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ABSTRACT

A one-dimensional homogeneous reactor model for a cocurrent flow nonadiabatic catalytic mem-
brane reactor operating water gas shift reaction (WGSR) is developed. The model is used to pre-
dict the performance of the reactor and estimate the optimal hydrogen flux profiles required to
maximize the CO conversion, and control the temperature rise due to the exothermicity. Under the
optimized condition, the secured optimal hydrogen flux is found to be a bang-bang type suggest-
ing constructing reactors of different hydrogen permeabilities. To control the reactor temperature,
the activity of the reaction side is diluted by distributing axially certain fractions of inert solid, i.e.
0.35, 0.45 and 0.50. The total volume fraction of the inert solid required to maintain the tempera-
ture at 320°C (593.15 K) is 0.50 and the profile is obtained to be a singular-arc type with an ob-
served maximum activity at the reactor inlet.
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INTRODUCTION

Hydrogen is considered to be a potential future re-
placement for fossil fuel [1]. It is produced industrially by
steam reforming of hydrocarbons or water gas shift re-
action. Both processes are thermodynamically-limited
whose conversion is favored by operating the reactions
in nonconventional catalytic reactors such as membrane
reactors. In membrane reactors, the H2 production can be
boosted via in-situ separation which takes place when
hydrogen permeative membranes are installed. Two main
types of catalysts have been developed over the years
for the water gas shift reaction. The first one, which has
been used for many years, is an iron-based catalyst on
which CO is oxidized in the presence of steam to hydro-
gen and CO: at a temperature range of 350-500°C [2].
This catalyst is known to be a high-temperature water
gas shift reaction catalyst. The second one is a copper-
based catalyst on which the reaction is operated at a
temperature range of 150-250°C, and the catalyst is re-
ferred to as a low-temperature water gas shift reaction
catalyst [3]. For these two types of catalysts, various
mathematical reaction rate expressions were developed
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based on power-law kinetic models, Eley-Rideal, and
Langmuir-Hinshelwood kinetic models [4]. An excellent
review with a summary of different kinetic models is
given by Saeidi et al [5] and Shahid et al [1].

As far as the reactor modelling is concerned, numer-
ous mathematical models were proposed for the water
gas shift reactor accounting for the changes in molar
flowrates of species, reactor temperature and pressure
with different degrees of sophistication [6-8]. Those
models were used to conduct parameter sensitivity anal-
ysis, predictions, and optimization of reactor perfor-
mance.

In this work, the theory of optimal control is applied
to a cocurrent flow nonadiabatic catalytic membrane
WGSR to optimally design for suitable hydrogen fluxes
required to maximize the CO conversion and controlling
the temperature inside this reactor. This problem has not
been yet addressed in the literature for membrane reac-
tors and the results presented in this study can greatly
assist in providing rigorous decisions about the proper
set-up of the reactor configurations required to achieve
the set goals.
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KINETICS AND REACTION RATE LAW

Water gas shift reaction is described by the follow-
ing stoichiometric equation:
—411 2L [1]

mol

CO + H,0 & H, + CO, AHgg =

The reaction is moderately exothermic, reversible,
and its conversion can be favored by operating at low
temperatures in conversional fixed bed reactors. The ki-
netic expression of the water gas shift reaction ex-
pressed in mol/ (kg cat xs) on a commercial Cu/ZnO/AlOs
catalyst is given in terms of the component partial pres-
sure as follows [9,10]:

47400

r =824 x103 exp( ) [pCOpHZO —pH;—I:OZ] [2]

The equilibrium constant can be estimated using:

4577.8

Koq = exp( - 4.33) [3]

REACTOR CONFIGURATION

The co-current configuration of the catalytic mem-
brane water gas shift reactor utilized in this study is de-
picted in Figure 1. The reactor is composed of two main
concentric tubes separated by a highly selective hydro-
gen permeative membrane wall extending along the axial
distance of the reactor.
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Figure 1: Co-current configuration of the catalytic
membrane water gas shift reactor.
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On the outer side, a copper-based catalyst is used
to pack the bed allowing low-temperature water gas shift
reaction to take place. The feed to this side is mainly
composed of carbon monoxide, steam and inert gases in-
troduced at a temperature of 200°C and a pressure of 1.5
atm. While the reaction takes place in the outer tube, both
hydrogen and heat are produced, and exchanged with
the permeate side.

On the inner side, pure steam at a temperature of
120°C is introduced. It is used to create an appreciable
driving force along the membrane reactor and purge the
diffused hydrogen out of the reactor.

REACTOR MATHEMATICAL MODELLING

The reactor model equations are derived consider-
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ing the assumptions of steady-state operation of both
sides of the reactor, ideal gas behavior, plug-flow reactor
model, negligible effect of the catalyst deactivation, adi-
abatic reactor external wall, negligible diffusional re-
sistances, highly selective hydrogen permeative mem-
branes are installed, the pressure drop on the reaction
side is estimated using Ergun’s equation, and negligible
pressure drop on the permeate side. The governing
equations of the reactor are given as:

Mole balance:

dz Ulrps(l - E)(l - ul)A - 2”R3lplu2 [4]

Energy balance:

ar _
dz
[~AH(D)Irps(1—&)(1-uy)Ac—2nRsU(T-T ) =YL, 2mRs Uy fT CpidT

(5]

2:z=1n CZ’l
Pressure drop:
dp _ G 1-¢ 150u(1—¢)
== prgC( = )[ =0 1.756] (6]

On the permeate side, the equations are given by:

dan'
% = 27TR3U2 [7]

T
dr’ 2nR3U(T—T’)+Z" 1 2R3 YU, [ CpidT

dz nlcm

(8]

The boundary conditions are defined at the reactor inlet
for the cocurrent configuration as follows:

Atz =0:
n; = Njo T = TO P= PO [9]
n; = nj, T' =T [10]

In the above reactor model equations, two control
variables are included, namely the inert solid volume
fraction us and hydrogen flux uz. The volume inert solid
fraction is a dimensionless variable defined as the ratio
of the volume of the inert solid to the total solid fraction
present on the reaction side, while the hydrogen flux is
defined as moles of hydrogen exchanged per unit time
per unit surface area. Both variables are determined nu-
merically based on prescribed performance measures.
Additionally, the phi parameter i; introduced in the model
equations owns a value of one for hydrogen and zero
otherwise. The overall heat transfer coefficient U be-
tween the reaction side and permeate side is estimated
using a composite wall correlation.

MATHEMATICAL FORMULATION OF THE
OPTIMIZATION PROBLEMS

The optimization problems can be stated as follows:
Let U;and U, be the set of all admissible profiles of
solid volume fraction and hydrogen flux, respectively.
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The optimization problems encountered in this study is to
compute u,(z) € U; and/or u,(z) € U, such that a perfor-
mance measure is minimized without violating the gov-
erning model equations of the catalytic membrane WGSR
and/or any other specified equality or inequality con-
straints.

Three objective functions are considered in this
study for the membrane catalytic reactor and defined as
conversion of carbon monoxide achieved in the reaction
side, temperature cost at the reactor exit, and variation
cost of the temperature inside the reactor with respect to
a set temperature, i.e. 320°C. The mathematical repre-
sentation is given as:

JaCxuy, uy) = Moo [11]
J2(x,ug, up) = [T(L) — TR]Z
(1215w 5) = [T(L) = Tpl? + f (T — Tg)?dz [13]

The mathematical formulation of the optimization
problem can be stated as follows:

Min J;(x,uy, u,) i €{1,2,3} [14]
X,Uq,Uy

Subject to:
F(x,uq,up) =0 [15]

The conversion of carbon monoxide is multiplied by
“-1” to convert the maximization problem to minimization
in Eq [11]. Eq [15] is a vector representing the conserva-
tion nonlinear algebraic equations of the reactor model
equations obtained by discretizing the ordinary differen-
tial equations using Hermite-Simpson collocation tech-
nique.

The hydrogen flux along the WGSR expressed in
mol/(m?xs) is the main optimal profile to be determined.
The bound is set to be:

05<u, <80 [16]

The hydrogen recovery defined as cumulative mo-
lar flowrate of hydrogen diffused to the permeate side
with respect to CO fed to the reactor is controlled by set-
ting a hard constraint given by the following nonlinear al-
gebraic equation:

ny, (L) —nf =0 [17]

The hydrogen recovery is varied in this study between
two limits, i.e. 1.25 and 1.75 mol/s.

The inert solid volume fraction is introduced to the
optimization problems in order to control the temperature
inside the reactor. The total volume fraction of the inert
solid is defined along the dimensionless axial distance as:

iy = [ uy (g [18]

The total volume fraction of the inert solid is varied as-
suming the values of 0.35, 0.45 and 0.50 and the bound
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on the solid volume fraction is given by:
00<u <1.0 [19]

A summary of the optimization problem addressed in this
work and the reactor design and operational parameters
are givenin Tables 1 and 2, respectively. The optimization
problems are solved numerically using SNOPT.

Table 1: Optimization problem set-up

Prob- | Case | Objective func- Control | H: recov-
. varia- ery con-
lem No. tion X
bles straints
1 I=1h Ha flux NA
1 2 ] =0.01j, + 099/, | Ha flux NA
3 J=J+]; Hoflux NA
1.25
) 1 J=7 H2 flux mol/s
1.75
2 J=5 H2 flux mol/s
H2 flux
_ & inert
3 1 J =)t volume NA
fraction

Table 2: Reactor design and operating parameters

Parameter Numerical Unit
value

Reactor length 3.0 m
Reactor inner radius 0.05 m
Stainless steel thickness 2.0x10°3 m
Membrane thickness 1.0x107® m
Reactor outer radius 0.08 m
Diameter of catalyst parti- 6.0x1073 m
cles

Catalyst density 2500 | Kg/m3
Bed porosity 0.55 --

Reaction Side
Feed molar flowrate | 5.0 [ mol/s
Feed composition
CO 0.2749 --
H20 0.3165 --
CO2 0.1198 --
H> 0.2686 --
N2 0.0202 --
Feed temperature 473.15 K
Feed pressure 1.5 atm
Permeate side

Steam molar flowrate 25.0 | mol/s
Steam feed temperature 393.15 K
Steam feed pressure 1.0 atm

Without catalyst dilution

For the first optimization problem, the objective
functions considered were the conversion of CO in the
reactor, a linear combination of the conversion of CO and
2160



the exit temperature cost with a weight of 0.99 and 0.01,
and a temperature cost combining the temperature inside
the reactor and at the exit point. The optimization prob-
lems were solved for the optimal H: flux profiles with no
constraints on the Hz recovery.

In Figure 2, the conversion of carbon monoxide and
the equilibrium conversion are plotted against the dimen-
sionless axial distance for all scenarios. It is observed
that the CO conversion inside the membrane reactor is
higher than those of the equilibrium due to the hydrogen
permeation. The maximum conversion observed is when
the objective function is the conversion of CO, while the
second highest is observed when the temperature of the
reactor is controlled inside the reactor and at the exit.
The reduction in CO conversion in the reactor when the
temperature is controlled, is due to the low Hz recovery,
i.e. less H diffused from the reaction side to the perme-
ate side. In all three optimization scenarios, the estimated
reactor conversions are >~ 95%.
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Casel: CO Conversion

05 f —— Case 2: CO conversion
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0.3
————— Case 2: Equilibrium Conversion

0.2 P Case 3: Equilibrium Conversion
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Figure 2: CO conversion and equilibrium conversion
profiles for the cases of maximizing CO conversion,
minimizing exit and reactor temperature.

The optimal hydrogen flux profiles expressed in
mole/(m?xs) are plotted vs. the dimensionless reactor
distance in Figure 3 for all optimization problems.

Optimal Hydrogen Flux (mol/(m?xs)

Y
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Figure 3: Optimal H: flux profiles based on maximizing
CO conversion, minimizing exit and reactor temperature.
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All the three control profiles computed are bang-
bang type with no singular intervals due to the fact that
the Hamiltonian for the reactor depends affinely on the
hydrogen flux. The hydrogen flux alternates between 8.0
mole/ (m?xs) and 0.5 mole/ (m?xs) representing two
types of membrane reactors with high and low H2 perme-
ation rates achieved by the installation of H, membranes
with different fluxes. To maximize the conversion of CO,
it is observed that maximum hydrogen flux is required at
the reactor inlet, while minimum hydrogen flux is required
when the reactor temperature is to be controlled. At the
reactor outlet, a low hydrogen flux is required as the con-
version of CO approaches completion.

In Figure 4, the temperature profiles on the reaction
side are plotted along the dimensionless axial distance.
The reactor temperature increases due to the reaction,
then decreases due to heat exchange with the permeate
side. For a set temperature of 320°C (593.15K), It is ob-
served that the maximum deviation is depicted when the
CO conversion is maximized. However, this deviation de-
creases as the objective function is redefined to include
the temperature deviation terms in cases 2 and 3.

~
-
o

@
©
e

670

o o
[T ]
8 ©

-]
a
=]

590

550

tase 2

Temperature on the Reaction Side (K)

— — —Reference Temperature

1] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Dimensionless Axial Distance

Figure 4: Temperature profiles based on maximizing the
CO conversion, minimizing exit and reactor temperature.
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Figure 5: Change in H2 molar flowrate profiles on the
reaction side and permeate.

The fractional change of the molar flowrates of hy-
drogen on the reaction side and the permeate side are
plotted against the dimensionless distance in Figure 5.
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On the reaction side, the molar flowrate of hydrogen
decreases within the fractional length of ~0.05 due to the
maximum hydrogen flux of 8.0 mol/(m?xs) for the case of
maximizing the CO conversion, increases due to produc-
tion by the reaction, then decreases due to the diffusion.
When reactor temperature is controlled, hydrogen is
maintained inside the reaction side as much as possible
as this suppresses the progress of the reaction. On the
permeate side of the reactor, it is observed that the
sharpest and fastest change is obtained when the CO is
maximized where most of hydrogen is recovered within
0.40 fractional length.

In Figure 6, the conversion of CO is plotted along
the dimensionless axial distance for unlimited hydrrogen
recovrery, 1.25 mol/s, and 1.75 mol/ s. In all cases, the
conversion of the carbon monoxide increases along the
reactor with a significant difference for the case where
the H2 recovery is maximum, i.e. no constraint is set on
H2 recovery.

Mo constraint on H, recoveny

i H, recovery = 1.75 mol/s
o8 T H, recovery = 1.25 mol/s

07 | H; recovery increases

CO Conversion
o
o
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Figure 6: Influence of Hz recovery on the CO conversion.

In Figure 7, the molar flowrate of diffused Hz on the
permeate side is plotted against the dimensionless axial
distance.
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Figure 7: Influence of hydrogen recovery on hydrogen
flowrate on the permeate side.

All curves show that H, molar flowrate increases in-
side the permeate side due to the flux through the
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membrane but the one with no Hz flux limitation gives the
highest Hz recovery in the membrane reactor.

With catalyst dilution

To control the temperature inside the reactor so that it
does not exceed 320°C (593.15K), an inert solid is axially
distributed. The distribution profiles of the inert solid for
total average amounts of 0.35, 0.45 and 0.50, and the
corresponding CO conversion profiles are shown in
Figure 8.
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Figure 8: Optimal solid inert distribution and the
corresponding CO conversion profiles.

At the reactor entrance, it is required to have the
catalytic bed fully active indicated by zero inert solid vol-
ume fraction. This causes a ramp in the reactor tempera-
ture from the feed temperature to the required set tem-
perature as shown in Figure 9.

Temperature for Inert
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Figure 9: Temperature profiles for total inert solid
fraction of 0.35, 0.45 and 0.50.

A peak is then formed at which the bed is made to
be inactive by setting the volume fraction of the inert
solid to unity. This causes the generated reaction heat
rate to be zero and only heat exchange between the re-
action side and the permeate side takes place. After that,
a decreasing inert solid fraction profile is utilized to adjust
the temperature to get close to 320°C. The average solid
volume fraction of 0.35 gives the highest temperature
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deviation compared to the other two scenarios of 0.45
and 0.50 as most of the inert solid is used to reduce the
temperature in the reaction side and none is left to main-
tain the temperature close to 320°C. The optimal inert
solid distribution profiles on the reaction side are a min-
max-singular-min types recommending the utilization of
a catalytic membrane reactor with four activity zones, i.e.
fully active bed followed by an inactive bed followed by
a mixed catalyst bed and finally an active bed.

CONCLUSION

A 1D homogeneous steady-state reactor model for
a membrane catalytic water gas shift reactor was devel-
oped. The model was used to secure the optimal Ha flux
required to maximize the yield conversion and controlling
the temperature along the reactor axial distance. In addi-
tion, the reactor model was used to optimize the distri-
bution of the inert solid required to maintain the temper-
ature of the reactor not exceeding 320°C (593.15K) and
eliminating the hot spot formed due to the reaction exo-
thermicity. The maximization of CO conversion requires
hydrogen flux to be maximum at the reactor entrance as
this shift the thermodynamic equilibrium and achieving
higher conversion. The scenario was the opposite when
the temperature is to be controlled where minimum hy-
drogen flux is needed at the reactor entrance so that the
reaction progress is suppressed and amount of heat re-
leased is minimized, too. The hydrogen optimal flux pro-
file is a bang-bang controller type with five switching
points indicating that membrane reactors with different
permeability must be used. The inert solid distribution
used to control the temperature inside the reactor shows
that a singular arc must be implemented where a fully ac-
tive bed has to be used at the entrance to favor the tem-
perature rise to the set temperature.
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NOMENCLATURE

A.: cross-sectional area of the reaction side, [m2].

Cpi: heat capacity of species i (reaction side), [J/(molxK)].
C;i: heat capacity of species i (permeate side),
[J/(molxK)].

D,: Particle diameter, [m].

G: mass velocity on the reaction side, [Kg/(m2xs)].

n;: molar flowrate of species i, [mol/s].

n'i: molar flowrate of species i, [mol/s].
Abo-Ghander et al. / LAPSE:2025.0499
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P: pressure on the reaction side, [atm].

P,: feed pressure on the reaction side, [atm].
P": pressure on the reaction side, [atm].

P, feed pressure on the reaction side, [atm].
R3: external radius of the inner cylinder, [m].
T: temperature on the reaction side, [K]

T,: feed temperature on the reaction side, [K]
T': temperature on the reaction side, [K]

To': feed temperature on the reaction side, [-]
u,: inert solid profile on the reaction side, [-].
u,: H2 flux profile on the reaction side, [mol/(m2xs)].
z: axial distance, [m].

o0;: stoichiometric no. of component i, [-].

u: gas viscosity on the reaction side, [Paxs].
&: void fraction of the reaction side, [-].

p: gas density on the reaction side, [Kg/m3].
AH(T): heat of reaction, [J/ mol].
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