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ABSTRACT 
Incorporating process knowledge from various sources often presents challenges in process de-
velopment, optimization, and control. To utilize available knowledge, linking existing process mo-
dels is a viable approach. This work introduces a methodology using latent variable models, spe-
cifically sequential and orthogonalized partial least squares (SO-PLS), to capture and quantify the 
contribution of first-principles knowledge in process models. Applied to a continuously stirred tank 
reactor (CSTR) case study, the methodology demonstrates how available knowledge can be quan-
tified and how structural and parametric errors in first-principles are addressed using measured 
data. The methodology is discussed in relation to root cause analysis in bioprocesses. 
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INTRODUCTION 
Process development, optimization, and control 

based on process modeling are significantly advancing 
pharmaceutical manufacturing. These efforts are reduc-
ing development times and manufacturing costs, improv-
ing productivity and quality control, and enhancing over-
all process understanding [1]. Using terminology from 
knowledge management, process models can be seen as 
representations of accumulated expert knowledge gen-
erated over the years. These models enable the simula-
tion of system behavior under various perturbations [2]. 
In the pharmaceutical industry, process models are typi-
cally developed for individual unit operations to capture 
specific product and technology phenomena. Recently, 
integrated process models have emerged, representing 
processes with multiple steps or unit operations. These 
models transform the output of one unit into the input of 
the next, simulating material flow across operations and 
capturing interactions between upstream and down-
stream equipment. Applications include control strategy 
design, risk analysis, experimental design, and process 
optimization [3-5], and they range from being first-prin-
ciples-based [5] to fully data-driven [4].  

In first-principles modeling, we rely on a physical un-
derstanding of the system, where the model's equations 

represent the known mechanisms driving the process. 
Parameters are typically tuned using data from well-de-
signed laboratory experiments, allowing for some extrap-
olation beyond the calibration range. However, when 
comparing first-principles models to historical data from 
a full-scale commercial plant, outputs may not match ac-
curately. This discrepancy can be due to limited know-
ledge of the process, oversimplification of physical phe-
nomena, or inappropriate parameter values [6].  

Due to their simplicity, ease of development, and in-
creasing computational efficiency, data-driven models 
are an attractive alternative. These models involve se-
lecting a structure and identifying parameters using 
available data [6], which can be readily sourced from full-
scale plants. However, since many observations remain 
constant during plant operation and rarely change, ex-
trapolation can be challenging for data-driven models. 

Therefore, it is of interest to develop schemes that 
combine both modeling techniques to create more effec-
tive and efficient process models. For integrated process 
models specifically, this involves incorporating connec-
tivity information from the process flowsheet along with 
first-principles knowledge from each unit operation.  

Incorporating connectivity information into process 
models often relies on data from full-scale commercial 
manufacturing, where consecutive runs of an integrated 
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process are logged. Given the vast amount of data and 
the presence of complex, unknown physical phenomena 
in a full-scale plant, a data-driven foundation is often 
chosen for integrated process models. Among various 
methods, sequential-orthogonalized partial least squares 
(SO-PLS) has recently emerged as a promising approach 
[7-9]. SO-PLS sequentially applies regular PLS to differ-
ent data blocks, each representing a specific unit opera-
tion, and uses orthogonalization between steps to elimi-
nate overlapping information. By ordering the blocks with 
respect to the flowsheet topology and removing redun-
dant information explained by upstream units through or-
thogonalization, this model naturally incorporates con-
nectivity information. Additionally, being based on PLS, it 
effectively handles the high-dimensional data matrices 
common in full-scale plants. 

Inspired by the use of SO-PLS to incorporate flow-
sheet connectivity information, this paper presents a sys-
tematic methodology to further augment the model with 
first-principles knowledge, utilizing elements from hybrid 
modeling and path modeling [10]. While the concept is 
initially demonstrated for a single unit operation, it can be 
readily extended to encompass a multi-unit process. The 
key questions we aim to address are: 

 How can we incorporate flowsheet connectivity 
information and unit-specific first-principles 
knowledge into a unified model? 

 How can we quantify the variance explained by 
first-principles knowledge versus measured data? 

 How can the approach be used to identify root 
causes of deviations from quality or productivity 
targets in an integrated bioprocess? 

This paper addresses the first two questions, while the 
last question will be explored in future work in combina-
tion with the framework presented in [9]. The paper is or-
ganized as follows: First, we provide background on SO-
PLS and explain how this model fits within parallel hybrid 
architectures. Next, we describe the methodology for in-
corporating first-principles knowledge into the SO-PLS 
model. This concept is demonstrated using a toy example 
based on the van de Vusse reaction scheme [11]. Finally, 
we discuss this work in the context of integrated process 
modeling and present future work and challenges. 

MODELING BACKGROUND  
This work is based on partial least squares (PLS), 

also known as projection to latent structures. Consider an 
input data matrix 𝑿𝑿 ∈ ℝ𝑁𝑁×𝐽𝐽 and an output data matrix 𝒀𝒀 ∈
ℝ𝑁𝑁×𝐾𝐾. The core principle of PLS is to build a model by re-
lating the latent variables (LVs) associated with 𝑿𝑿 and 𝒀𝒀. 
PLS achieves this by linearly transforming both 𝑿𝑿 and 𝒀𝒀 
into their respective LVs and then relating these trans-

formed variables by maximizing their covariance. For 
more details, see [12]. In process modeling, PLS is parti-
cularly useful for batch processes, with specialized algo-
rithms for handling batches of varying lengths. While pro-
cess knowledge is often incorporated into PLS models 
through additional calculated variables, the direct inte-
gration of first-principles models with PLS has been ex-
plored to a limited extent [13].  

When combining first-principles and data-driven 
models, often referred to as hybrid or grey-box models, 
two main architectures are commonly discussed. The 
first is the series approach, where a first-principles model 
is developed initially, followed by a data-driven model, 
such as neural networks, to determine the parameters. 
The second is the parallel approach, where a data-driven 
model is used to capture the error (residuals) between 
the actual process outputs and the estimated outputs 
from the first-principles model. In this approach, a neural 
network can serve as the data-driven model, but any 
data-driven model can be used [14].  

As will be shown, the presented methodology bears 
resemblance to the parallel hybrid architecture. For ref-
erence, this architecture is illustrated in Fig. 1. 

 
Figure 1. The parallel hybrid architecture. 𝜺𝜺 refers to the 
residuals of the estimates made by the first-principles 
model. 𝒀𝒀� refers to the estimates made by a model. 

 Sequential-orthogonalized PLS 
To illustrate the SO-PLS method, we will focus on 

the case with two (autoscaled) input blocks, named 𝑿𝑿 ∈
ℝ𝑁𝑁×𝐽𝐽 and 𝒁𝒁 ∈ ℝ𝑁𝑁×𝐿𝐿, and an (autoscaled) output block, or 
response matrix, referred to as 𝒀𝒀 ∈ ℝ𝑁𝑁×𝐾𝐾. The multiblock 
linear regression model estimated by SO-PLS can be rep-
resented by the following equation 

𝒀𝒀 = 𝑿𝑿𝑿𝑿 + 𝒁𝒁𝒁𝒁 + 𝑭𝑭,    (1)     
where 𝑩𝑩 ∈ ℝ𝐽𝐽×𝐾𝐾 and 𝑪𝑪 ∈ ℝ𝐿𝐿×𝐾𝐾 are the regression coeffi-
cients, and 𝑭𝑭 ∈ ℝ𝑁𝑁×𝐾𝐾 is the residual matrix. As explained 
later in the methodology section, 𝑿𝑿 will serve as the 
mechanistic block, containing output data generated by 
the first-principles model. In contrast, 𝒁𝒁 will be the meas-
ured block, containing various process variables, includ-
ing some measured process outputs. 

The SO-PLS algorithm is given in Tbl. 1 and relies so-
lely on regular PLS [9]. Recall that regular PLS for input 
block 𝑿𝑿 and output block 𝒀𝒀 produces a set of 𝑿𝑿-scores 
(𝑻𝑻) summarizing the relationships between samples, a set 
of 𝑿𝑿-loadings (𝑷𝑷) summarizing the relationships between 
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variables, and an optimal weight matrix (𝑹𝑹), transforming 
𝑿𝑿 into 𝑻𝑻 through 𝑿𝑿𝑿𝑿 = 𝑻𝑻. The five steps of the algorithm 
are briefly described as follows: (i) First, a regular PLS re-
gression is performed between the response matrix 𝒀𝒀 
and mechanistic block 𝑿𝑿, resulting in 𝑿𝑿-scores 𝑻𝑻(1) and 
𝑿𝑿-loadings 𝑷𝑷(1).(ii) The measured block 𝒁𝒁 is orthogo-
nalized with respect to 𝑻𝑻(1) using the projection matrix 

𝑯𝑯 = 𝑻𝑻(1) ��𝑻𝑻(1)�
⊺
𝑻𝑻(1) �

−1
�𝑻𝑻(1)�

⊺
,  (2)     

which is also commonly referred to as the hat matrix in 
statistics. The orthogonalization involves removing the 
shared information between 𝑿𝑿 and 𝒁𝒁 embedded in the 
projection, resulting in 𝒁𝒁ort = (𝑰𝑰 − 𝑯𝑯)𝒁𝒁. (iii) Next, a similar 
orthogonalization is performed on the response matrix, 
yielding the residuals 𝒀𝒀ort = (𝑰𝑰 − 𝑯𝑯)𝒀𝒀. (iv) After orthogo-
nalization, another regular PLS regression is performed 
between 𝒀𝒀ort and 𝒁𝒁ort, resulting in 𝒁𝒁ort-scores 𝑻𝑻(2) and 
𝒁𝒁ort-loadings 𝑷𝑷(2). (v) Finally, 𝑻𝑻(1) and 𝑻𝑻(2) are used as in-
dependent variables in a least squares regression with 𝒀𝒀. 
The estimate 𝒀𝒀� (with coefficients 𝑸𝑸(1),𝑸𝑸(2)) is given by   

𝒀𝒀� = 𝑻𝑻(1)𝑸𝑸(1) + 𝑻𝑻(2)𝑸𝑸(2).   (3)     

Table 1: Pseudo-code for (two-block) SO-PLS model 

Mechanistic block 
(i) PLS(𝑿𝑿,𝒀𝒀)     ⟹      𝑻𝑻(1),𝑷𝑷(1)      PLS regression for 𝑿𝑿 and 𝒀𝒀 
(ii) 𝒁𝒁ort = (𝑰𝑰 − 𝑯𝑯)𝒁𝒁                  Orthogonalization of 𝒁𝒁 on 𝑻𝑻(1) 
(iii) 𝒀𝒀ort = (𝑰𝑰 − 𝑯𝑯)𝒀𝒀                           Orthogonalization of 𝒀𝒀 on 𝑻𝑻(1) 
Measured block 
(iv) PLS(𝒁𝒁ort,𝒀𝒀ort)   ⟹  𝑻𝑻(2),𝑷𝑷(2)   PLS regression for 𝒁𝒁ort and 𝒀𝒀ort 
(v) 𝒀𝒀 = 𝑻𝑻(1)𝑸𝑸(1) + 𝑻𝑻(2)𝑸𝑸(2) + 𝑭𝑭      Least squares for 𝑻𝑻(1),𝑻𝑻(2) and 𝒀𝒀 

Remark 1: Letting 𝑹𝑹(1) and 𝑹𝑹(2) be the weight matri-
ces used to obtain the scores 𝑻𝑻(1) and 𝑻𝑻(2) from 𝑿𝑿 and 
𝒁𝒁ort, the link between Eq. (1) and (3) follows from 

𝒀𝒀� = 𝑿𝑿𝑹𝑹(1)𝑸𝑸(1) + 𝒁𝒁ort𝑹𝑹(2)𝑸𝑸(2)       
               = 𝑿𝑿𝑹𝑹(1)𝑸𝑸(1) + (𝑰𝑰 − 𝑯𝑯)𝒁𝒁𝑹𝑹(2)𝑸𝑸(2)    (4) 
               = 𝑿𝑿𝑹𝑹(1)𝑸𝑸(∗) + 𝒁𝒁𝑹𝑹(2)𝑸𝑸(2),          

with 𝑸𝑸(∗): = 𝑸𝑸(1) − ��𝑻𝑻(1)�
⊺
𝑻𝑻(1) �

−1
�𝑻𝑻(1)�

⊺
𝒁𝒁𝑹𝑹(2)𝑸𝑸(2). The se-

lection of 𝑩𝑩 and 𝑪𝑪 follows implicitly.  
Remark 2: It is worth noting the strong resemblance 

between SO-PLS and the Frisch–Waugh–Lovell theorem 
from ordinary least squares. Note also that due to the 
symmetric and idempotent nature of 𝑰𝑰 − 𝑯𝑯, the model 
would not change if 𝒀𝒀 is not orthogonalized. Furthermore, 
the regression coefficients 𝑸𝑸(1) and 𝑸𝑸(2) found in step (v) 
coincide with the (transposed) 𝒀𝒀-loadings that can be ex-
tracted from the PLS steps in (i) and (iv).  

Remark 3: Because the orthogonalization step re-
moves redundant information (information in 𝒁𝒁 already 
explained by 𝑿𝑿), the additional explained variance gained 
by adding the new block 𝒁𝒁 represents information not 

included in previous blocks. This makes the method use-
ful in path modeling; a discipline of analyzing direct and 
indirect effects of different sets of variables on an output 
[9].  
 To briefly explain how this works for SO-PLS, we 
can use the notation in (1) to write 

𝒀𝒀� = 𝑿𝑿𝑩𝑩 + 𝑯𝑯𝑯𝑯𝑯𝑯 + (𝑰𝑰 − 𝑯𝑯)𝒁𝒁𝒁𝒁 = 𝑿𝑿𝑩𝑩� + 𝒁𝒁ort𝑪𝑪, (5)  

with 𝑩𝑩� : = 𝑩𝑩 + 𝑹𝑹(1)𝑸𝑸(1) ��𝑻𝑻(1)�
⊺
𝑻𝑻(1) �

−1
�𝑻𝑻(1)�

⊺. Note that by 
reordering the blocks and orthogonalizing on 𝒁𝒁ort in-
stead, a similar expression, 𝒀𝒀� = 𝑿𝑿ort𝑩𝑩 + 𝒁𝒁𝑪𝑪�, can be ob-
tained.  Recall that the sum of squares of 𝒀𝒀� can be calcu-
lated as tr�𝒀𝒀�⊺𝒀𝒀��. Due to the orthogonality between blocks, 
we obtain the decomposition  

  tr�𝒀𝒀�⊺𝒀𝒀�� = tr�𝑩𝑩�⊺𝑿𝑿⊺𝑿𝑿𝑩𝑩�� + tr(𝑪𝑪⊺(𝒁𝒁ort)⊺𝒁𝒁ort𝑪𝑪).  (6) 

Eq. (6) is referred to as the overall effect. The first term, 
tr�𝑩𝑩�⊺𝑿𝑿⊺𝑿𝑿𝑩𝑩��, is known as the total effect of 𝑿𝑿, and the sec-
ond term, tr(𝑪𝑪⊺(𝒁𝒁ort)⊺𝒁𝒁ort𝑪𝑪), is known as the additional ef-
fect of 𝒁𝒁. The total effect can be further decomposed into 
a direct effect, which represents the influence of 𝑿𝑿 that 
is uncorrelated with 𝒁𝒁, i.e., tr(𝑩𝑩⊺(𝑿𝑿ort)⊺𝑿𝑿ort𝑩𝑩), and an indi-
rect effect, which is the difference between the total and 
the direct effect. This variance decomposition will be 
useful for measuring how much of the variance is ex-
plained by the first-principles model (𝑿𝑿) and how much is 
corrected by the data (𝒁𝒁). Due to the assumption of unit 
variance in data, the effects can be interpreted as relative 
explained variances.  

PROPOSED METHODOLOGY  
This section introduces a systematic methodology 

for incorporating first-principles process knowledge into 
the SO-PLS model, as depicted in Fig. 2. The framework 
utilizes first-principles models that describe the unit op-
erations under study, typically consisting of nonlinear or-
dinary or partial differential and algebraic equations 
(PDAEs), which are validated through (small-scale) ex-
periments. Furthermore, measurements from multiple 
(large-scale) historical batches are employed. 

Step 1: Data augmentation by first-principles: In 
this step, the goal is to construct two data blocks using 
measurement data from the observed system and addi-
tional data generated from the first-principles model, ini-
tialized with the initial conditions (𝑿𝑿0) from the process. 
Following the structure in [13], the measurement data in-
clude manipulated inputs (𝑼𝑼) and observed system out-
put states (𝑿𝑿UO) (e.g., reaction temperatures). The sam-
pled quality variables (𝒀𝒀) (e.g., component concentra-
tions) constitute the model output. Note that we only as-
sume access to steady-state data, not full trajectories. 
However, the method can be extended to trajectory data 
using techniques like unfolding [13]. The synthetic output 
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states generated from the first-principles model are de-
noted 𝑿𝑿FP. The model may include expressions for states 
not measured in the full-scale system, thereby augment-
ing the data matrix with additional information. The initial 
conditions of the unmeasured states are assumed to be 
known. Ultimately, we obtain the following data blocks:  

 Mechanistic block: 𝑿𝑿 = [𝑿𝑿0,𝑼𝑼,𝑿𝑿FP]. 

 Measured block: 𝒁𝒁 = 𝑿𝑿UO. 

 Output block: 𝒀𝒀. 

Step 2:  Model fitting by SO-PLS: In the next step, 
an SO-PLS model is fitted, with the number of compo-
nents for each block selected based on the minimal root 
mean squared error obtained through K-fold cross-vali-
dation (RMSECV). The SO-PLS architecture, shown in Fig. 
2, resembles that of Fig. 1. 

Step 3: Variance decomposition by SO-PLS: Once 
the model is fitted, the overall variance in  𝒀𝒀� is decom-
posed into total (direct + indirect) and additional effects: 

 Total: Variance explained by mechanistic block. 

 Direct: Variance explained by part of mechanistic 
block uncorrelated with measured block. 

 Indirect: Variance explained by part of mechanistic 
block correlated with measured block. 

 Additional: Variance explained by measured block. 

It is worth noting that with this methodology, the 
first-principles model does not necessarily need to be re-
calibrated to process data, as the data is projected into a 
latent space. Consequently, there can be biases between 
the true and synthetic states. The key point to consider 
is that the synthetic states, although biased, exhibit cor-
relation structures comparable to the real system. This 
aspect of the methodology presents an opportunity to in-
corporate small-scale knowledge with full-scale data. 

 
Figure 2. SO-PLS architecture. 𝑰𝑰 − 𝑯𝑯 is the residual-
maker matrix, like in parallel hybrid architectures.  

TOY EXAMPLE  
The proposed methodology is tested on a simulated 

case study involving a temperature-controlled, constant-
volume continuous stirred tank reactor (CSTR) [10]. The 
reaction network consists in conversion of component 𝐴𝐴 
into component 𝐵𝐵 and then into component 𝐶𝐶. A side 

reaction also produces component 𝐷𝐷 which, along with 
component 𝐶𝐶, is an undesired by-product.  

𝐴𝐴
𝑘𝑘1→ 𝐵𝐵

𝑘𝑘2→ 𝐶𝐶, 

 2𝐴𝐴
𝑘𝑘3→ 𝐷𝐷.  

Let 𝒞𝒞 and ℛ denote the set of components and reactions 
respectively. Then 𝒞𝒞 = {𝐴𝐴,𝐵𝐵,𝐶𝐶,𝐷𝐷} and ℛ = {1,2,3}. Further, 
let 𝒓𝒓 ∈ ℝ|ℛ| be a vector of rates of reactions. Then  

𝑟𝑟1 = 𝑟𝑟1(𝐶𝐶𝐴𝐴,𝑇𝑇) = 𝑘𝑘1(𝑇𝑇)𝐶𝐶𝐴𝐴, 

𝑟𝑟2 = 𝑟𝑟2(𝐶𝐶𝐵𝐵,𝑇𝑇) = 𝑘𝑘2(𝑇𝑇)𝐶𝐶𝐵𝐵,  

𝑟𝑟3 = 𝑟𝑟3(𝐶𝐶𝐴𝐴,𝑇𝑇) = 𝑘𝑘3(𝑇𝑇)𝐶𝐶𝐴𝐴2,   

where 𝐶𝐶𝐴𝐴,𝐶𝐶𝐵𝐵 (and 𝐶𝐶𝐶𝐶 ,𝐶𝐶𝐷𝐷) are component concentrations 
and 𝑇𝑇 is the temperature. All variables are implicitly time 
dependent. The specific reaction rates are defined by the 
Arrhenius expression  

𝑘𝑘𝑖𝑖(𝑇𝑇) = 𝑘𝑘𝑖𝑖0 exp �−
𝐸𝐸𝑖𝑖
𝑅𝑅𝑅𝑅� ,    𝑖𝑖 = 1,2,3. 

We define the production rate vector 𝑹𝑹 ∈ ℝ|𝒞𝒞| using the 
stoichiometry of the reaction network  

𝑅𝑅𝐴𝐴 = 𝑅𝑅𝐴𝐴(𝐶𝐶𝐴𝐴,𝑇𝑇) = −𝑟𝑟1(𝐶𝐶𝐴𝐴,𝑇𝑇) − 2𝑟𝑟3(𝐶𝐶𝐴𝐴,𝑇𝑇), 

𝑅𝑅𝐵𝐵 = 𝑅𝑅𝐵𝐵(𝐶𝐶𝐴𝐴,𝐶𝐶𝐵𝐵,𝑇𝑇) = 𝑟𝑟1(𝐶𝐶𝐴𝐴,𝑇𝑇) − 𝑟𝑟2(𝐶𝐶𝐵𝐵,𝑇𝑇), 

 𝑅𝑅𝐶𝐶 = 𝑅𝑅𝐶𝐶(𝐶𝐶𝐵𝐵,𝑇𝑇) = 𝑟𝑟2(𝐶𝐶𝐵𝐵,𝑇𝑇), 

𝑅𝑅𝐷𝐷 = 𝑅𝑅𝐷𝐷(𝐶𝐶𝐴𝐴,𝑇𝑇) = 𝑟𝑟3(𝐶𝐶𝐴𝐴,𝑇𝑇).  

By using the stoichiometric matrix 𝑺𝑺 ∈ ℝ|ℛ|×|𝒞𝒞|, this can be 
written compactly as 𝑹𝑹 = 𝑺𝑺⊺𝒓𝒓, with  

𝑺𝑺 = �
−1
0
−2

  
1
−1
0

  
0
1
0

  
0
0
1
�. 

The reactor can be modelled by six mass and energy bal-
ances, yielding the ordinary differential equation system  

d𝐶𝐶𝐴𝐴
d𝑡𝑡

= 𝐹𝐹
𝑉𝑉
�𝐶𝐶𝐴𝐴,in − 𝐶𝐶𝐴𝐴�+ 𝑅𝑅𝐴𝐴,  

d𝐶𝐶𝐵𝐵
d𝑡𝑡

= −𝐹𝐹
𝑉𝑉
𝐶𝐶𝐵𝐵 + 𝑅𝑅𝐵𝐵,  

 

D𝐶𝐶𝐶𝐶
d𝑡𝑡

= −𝐹𝐹
𝑉𝑉
𝐶𝐶𝐶𝐶 + 𝑅𝑅𝐶𝐶 , 

 D𝐶𝐶𝐷𝐷
d𝑡𝑡

= −𝐹𝐹
𝑉𝑉
𝐶𝐶𝐷𝐷 + 𝑅𝑅𝐷𝐷,     (7) 

 d𝑇𝑇
d𝑡𝑡

= 𝐹𝐹
𝑉𝑉

(𝑇𝑇in − 𝑇𝑇) + 𝑈𝑈𝑈𝑈
𝜇𝜇𝜇𝜇𝑐𝑐𝑝𝑝

(𝑇𝑇𝑐𝑐 − 𝑇𝑇)  

− 1
𝜇𝜇𝑐𝑐𝑝𝑝

𝐹𝐹
𝑉𝑉

(𝑟𝑟1Δ𝐻𝐻1 + 𝑟𝑟2Δ𝐻𝐻2 + 𝑟𝑟3Δ𝐻𝐻3),  

d𝑇𝑇𝑐𝑐
d𝑡𝑡

= 1
𝑚𝑚𝑐𝑐𝑐𝑐𝑝𝑝𝑝𝑝

�𝑄𝑄𝑐𝑐 + 𝑈𝑈𝑈𝑈(𝑇𝑇 − 𝑇𝑇𝑐𝑐)�,  

where 𝑇𝑇𝑐𝑐 is the temperature inside the cooling 
jacket. The parameters and measured variables of the 
system are presented in Tbl. 2. To introduce input uncer-
tainty, the input variables are treated as random 

Mechanistic 
block ( )

Measured 
block ( )
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variables. 
 
Table 2: Values of the parameters and measured varia-
bles used to generate the dataset  

Parameter Description Value 
𝑉𝑉 Volume  10 L 
𝐴𝐴 Heat transfer area  0.215 m2 
𝑈𝑈 Heat transfer coef  4032 kJ (h m2 K)⁄  
𝑐𝑐𝑝𝑝 Heat capacity (mix)  3.01 kJ (kg K)⁄  
𝑐𝑐𝑝𝑝𝑝𝑝 Heat capacity (cool)  2 kJ (kg K)⁄  
𝜇𝜇 Density of mix  0.9342 kg L⁄  
𝑚𝑚𝑐𝑐 Mass of cool fluid  5 kg 
Δ𝐻𝐻1 Heat of reaction   4.2 kJ mol⁄  
Δ𝐻𝐻2 Heat of reaction   −11 kJ mol⁄  
Δ𝐻𝐻3 Heat of reaction   −41.85 kJ mol⁄  
𝑘𝑘10 Reaction rate const   1.287 ⋅ 1012 h−1 
𝑘𝑘20 Reaction rate const   1.287 ⋅ 1012 h−1 
𝑘𝑘30 Reaction rate const   9.043 ⋅ 109 L (h mol)⁄  
𝐸𝐸1/𝑅𝑅 Activation energy   9758.3 K 
𝐸𝐸2/𝑅𝑅 Activation energy   9758.3 K 
𝐸𝐸3/𝑅𝑅 Activation energy   8560 K 

Variable Description Distribution 
𝐶𝐶𝐴𝐴,in Inflow concentration A 𝒩𝒩(5.1 mol L⁄ , 12) 
𝑇𝑇in Inflow temperature 𝒩𝒩(378.05 K, 52) 
𝐹𝐹 Flowrate 𝒩𝒩(141.9 L h⁄ , 52) 
𝑄𝑄𝑐𝑐 Heat transfer rate 𝒩𝒩(−1113.5 kJ h⁄ , 502) 

Error Description Value 
𝜮𝜮 Diffusion term diag[0.01,0.01,0.01,0.01,0.1,0.1] 
𝜠𝜠 Measurement noise diag[0.02,0.02,0.02,0.02,0.5,0.5] 

  
To introduce additional variability across different simu-
lations, the deterministic system in Eq. (7) is augmented 
by a stochastic term. (7) can be represented as  

d𝒙𝒙(𝑡𝑡)
d𝑡𝑡

= 𝑓𝑓�𝒙𝒙(𝑡𝑡)�,  

where 𝒙𝒙 = [𝐶𝐶𝐴𝐴,𝐶𝐶𝐵𝐵,𝐶𝐶𝐶𝐶 ,𝐶𝐶𝐷𝐷,𝑇𝑇,𝑇𝑇𝑐𝑐]⊺. We can then write the cor-
responding system of stochastic differential equations as  

d𝒙𝒙(𝑡𝑡) = 𝑓𝑓�𝒙𝒙(𝑡𝑡)�d𝑡𝑡 + d𝜮𝜮𝜮𝜮(𝑡𝑡),    (8) 

where 𝑾𝑾(𝑡𝑡) ∼ 𝒩𝒩(𝟎𝟎, 𝑰𝑰d𝑡𝑡) is a multivariate Wiener process, 
while the diffusion term 𝜮𝜮 is given in Tbl. 2.  

The stochastic system in (8) is simulated using the 
Euler-Maruyama method with a step size of 0.001 h and 
initial conditions 𝒙𝒙0 = �𝐶𝐶𝐴𝐴,in, 0,0,0,𝑇𝑇in, 375�⊺. A total of 50 
simulations are performed. To create the dataset from 
these simulations, the system is run until it reaches 
steady state. The final values of 𝒙𝒙(𝑡𝑡s) at steady state 𝑡𝑡s 
are then recorded as data points. Additionally, measure-
ment uncertainty is added by assuming that 𝒙𝒙(𝑡𝑡s) is ob-
served with a noise component, 𝒙𝒙(𝑡𝑡s) + 𝜺𝜺, where 𝜺𝜺 ∼
𝒩𝒩(𝟎𝟎,𝜠𝜠) with 𝜠𝜠 defined in Tbl. 2. As a result, the final da-
taset generated from Eq. (8) is an ℝ50×7 matrix. The col-
umns correspond to the measured variables and states 
(𝐶𝐶𝐴𝐴,in, 𝑇𝑇in, 𝐹𝐹, 𝑄𝑄𝑐𝑐, 𝐶𝐶𝐴𝐴, 𝐶𝐶𝐵𝐵, 𝐶𝐶𝐶𝐶, 𝐶𝐶𝐷𝐷, 𝑇𝑇). 

 Application of methodology 
To illustrate the SO-PLS method, two case studies 

are considered: Case (i) with a structural error due to a 
missing reaction in the first-principles model, and Case 

(ii) with a severe parametric error. The goal is to assess 
how well the measured data corrects these errors. 

Case (i): In Step 1, we assume access to a calibrated 
first-principles process model for the CSTR system. 
However, unlike the real system, we assume no know-
ledge of the third reaction, 2𝐴𝐴 → 𝐷𝐷. I.e., the model is sim-
ilar to Eq. (7) with 𝑟𝑟3 = 0. We collect the synthetic system 
states and process inputs in the mechanistic block 𝑿𝑿 =
�𝑿𝑿0,𝑼𝑼,𝑪𝑪�𝐴𝐴,𝑪𝑪�𝐵𝐵, 𝑪𝑪�𝐶𝐶 ,𝑻𝑻�,𝑻𝑻�𝑐𝑐� ∈ ℝ50×7, where �𝑪𝑪�𝐴𝐴,𝑪𝑪�𝐵𝐵,𝑪𝑪�𝐶𝐶 ,𝑻𝑻�,𝑻𝑻�𝑐𝑐� ∈
ℝ50×5 are generated from the mis-specified first-princi-
ples model over 50 batches. For the output block, we as-
sume access only to samples of components 𝐴𝐴 and 𝐵𝐵, so 
𝒀𝒀 = [𝑪𝑪𝐴𝐴,𝑪𝑪𝐵𝐵] ∈ ℝ50×2. The measured block contains ob-
served system states, 𝒁𝒁 = [𝑻𝑻,𝑻𝑻𝑐𝑐] ∈ ℝ50×2.  

In Step 2, the SO-PLS model is fitted, and the num-
ber of latent variables is chosen using 10-fold cross-val-
idation, giving an optimal choice of {6,1} latent variables 
for the 𝑿𝑿 and 𝒁𝒁 blocks, respectively. The performance is 
compared to the first-principles model and the Hybrid 
PLS model proposed by [13] (where PLS is applied to the 
augmented matrix [𝑿𝑿,𝒁𝒁]), shown in the first two rows of 
Tbl. 3. The Hybrid PLS model is cross-validated, yielding 
a model of 7 latent variables. The first-principles model 
shows low performance (𝑅𝑅2 = 37.3%). The Hybrid PLS fit 
shows significant information contained in 𝑿𝑿 and 𝒁𝒁 when 
projecting the columns into a latent space (𝑅𝑅2 = 97.2%). 
The SO-PLS model performs similarly (𝑅𝑅2 = 97.1%) and 
exhibits slightly higher 𝑄𝑄2 than Hybrid PLS, indicating less 
overfitting. This is likely due to the sequential selection of 
latent variables [7]. Additionally, SO-PLS offers an extra 
layer of interpretation by measuring the incremental con-
tribution of the 𝒁𝒁 block. 

Table 3. Calibration and validation metrics averaged over 
output states (𝒀𝒀 = [𝑪𝑪𝐴𝐴,𝑪𝑪𝐵𝐵]). The parameters of the FP 
model are assumed to be validated upon receival of the 
model, hence no new validation is performed.  

 Calibration Validation 
 FP Hyb-PLS SO-PLS FP Hyb-PLS SO-PLS 

𝑅𝑅2 𝑄𝑄2 i % % %  - % % 
RMSE i    -   
𝑅𝑅2 𝑄𝑄2 ii % % % - % % 
RMSE ii    -   

  
In Step 3, the overall variance of 𝒀𝒀� model is decomposed 
according to 𝑿𝑿 and 𝒁𝒁. While similar precision could be 
achieved by concatenating 𝑿𝑿 and 𝒁𝒁 into one block and 
fitting them against 𝒀𝒀 in a regular PLS model, the SO-PLS 
model allows for block-wise interpretations. As shown in 
Tbl. 4, the measured data improve the overall fit by 3%. 
The variance directly influenced by the mechanistic block 
is 44.9%, while 48.1% is indirectly influenced through the 
measured block, mainly due to the shared states 𝑻𝑻 and 
𝑻𝑻𝑐𝑐. An additional feature of the SO-PLS model is the re-
sidual output block 𝒀𝒀ort, which encodes the information 
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not explained by 𝑿𝑿. Fig. 3(a) shows that the model fails 
to capture some quadratic behavior, aligning with the 
structural error introduced in the first-principles model. 

Table 4. Decomposition of overall explained variance (𝑄𝑄2) 
with standard errors (based on bootstrapping). 

 Direct Indirect Additional Overall 
Case i % (%) % (%) % (%) % (%) 
Case (ii % (%) % (%) % (%) % (%) 

 
Case (ii):  In Step 1, we use a calibrated first-princi-

ples process model structurally equivalent to (7), but with 
parameters 𝑘𝑘𝑖𝑖0,𝐸𝐸𝑖𝑖 𝑅𝑅⁄ , 𝑖𝑖 = 1,2,3, perturbed randomly by up 
to 50%. The construction of 𝑿𝑿, 𝒁𝒁, and 𝒀𝒀 remains the same, 
with the addition of state 𝑪𝑪�𝐷𝐷 to 𝑿𝑿.  

In Step 2, optimal {6,1} latent variables are chosen 
for 𝑿𝑿 and 𝒁𝒁, respectively. Performance is compared to the 
first-principles model and a Hybrid PLS model fitted to 
([𝑿𝑿,𝒁𝒁],𝒀𝒀) with optimal 7 latent variables in the two last 
rows of Tbl. 3. Again, SO-PLS shows less overfitting, evi-
dent from the smaller difference between 𝑅𝑅2 and 𝑄𝑄2. 

 
Figure 3. 𝑪𝑪�𝐴𝐴 vs 𝒀𝒀ort for Case (i) (a) and (ii) (b). 

In Step 3, as shown in Tbl. 4, measured data improve 
the overall fit by 6.6%. Compared to Case (i), the mecha-
nistic block explains less total variance (82.2%), despite 
the correct model formulation. The results show that 
measured data improve the model fit, but also highlight a 
limit to how much the first-principles model can be mis-
calibrated (given the lower overall 𝑅𝑅2 at 88.9%). Further-
more, as expected, no structural errors are observed in 
the residuals (Fig. 3(b)).  

CONCLUSION 
In this work, we present a methodology based on 

SO-PLS for incorporating process knowledge into latent-
variable models. This approach efficiently integrates 
first-principles models with measured process data with-
out needing to recalibrate the first-principles model to 
the full-scale system. The methodology is demonstrated 
using a CSTR case example. The results show that it can 
decouple the variance explained by first-principles from 
that explained purely by data and capture mismatches. 

Current work aims to apply this procedure in an in-
dustrial setting to identify root causes of disturbances in 

bioprocesses, using variance decomposition to pinpoint 
sources of abnormalities. Future work seeks to integrate 
process-wide interactions with first-principles know-
ledge into a unified SO-PLS model, extending previous 
research [7]. Increased complexity in the first-principles 
model can increase computational costs, necessitating 
the use of a surrogate model for generating synthetic 
data. Furthermore, the SO-PLS model's repeated defla-
tion steps can be computationally demanding, especially 
in process-wide models with many blocks, due to the 
need to explore all latent variable combinations during 
cross-validation. The response-oriented sequential alter-
nation (ROSA) model offers a viable alternative to ad-
dress these challenges [15]. 
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