extrapolations. On the other hand, the 
UDE model was able to make better predictions than the 
PBM when the crystals were dissolving. Even with these 
advantages and disadvantages, replacing the dissolution 
rate by a neural network was an effective alternative for 
modeling this phenomenon, as suggested by Lima et al. 
[15]. 

CONCLUSION 
In this work, a hybrid model based on UDE was de-

veloped for describing the paracetamol dissolution in 
ethanol. There is a lack of studies proposing hybrid mod-
els for crystallization or dissolution of pharmaceutical 
compounds and none of them considered paracetamol 
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[9, 10]. The dataset used in this work consisted of seven 
experimental batches developed by Kim et al. [2], where 
four of them were used to train the model, one for valida-
tion and two to test it. The developed hybrid model was 
able to make predictions of the solution concentration 
close to the experimental measurements, presenting low 
RMAE values. 

The performance of the hybrid model was also com-
pared to the PBM developed by Kim et al. [2]. The values 
calculated by the hybrid model of solution concentration 
and moments of CSD were close to the one obtained with 
the PBM. The RMAE between the concentration meas-
urements and the predicted values by the PBM was sim-
ilar to the RMAE calculated with the hybrid model. The 
hybrid methodology based on UDE presents as an effi-
cient alternative for modeling crystallization kinetics. As 
a future work, the nucleation and crystal growth will be 
considered for developing the hybrid model of paraceta-
mol crystallization in ethanol. 
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