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ABSTRACT 
Rare earth elements (REE) and many other critical minerals are necessary for the manufacturing 
of modern everyday technologies, including microchips, batteries and electric motors. Recovery 
of these materials typically involves aqueous systems which can be modeled as chemical equilib-
rium problems. One common method for solving these problems is the law of mass action ap-
proach (LMA), where a system of non-linear equations involving the equilibrium constants is 
solved. However, despite being theoretically simple, these problems are in practice very difficult 
to solve. Currently, the use of iterative heuristics based on saturation indices to decide on which 
species and reactions to include in the calculations is the state of the art to arrive at a solution. 
Here, we present an optimization-based alternative to solve chemical equilibria problems involving 
precipitation/dissolution reactions without the need for such heuristics. Our approach is first vali-
dated against the LMA software MINTEQ and PHREEQC for a number of case studies, and then 
applied to a novel REE recovery process reported in the literature. Overall, our approach was found 
to have close agreement with MINTEQ and PHREEQC, and we were able to successfully replicate 
the reported yield and purity for the published REE process. 
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INTRODUCTION 
Rare earth elements and critical minerals are among 

the most challenging materials to acquire for many mod-
ern technologies, often requiring complex processing 
and extraction methods. Recovery of these minerals, ei-
ther from ores or unconventional feedstocks such as 
end-of-life products, involves processes where chemical 
equilibrium calculations are essential. Chemical equilibria 
problems are typically solved in one of two ways [1]: ei-
ther by minimizing the Gibbs free energy of the system 
(the GEM approach) or by solving a system of non-linear 
equations involving the equilibrium constants (the law of 
mass action approach, LMA). GEM methods rely on ther-
modynamic data that is not always available [1], thus 
making the older LMA approach the more widely used.  
However, despite the widespread use and popularity of 
the LMA approach, it tends to fail when many precipitat-
ing species are involved [1].  

To address these issues, many LMA software 

applications use heuristics based on saturation indices to 
decide on the addition/removal of species and reactions 
from calculations [1]. For instance, the state-of-the-art 
software PHREEQC and MINTEQ employ an iterative heu-
ristic approach involving saturation indices (𝑆𝑆𝑆𝑆) [2-4]. The 
𝑆𝑆𝑆𝑆 represents the saturation of the solution with respect 
to a particular solid and can be used to determine if pre-
cipitation will occur at equilibrium. It is defined as follows 
[2-4]: 

𝑆𝑆𝑆𝑆 = 𝑄𝑄𝑟𝑟,𝑠𝑠𝑠𝑠 − 𝐾𝐾𝑟𝑟,𝑠𝑠𝑠𝑠                                                   (1) 

In this approach, the equilibrium concentration of the 
aqueous species in solution is first calculated by ignoring 
all possible precipitates. Next, the saturation index for 
each possible precipitate is calculated. The precipitate 
with the most positive 𝑆𝑆𝑆𝑆 is then forced into equilibrium 
(i.e. 𝑆𝑆𝑆𝑆 = 0). Next, the equilibrium concentrations of all the 
aqueous species are re-calculated, followed by the cal-
culation of all saturation indices for all remaining possible 
precipitates. If they are all undersaturated (i.e. 𝑆𝑆𝑆𝑆 < 0), 
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the process is complete. Otherwise, the precipitation 
procedure is repeated.  

In this work, we present an optimization-based ap-
proach for solving chemical equilibria problems involving 
precipitation/dissolution reactions. Our approach models 
the precipitation reactions as inequality constraints 
which allows for the prediction of the precipitated spe-
cies and the final solution state without the need for sat-
uration indices heuristics [2-4]. This approach offers an 
initial implementation of an alternative formulation that 
could in the future be used in conjunction with GEM ap-
proaches. 

OPTIMIZATION PROBLEM FORMULATION 
The objective function of our precipitation model 

formulation is to minimize the square difference between 
the ion product 𝑄𝑄𝑟𝑟,𝑠𝑠𝑠𝑠, defined over the actual concentra-
tion in solution, and the solubility constant 𝐾𝐾𝑟𝑟,𝑠𝑠𝑠𝑠, defined 
over the equilibrium concentrations in the solution, 

𝑧𝑧 = ∑ �log�𝐾𝐾𝑟𝑟,𝑠𝑠𝑠𝑠� − log�𝑄𝑄𝑟𝑟,𝑠𝑠𝑠𝑠��
2

𝑟𝑟 ∈𝑁𝑁𝑟𝑟𝑟𝑟𝑟𝑟,𝑠𝑠𝑠𝑠                   (2) 

where 𝑁𝑁𝑟𝑟𝑟𝑟𝑟𝑟,𝑠𝑠𝑠𝑠 is the set of precipitation/dissolution reac-
tions.  By adding in the following constraints, this objec-
tive function allows the identification of the species that 
should precipitate (i.e. 𝑄𝑄𝑟𝑟,𝑠𝑠𝑠𝑠 = 𝐾𝐾𝑟𝑟,𝑠𝑠𝑠𝑠) and those that should 
not (i.e. 𝑄𝑄𝑟𝑟,𝑠𝑠𝑠𝑠 ≤ 𝐾𝐾𝑟𝑟,𝑠𝑠𝑠𝑠): 

log�𝑄𝑄𝑟𝑟,𝑠𝑠𝑠𝑠� = ∑ 𝛼𝛼𝑖𝑖,𝑟𝑟log (𝐶𝐶𝑖𝑖
𝑓𝑓)𝑖𝑖∈𝐼𝐼𝑟𝑟,𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝  ∀𝑟𝑟 ∈ 𝑁𝑁𝑟𝑟𝑟𝑟𝑟𝑟,𝑠𝑠𝑠𝑠  (3) 

log�𝑄𝑄𝑟𝑟,𝑠𝑠𝑠𝑠� ≤ log�𝐾𝐾𝑟𝑟,𝑠𝑠𝑠𝑠� ∀𝑟𝑟 ∈ 𝑁𝑁𝑟𝑟𝑟𝑟𝑟𝑟,𝑠𝑠𝑠𝑠                       (4) 

where 𝐼𝐼𝑟𝑟,𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 is the set of products formed in reaction 

𝑟𝑟. Eq. (3) computes the ionic product based on the actual 
concentration in the solution; its upper bound is defined 
by the solubility product (Eq. 4).   

Equilibrium conditions are imposed in all reactions 
that do not involve solids as shown in Eq. (5):  

log�𝐾𝐾𝑟𝑟,𝑎𝑎𝑎𝑎� = ∑ 𝛼𝛼𝑖𝑖,𝑟𝑟log (𝐶𝐶𝑖𝑖
𝑓𝑓)𝑖𝑖𝑖𝑖𝐼𝐼𝑟𝑟,𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 −

∑ 𝛼𝛼𝑖𝑖,𝑟𝑟 log�𝐶𝐶𝑖𝑖
𝑓𝑓�𝑖𝑖𝑖𝑖𝐼𝐼𝑟𝑟,𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟  ∀𝑟𝑟 ∈ 𝑁𝑁𝑟𝑟𝑟𝑟𝑟𝑟,𝑎𝑎𝑎𝑎                              (5) 

where 𝛼𝛼𝑖𝑖,𝑟𝑟 is the stoichiometric coefficient of species 𝑖𝑖 in 
reaction 𝑟𝑟, 𝐶𝐶𝑖𝑖

𝑓𝑓 is the equilibrium concentration of species 
𝑖𝑖, and 𝑁𝑁𝑟𝑟𝑟𝑟𝑟𝑟,𝑎𝑎𝑎𝑎 is the set of all aqueous reactions. We use 
the logarithmic form(s) in Eq. (3) to (5) to minimize nu-
merical issues.  
 The set of restrictions is completed with the inclu-
sion of mass and concentration balances to calculate the 
final concentration/ mass of species: 

𝐶𝐶𝑖𝑖
𝑓𝑓 = 𝐶𝐶𝑖𝑖0 + ∑ 𝛼𝛼𝑖𝑖,𝑟𝑟𝑋𝑋𝑟𝑟𝑟𝑟∈𝑁𝑁𝑟𝑟𝑟𝑟𝑟𝑟,𝑖𝑖  ∀𝑖𝑖 ∈ 𝐼𝐼𝑎𝑎𝑎𝑎                         (6) 

𝑚𝑚𝑖𝑖
𝑓𝑓 = 𝑚𝑚𝑖𝑖

0 + ∑ 𝛼𝛼𝑖𝑖,𝑟𝑟𝑋𝑋𝑟𝑟𝑉𝑉
𝑁𝑁𝑟𝑟𝑟𝑟𝑟𝑟,𝑖𝑖
𝑟𝑟  ∀𝑖𝑖 ∈ 𝐼𝐼𝑠𝑠𝑠𝑠                        (7) 

where 𝐶𝐶𝑖𝑖0 is the initial concentration of species 𝑖𝑖, 𝑁𝑁𝑟𝑟𝑟𝑟𝑟𝑟,𝑖𝑖 is 
the set of all reactions involving species 𝑖𝑖, 𝑋𝑋𝑟𝑟 is the extent 
of reaction 𝑟𝑟, 𝐼𝐼𝑎𝑎𝑎𝑎 is the set of all aqueous species, 𝑚𝑚𝑖𝑖

0 is 
the initial amount of solid species 𝑖𝑖, 𝑉𝑉 is the volume of 
solvent, and 𝐼𝐼𝑠𝑠𝑠𝑠 is the set of all precipitates.  

The problem was implemented in Python and solved 
with IPOPT utilizing the linear solver MA57. The model 
was scaled with custom scaling parameters and the tol-
erance was set to 1E-12. 

MODEL VALIDATION 

 
Figure 1.  Comparison of predicted final concentrations for aqueous species, and predicted final amounts of 
precipitate formed between MINTEQ, PHREEQC, and our model for Case 1. 
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To validate our model, we compared the results of 
several case studies against those from MINTEQ [2,3] 
and PHREEQC [4], two LMA-based software applications 
that predict equilibrium calculations based on saturation 
indices heuristics.   

Case 1: Ag-Cl-NO3 ionic system 
For the first case study, we consider a system con-

taining Ag+, Cl- and NO3-, with initial concentrations for 
each species of 1 × 10−4𝑀𝑀 and a pH of 5. For this system, 
MINTEQ predicts the formation of 15 aqueous species 
and one precipitate. The predicted final concentrations 
and precipitate formed for our model, MINTEQ, and 
PHREEQC are all shown in Figure 1. All three models show 
close agreement for the amount of precipitate formed 
and the final concentrations of all aqueous species with 
the exception of Ag(OH)2-.The largest relative difference 
between our model and PHREEQC, and our model and 
MINTEQ (excluding Ag(OH)2-) is 4.9% (for AgCl2-) and the 
average one is 1.14%. For Ag(OH)2-, it was found that both 
PHREEQC and MINTEQ predicted very similar final con-
centrations. While our model predicted a lower final con-
centration, all three models predicted an essentially zero 
final concentration.  

Case 2: Na-K-Ca-Mg-Cl-SO4 ionic system 
For our second validation case, we considered a 

system based on a subset of the primary ions typically 
found in water treatment. We intentionally leave car-
bonate ions out. For the initial concentration in Table 1, 
MINTEQ predicted 21 aqueous species and one possible 
precipitate. 

  

Table 1. Initial concentration of ions in Case 2. 

Species Initial Concentration [M] 
Na+ 3.35 × 10−4 
K+ 4.09 × 10−4 
Ca+ 3.24 × 10−2 
Mg+ 1.23 × 10−4 
Cl- 3.33 × 10−4 
SO- 2.50 × 10−2 

 
The comparisons of the final predicted concentra-

tions of the aqueous species and amount of precipitate 
formed for all three models are shown in Figure 2. As can 
be seen in the figure, there is excellent agreement be-
tween our model and PHREEQC for all species. However, 
for species containing OH-, MINTEQ consistently pre-
dicted a lower final concentration, and for species con-
taining H+, MINTEQ consistently predicted a higher final 
concentration than both PHREEQC and our model.  

The relative differences between our model and 
PHREEQC, and our model and MINTEQ are larger than for 
case 1. However, similar differences are found if the pre-
dictions from PREEQC and MINTEQ are compared with 
each other.    

Additional simulations adding carbonate to the ions 
pool to more accurately represent water treatment pro-
cesses were performed. The results, not presented here, 
also show excellent agreement and will be discussed at 
the conference.  

Case 3: Na-K-Ca-Mg-Cl-SO4-Fe ionic system 
Finally, we validated our model in a setting where 

multiple precipitates are possible. For this, 1 × 10−6𝑀𝑀 of 

 
Figure 2.  Comparison of predicted final concentrations for aqueous species, and predicted final amounts of 
precipitate formed between MINTEQ, PHREEQC, and our model for Case 2. 
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Fe3+ was added to the initial system of ions shown in Ta-
ble 1. With this change, MINTEQ predicts 31 different 
aqueous species and seven potential precipitates: 
CaSO4•2H2O(s) (gypsum), Fe(OH)2.7Cl0.3(s), Fe(OH)3(s) 
(ferrihydrite), FeO(OH)(s) (goethite), Fe2O3(s) (hematite), 
KFe(SO4)2(OH)6(s) (k-jarosite), and Mg(Fe)2O4(s) (mag-
nesioferrite). Comparisons of the final predicted concen-
trations of the aqueous species and the predicted 
amount of precipitate formed with the three models are 
shown in Figure 3. As can be seen, there is good agree-
ment between our model and MINTEQ on the final spe-
cies concentrations, while PHREEQC slightly underpre-
dicted the final concentrations for many of the aqueous 
species. For the precipitates, it was found that while all 
three models predicted the formation of the same 
amount of gypsum at equilibrium, PHREEQC and MINTEQ 
also predicted the formation of hematite, while our model 
predicted the formation of magnesioferrite. None of the 
models predicted any Fe(OH)2.7Cl0.3(s), ferrihydrite, goe-
thite, or k-jarosite to form at equilibrium.  

The difference in the predicted final concentration 
of the precipitates can be attributed to MINTEQ and 
PHREEQC’s reliance on the iterative saturation indices 
heuristic to determine which species precipitate. This 
heuristic also implicitly assigns an order in which the spe-
cies precipitate, which can lead to the exclusion of spe-
cies that might form under simultaneous equilibrium. In 
contrast, our model does not rely on such heuristics, as 
the equilibrium conditions of all possible precipitates are 
incorporated within the optimization problem. However, 
to further establish the reliability of our approach, future 
work needs to involve experimental validation. 

CMI PROCESS CASE STUDY 

Process Description 
As a proof of concept on how our model can be used 

for modeling and future optimization of critical mineral 
processing, we applied it to a novel REE recovery process 
developed by the Critical Materials Innovation Hub (CMI) 
[5,6]. 

 
   Figure 4. Depiction of the CMI process [5,6]. 

The CMI process is depicted in Figure 4. The pro-
cess uses a series of dissolution and precipitation reac-
tions to recover rare earth elements as rare earth oxa-
lates from end-of-life (EOL) rare earth permanent mag-
nets (REPM) [5,6]. In the first stage, the NdFeB feed in 
powder form is dissolved in a solution of copper nitrate 
salts. This leads to the formation of precipitates contain-
ing the iron and boron contaminants (Cu3(BO3)2, 
Fe(OH)3), which are subsequently filtered from the solu-
tion. In the next stage, ammonium hydroxide is added to 
the solution to increase the pH. This leads to the for-
mation of rare earth hydroxides and the conversion of 
some of the remaining iron in solution into iron hydrox-
ides. Next, in stage 3, oxalic acid is added to the solution. 
This leads to the formation of soluble iron-ammonium 

 
Figure 3.  Comparison of predicted final concentrations for aqueous species, and predicted final amounts of 
precipitate formed between MINTEQ, PHREEQC, and our model for Case 3. 
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oxalate and insoluble rare earth oxalate. The rare earth 
oxalate precipitate is subsequently separated from the 
solution.  

Simulation Results 
In the paper, a yield of >98% of REEs recovered as 

rare earth oxalates, and a final purity >99%, was reported 
for a feedstock consisting of REPM swarf [6]. While the 
paper also reported REE recoveries from other feed-
stocks,  

REPM swarf was specifically selected for this case 
study because it consists exclusively of pure REPM ma-
terial. This eliminates the need to account for mass trans-
fer limitations caused by casing materials, which are a 
concern in feedstocks like shredded HDDs.  

Although the overall yield was reported, some im-
portant parameters were not. These include: the final pH 
of stage 2 and the amount of oxalic acid added to the 
solution in stage 3. Thus, a sensitivity analysis was con-
ducted on these important parameters to determine if the 
reported yield and purity could be recreated. To simulate 
the process, our precipitation model was utilized for 

stages 1, 2, and 3. Ideal separation between solids and 
liquids was assumed for all separation steps.  

The results of the sensitivity analyses are shown in 
Figures 5 and 6. It was found that the reported yield and 
purity could be successfully replicated with our model. 
Furthermore, the reported yield was found to occur over 
a range of pH values, and for four out of five of the initial 
concentrations of oxalic acid that were simulated 
(0.045M, 0.09M, 0.135M, and 0.18M). The reported pu-
rity was also found to occur over a range of pH values 
and for three out of 5 of the initial concentrations of oxalic 
acid that were simulated (0.09M, 0.135M, and 0.18M).  

 As can be seen in Figure 5, increasing the amount 
of oxalic acid added to the solution in stage 3 was found 
to increase the amount of neodymium recovered. Addi-
tionally, it was also found that increasing the final pH of 
stage 2 (by adding more ammonium hydroxide) in-
creased the recovery of neodymium, but only up to a 
point. Increasing the pH past 7 was found to lead to a 
decrease in the amount of neodymium recovered for all 
initial concentrations of oxalic acid except for 0.015M. 

Figure 6 depicts the effects of the amount of oxalic 

 
Figure 5. Simulation results for the CMI process. Increasing the pH of stage 2 led to an increased recovery of Nd-
oxalate up to a point. 

 
Figure 6. Simulation results for the CMI process. Increasing the pH of stage 2 led to a decrease in the purity of 
the precipitate. 
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acid added in stage 3, and the pH of stage 2 on the purity 
of the recovered precipitate. It was found that while in-
creasing the pH of stage 2 led to an increase in the 
amount of precipitate formed (up to a pH of 7), it also led 
to a decrease in the purity of the precipitate. This can be 
attributed to more iron hydroxide being precipitated out 
of solution as the pH was increased.  

Overall, our results suggest that there is room for 
optimization of the reaction conditions, for example, to 
find those that minimize acid consumption while keeping 
the desired purity and yields.  

CONCLUSION 
In this work, an initial implementation of an optimi-

zation-based approach for solving precipitation/dissolu-
tion reactions utilizing equilibrium relations is presented. 
We first present three case studies to show that the pre-
dictions from this model are in good agreement with 
LMA-based software: MINTEQ and PHREEQC. Then we 
present a proof of concept where our model is applied to 
the CMI process [5,6]. By conducting sensitivity analyses 
on the uncertain parameters of the model, we were able 
to replicate the paper’s reported yield and purity, sug-
gesting that our model is capable of modeling aqueous 
equilibrium systems accurately.  

DIGITAL SUPPLEMENTARY MATERIAL 
Code utilized in this paper will be available at 

https://github.com/prommis/prommis. 
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