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ABSTRACT

Physics-Informed Symbolic Regression (PISR) offers a pathway to discover human-interpretable
solutions to partial differential equations (PDEs). This work investigates three fitness metrics
within a PISR framework: PDE fitness, Bayesian Information Criterion (BIC), and a fitness metric
proportional to the probability of a model given the data. Through experiments with Laplace’s
equation, Burgers’ equation, and a nonlinear wave equation, we demonstrate that incorporating
information theoretic criteria like BIC can yield higher fidelity models while maintaining interpreta-
bility. Our results show that BIC-based PISR achieved the best performance, identifying an exact
solution to Laplace’s equation and finding solutions with R2-values of 0.998 for Burgers’ equation
and 0.957 for the nonlinear wave equation. The inclusion of the Bayes D-optimality criterion in
estimating model probability strongly constrained solution complexity, limiting models to 3-4 pa-
rameters and reducing accuracy. These findings suggest that a two-stage approach-using simpler
complexity metrics during initial solution discovery followed by a post-hoc identifiability analysis

may be optimal for discovering interpretable and mathematically identifiable PDE solutions.
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INTRODUCTION

Understanding dynamical system models, their so-
lutions, and potential failures is critical, especially in
safety, health, and security. Traditionally, symbolic mod-
els with identifiable parameters, input-output relation-
ships that provide tractable logic, and physically mean-
ingful terms have established trust in deployed models
[1]. However, these techniques to establish trust are in-
effective for machine-learned models. Consequently,
while machine learning has motivated advancements in
understanding black-box model decisions [2], the sim-
plicity and clarity of concise symbolic expressions make
them inherently more straightforward to understand than
their deep learning counterparts.

Dynamical system models often take the form of dif-
ferential equations (DEs). When properly built and used,
DEs enable engineers and scientists to predict future or
hidden states while also explaining the underlying phe-
nomena which drive system dynamics. Thus, DE-based
system models are crucial for making informed decisions
https://doi.org/10.69997/sct.199083
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in process design and control.

Because of their importance, significant effort has
been dedicated to simplifying and solving systems of
PDEs [3,4]. Various methods for DEs include identifying
coordinate transformations to simplify dynamics [5], lin-
earizing models for rapid prediction and control, and find-
ing analytical solutions to replace differential equations
with algebraic relationships where possible. Depending
on the DE and its application, different methods may be
preferred. However, among the most challenging DEs to
manage are those that include partial differential equa-
tions (PDEs).

Prominent in fluid flow, chemical reactions, and bio-
logical systems [6], PDEs can exhibit complex dynamics
that make identifying solutions difficult. Common ap-
proaches for discovering PDE solutions are challenging
to implement and require highly specialized skills and
knowledge. Often PDE models can be linearized to lever-
age linear PDE theory, and Taylor series expansions can
be used to find solutions via perturbation theory or finite
differences among other methods. However, these
1837
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solution paths are subject to strict convergence and sta-
bility conditions that are difficult to meet.

Alternatives to traditional methods are emerging
from the field of machine learning [7]. Large foundation
models for physics can help predict dynamics across var-
ious domains. Focusing on smaller problems, tools like
DeepONets can learn neural operators that map inputs to
outputs [8], while physics-informed machine learning
methods can learn solutions to PDEs with known ini-
tial/boundary conditions [9, 10]. Although many of these
tools are changing the way PDEs are solved, they often
fall into the same pitfalls as other use cases of machine
learning: the solutions they produce lack interpretability.

One exception to the lack of interpretability in ma-
chine learning for PDEs is physics-informed symbolic re-
gression (PISR) [11, 12]. PISR leverages symbolic regres-
sion (SR) to produce solutions to PDEs in symbolic form.
Previous works have shown that PISR can learn exact an-
alytical solutions to PDEs when they exist and provide
good approximations with physically meaningful terms
when analytical solutions do not exist [11, 12]. Therefore,
as an approach to simplify PDEs into explicit algebraic re-
lationships, PISR is particularly attractive when model
trust is important.

An important aspect of building model trust is to en-
sure that all model parameters are mathematically iden-
tifiable [1]. In this work, we explore various information-
theoretic criteria as fitness metrics within PISR, beyond
the metrics used in [11, 12], to learn interpretable solu-
tions to PDEs that are simple, and concise. We examine
the effect of the fitness criterion (loss function) within
PISR on the discovered solutions through three exam-
ples: Laplace’s equation, Burgers’ equation, and a nonlin-
ear wave equation.

The remainder of this paper is structured as follows:
First, the PISR method and motivating examples will be
introduced along with three fitness criteria. Following the
methods, the results of our experiments are presented
and briefly discussed. Finally, the paper concludes with a
summary of the results and findings.

Methods

The goal of PISR is to discover an explicit mathemat-
ical relationship that provides tractable logic from coor-
dinate inputs to state outputs, ensuring consistency with
a known PDE. This is achieved using symbolic regression.
As the symbolic regressor generates different expres-
sions, their derivatives are determined using automatic
differentiation and evaluated against the known PDE. A
solution with good fitness will have derivatives that sat-
isfy the PDE, while those of an unfit solution are unlike to
agree with that PDE. The symbolic regressor can take ad-
vantage of different fitness metrics to search for an opti-
mal solution to a known PDE.

Symbolic Regression
Cohen et al. / LAPSE:2025.0447
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In this work, genetic programming (GP) is used to
perform the symbolic regression. GP is an evolutionary
algorithm that operates on a population of mathematical
expressions, represented as binary expression trees, to
explore the space of feasible expressions. Each individ-
ual in the population is constructed using an argument set
and a primitive set. The argument set includes all argu-
ments for the final model, while the primitive set is com-
prised of all mathematical operations that can appear in
the model.

Genetic operators, along with evolutionary pressure
from the selected fitness criterion and a tournament se-
lection, iteratively evolve a population of expressions to-
wards optimal fitness. Tournament selection is imple-
mented using the selTournament method from the open-
source evolutionary algorithm framework DEAP [13]. The
genetic operators used can be categorized into crosso-
ver and mutation. In each generation, the population se-
lected for offspring generation through tournament se-
lection is subjected to these operators.

Crossover, an exploitative process, shuffles subex-
pressions from two individuals to create two offspring.
The crossover operator used here is DEAP’s cxOnePoint
[13]. Complementary to crossover, mutation is an explor-
atory process that makes random changes to a single in-
dividual to generate one offspring. Each expression used
to generate offspring is operated on by one of four oper-
ators each generation: mutShrink, mutinsert, mut-
NodeReplacement, and mutUniform from DEAP’s library
[13]. This combination of mutation operators helps ex-
plore the symbol space while reducing bloat, or the ten-
dency of symbolic regression to evolve overly compli-
cated expressions.

Once the population of offspring is generated using
genetic operations, they are added to the total population
along with a hall of fame that is made of the fittest indi-
viduals ever evolved. To promote diversity, some individ-
uals are randomly removed. Before the next tournament
selection can begin, fitness values must be calculated for
any new individuals.

Fithess Metrics

Fitness metrics are crucial in ensuring that the evo-
lutionary pressure from the tournament selection process
eliminates unfit individuals. However, different fitness
measures may yield different solutions for the same PDE.
Therefore, it is important to investigate the effect of dif-
ferent fitness criteria on the solutions learned for PDEs
using PISR. Here, we introduce three fitness criteria used
in the discovery of solutions to PDEs in this work.

PDE Fitness

The first fitness criterion is the simplest PISR fitness
metric, Lppg, Which is defined in Equation 1. N, represents
the number of collocation points at which the nonlinear
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PDE F (x,u(x),D“lu(x),D“Zu(x), ...,D“mu(x)) =0, written
using multi-index notation, is evaluated in the n-dimen-
sional domain X < R™. The variables 4, 4;, Ncs, Npc;, and
I; respectively represent hyperparameters for the PDE,
hyperparameters for each boundary condition, the num-
ber of boundary conditions, the number of collocation
points on the j™ boundary condition, and the j* bound-
ary condition. The goal of Lpp is to capture how well an
expression represents a PDE and its initial and boundary
conditions.

Npc;

Npcs J

N¢
Lopg = Ao ) FOou(x), 2+ ) & ) w0, )? (1)
i=1 j=1 k=1

To calculate Lppg, the derivatives of the expression
being evaluated must be determined. In this work, we
used the automatic differentiation tool CasADi [14] to ob-
tain exact derivatives quickly and efficiently. Next, those
derivatives must be used to evaluate F at the N, colloca-
tion points and each I} at the NBC}. collocation points. Ta-
ble 1 shows a symbolic evaluation of F =u; — au,, =0
with constant a for two different expressions, demon-
strating how Ly, can be determined.

Table 1: Example of symbolic evaluation of F = u; — au,,
for different expressions when « is a constant.

u | U | Uy | F
t—ax? 1 —6ax 1+ 6a’x
exp(—aw?t) sin(lwx) | —aw?u —w?u 0

Bayesian Information Criterion

A limitation of Ly is that it only evaluates how well
the proposed expressions satisfy the PDE and boundary
conditions at the collocation points. While this is crucial
for obtaining accurate solutions to PDEs, it is also im-
portant to consider the complexity of the relationships
between the input coordinates and the state output. Lppg
does not provide safeguards against excessing model
complexity, meaning the symbolic regressor can quickly
suffer from expression bloat and learn overly compli-
cated expressions that are difficult to interpret and un-
derstand.

One potential remedy to this limitation is to use the
Bayesian Information Criterion (BIC) [15]. The BIC is an
information-theoretic criterion that helps mitigate model
complexity by balancing the fitness of the expression in
terms of both its agreement with the PDE and its com-
plexity. Equation 2 calculates the BIC, where Ny ,ines rep-
resents the weighted number of collocation points used
(given by AyN, +27§§5/1]-NBC].), and k denotes the model
node complexity, which is determined by counting the
number of nodes in the expression tree.

Lgic = Npoints log Lppg + klog Npoints (2)

Probability of Solution
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The BIC is often a powerful criterion for identifying
concise and descriptive expressions in symbolic regres-
sion. However, in many cases, simply balancing model
complexity and fit does not guarantee that the model is
identifiable. To ensure that each model parameter is
mathematically identifiable based on the information pro-
vided, an additional term must be used.

A strong candidate for this additional term is the
Bayes D-optimal criterion, ¥, [16]. ¥, is an information-
theoretic criterion that uses the determinant, denoted as
||, of the Fisher Information Matrix (FIM) to give insight
into the precision of parameter estimates. It can help de-
termine if a model is identifiable, meaning that there exits
a unique parameter set defining the optimal solution [16].
Y, also appears in the derivation of the BIC but is omitted
in its final form due to asymptotic assumptions.

The FIM can be calculated using the sensitivity ma-
trix Q = VoLppg, Where 0 is the vector of parameters pro-
posed by the symbolic regressor. Typically, the sensitiv-
ity matrix is calculated with a variance term to account
for noise in the data. However, in PISR, since there is no
data, this variance term is omitted, implicitly assuming a
variance of 1. With Q defined, we can now introduce the
third fitness criterion, Lgcw,, as shown in Equation 3.
This criterion is proportional to approximate probability of
the PDE given the model m at the maximum likelihood es-
timator 8, p(F|m), which is derived using the same pro-
cess as the derivation of the BIC.

Leicw, = Lgic —10g|QTQ| 3)

Test Cases

With the fitness criteria established, the perfor-
mance of PISR using each criterion must be assessed.
This evaluation was conducted using three two-dimen-
sional second-order PDEs. For each criterion and PDE
pair, PISR was run 50 times, with support from a 30 x 30
grid of collocation points. The PDEs and boundary condi-
tions were evaluated on this grid, and each run produced
a hall of fame containing the 10 most fit evolved solutions.
The experiments were executed on an Intel® Xeon® W7-
2495X processor across 10 threads.

Solution evaluation was carried out on a 50 x 50 gird
of points, where the true solution at each point was com-
puted either using an exact analytical solution or a nu-
merical method. The symbolically regressed models were
compared using three metrics: mean-squared error
(MSE) against the ground truth, the R2-value against the
ground truth, and model parameter complexity, N,, de-
fined as the number of parameters in the model.

Laplace’s Equation

The first PDE investigated was Laplace’s equation, a
second-order linear PDE with an exact analytical solution
for the boundary conditions specified in Equation 4. La-
place’s equation is a fundamental PDE in process
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systems engineering, as it models many steady-state
phenomena such as heat transfer and diffusion. The do-
main for this PDE, as explored in this study, was (x,y) €
[0,1] x [0,1]. The primitives used to discover solutions to
Laplace’s equation were {+,—,exp, sin,sinh}, with argu-
ments {x,y}. The tuning parameters for L, were selected as
A =[0.001,0.8,0.8,80,0.8].
Ugy + Uy, =0

u(x,y) =0 whenx =0

u(x,y) =0 whenx =1 (4)
u(x,y) = sin(2nx) wheny =0

u(x,y) =0 wheny =1

Burgers’ Equation

The second PDE explored in this work was Burgers’
equation, which is often used to describe one-dimen-
sional viscous fluid flow. It is a quasi-linear second-order
PDE in two dimensions and does not have an exact strong
form analytical solution. The domain considered in this
work was (x,t) € [0,10] x [0,10]. The primitives used to
discover solutions to Burgers’ equation were {+x
, €Xp, sin, sinh, udiff}, where ug;¢¢ is the solution to the dif-
fusion equation with the same initial and boundary con-
ditions in Equation 5, solved using eigenfunction expan-
sion. For more details on the method of the primitive set
selection see [12]. The arguments used were {x,t}, and

the tuning parameters for £, were A = [1,0.8,0.8,0.8].
us — 0.1uy, — 0.2uu, =0

u(x,0) = exp—0.2(x —5)> whent=0 )
u,(0,t) =0 whenx = 0
u,(10,t) =0 when x = 10

Nonlinear Wave Equation

The third and final PDE explored in this work was the
nonlinear wave equation, which is commonly used to
model waves in shallow water. It is a nonlinear second-
order PDE in two dimensions and, like Burgers’ equation,
does not have an exact analytical solution. The domain
considered in this work was (x, t) € [0,1] x [0,1]. The prim-
itives used to discover solutions to the nonlinear wave
equation were {+,X, exp, sin, sinh, Ujpwavet, Where uimwave
is the analytical solution to the linear wave equation with
the same initial and boundary conditions in Equation 6.
The arguments used were {x, t}, and the tuning parame-
ters for Lppp were A = [0.1,0.8,0.8,80].

Upe — Uy = 0

1
u(x,0) = Esm(an) whent =0 (6)
u(0,t) =0 whenx =0
u(l,t)=0 whenx =1

RESULTS AND DISCUSSION

The results of our experiments demonstrate that the
selection of fitness criterion can significantly influence
the solutions discovered using PISR. When model

Cohen et al. / LAPSE:2025.0447
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complexity is considered during exploration, PISR tends
to return models with fewer parameters. Moreover, when
PISR produces models with more parameters, those
trained with complexity considerations align better with
the solution to the PDE compared to those trained with-
out considering complexity. When a metric of identifiabil-
ity, or the ability for all parameter values in a model to be
uniquely identified given the available information, is in-
corporated into the fitness criterion, PISR is more likely to
return models with only a few parameters and those
models tend to perform as well or worse than models
learned using other fitness metrics.

Results: Laplace’s Equation

These relationships between fithess metrics and the
discovered solutions are particularly clear for Laplace’s
equation. Laplace’s equation, with the boundary condi-
tions shown in Equation 4, has an exact analytical solu-
tion, allowing the learned solutions to be compared sym-
bolically with the exact solution. PISR successfully
learned the exact solution to Laplace’s equation using
Lppg and Lpgc as fitness metrics, but not when using
LBIC,‘PD'

Although PISR did learn exact analytical solutions to
Laplace’s equation, on average, the models discovered
across the 50 runs for each fitness criteria did not per-
fectly match an analytical solution. Figure 1illustrates the
average MSE values at different model parameter com-
plexities. This figure also shows the number of models
returned at each parameter complexity for the different
fitness metrics.

BN Cpoe Lgc W Ly,

10° 500

I 300 1
-1
10 S
O

[ - 100 A

1 2 3 4 5 6 7 8 9 10
Parameter Complexity

Mean Squared Error

0

. ulTl—lITl Lz

1 2 3 4 5 6 7 8 9
Parameter Complexity

Figure 1: Left: Average MSE values per model parameter
complexity for Laplace's equation solution discovery.
Right: Count of learned models with different parameter
complexities.

The results show that the selection of fitness criteria
has little impact on the quality of the solutions when mod-
els have only a few parameters. However, the fitness cri-
teria did affect the likelihood of a learned model have a
small number of parameters, with stricter definitions of
complexity leading to more models with fewer parame-
ters. As the number of parameters in a model increases,
Lz tends to yield the best solutions on average. Nota-
bly, no model learned using Lgcy, had more than 4 pa-
rameters.
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While limiting model complexity may be advanta-
geous for building models that are easy to interpret, it can
also impede the discovery of better models. By including
the ¥, term in the fitness, the symbol space is con-
strained to consider only expressions that are mathemat-
ically identifiable. This constraint may make it more diffi-
cult to discover models that fit the underlying PDE well,
as it restricts access to certain regions of the symbol
space in which useful intermediate expressions may lie.

Results: Burgers’ Equation

The results from the Burgers’ equation experiments
tell a similar story to those from Laplace’s equation. The
best-learned models using each of the three fitness cri-
teria are shown in Table 2. Since Burgers’ equation does
not have an exact analytical solution, all metrics of agree-
ment with the ground truth were compared to the solu-
tion computed using the method of lines.

Table 2: Best models learned for Burgers’ equation using
different fitness criteria. The MSE and R?-values are cal-
culated using the solution calculated using the method of
lines as the ground truth.

Fitness Model MSE R2
x 10*
L aigy[x — 0.189¢ 3.850 | 0.996
FPE ugir(x,17.317),t] ' '
L Uaigy[x - 0.167¢ 1.796 | 0.998
BiC . udiff(x - 0066x, t), t] ’ '
Ugirr|x — 0174t - ugire(x, x
Loicw, | [ +"“tf)f i] 4466 | 0.995

As in the previous experiment, Lppz and Lg;c pro-
duced better solutions than Lg,cy,. The best model was
discovered using Lg;.. Furthermore, the best solutions
learned using all three fitness criteria have similar struc-
tures shown in Table 2.

Mean Squared Error

LLlllL

1 2 3 4 5 6 7 8 9 10
Parameter Complexity

1 2 3 4 5 6 7 8 9 10
Parameter Complexity

Figure 2: Left: Average MSE values per parameter
complexity Burgers’ equation solution discovery. Right:
Count of learned models with different parameter
complexities.

To better understand the average performance of
the discovered solutions for Burgers’ equation, Figure 2

Cohen et al. / LAPSE:2025.0447
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displays the average MSE values at different model pa-
rameter complexities, along with the number of models
returned at each parameter complexity for the different
fitness metrics. Analysis of these plot reveal the same
trends as those discussed for Figure 1.

Results: Nonlinear Wave Equation

The third PDE explored was the nonlinear wave
equation, which proved more challenging to solve using
PISR than the other two PDEs. This increased difficulty in
solution discovery is reflected in the learned models,
which . Table 3 presents the model parameter complexi-
ties, N,,, node complexities, k, as well as the MSE and R2-
values of the best solutions discovered using the three
fitness metrics. These complexity measures were chosen
because the learned solutions are long and difficult to in-
terpret, although still have fewer parameters than solu-
tions learned using neural networks.

Table 3: Characteristics of best models learned for Burg-
ers’ equation using different fitness criteria. The MSE and
R2-values are calculated using the solution calculated
using the method of lines as the ground truth.

Fitness N, k MSE R?
Lppe 5 40 0.020 0.941
Laic 5 27 0.015 0.957

Lpicwy 3 19 0.125 0.633

These solutions are significantly more (node) com-
plex than those learned for the previous two PDEs. Nev-
ertheless, all three best solutions use fewer than 10 pa-
rameters, and PISR with Lppr and Lg,; returned models
with R2-values greater than 0.9. With more time, effort,
and hyperparameter optimization, it is possible even bet-
ter symbolic solutions exist within the explored symbol
space. Once again, PISR using L, yielded the best
model among the fithess metrics considered.

BN Cepe Lpic B gy,

300 1
250 4
2004

1501

31T

1 2 3 4 5 6 7 8 9 10
Parameter Complexity

Mean Squared Error
Count

o

ulllllll

1 2 3 4 5 6 7 8 9 10
Parameter Complexity

Figure 3: Left: Average MSE values per parameter
complexity of Wave equation solution discovery. Right:
Count of learned models with different parameter
complexities.

Figure 3 shows the average MSE values at different
model parameter complexities and the number of models
returned at each model parameter complexity for the
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three fitness criteria. Consistent with the results from the
other two cases, the results shown in the right-side plot
of Figure 3 follow a similar pattern with respect to the
number of models learned at each parameter complexity.
However, unlike the other two cases, solutions learned
using Lz, do not, on average, perform better than those
learned using Lppr as the parameter complexity in-
creases. At low parameter complexity, solutions learned
using Lgcw, perform worse than those discovered using
other fitness metrics.

CONCLUSIONS

PISR is an approach for learning symbolic, interpret-
able solutions to PDEs. Its efficacy varies depending on
the type of PDE and it can struggle to find a balance be-
tween interpretability and accuracy in representations to
solutions of complex PDEs. Its performance can be influ-
enced by the selection of a fitness criterion. In this work,
we demonstrate that using an information-theoretic fit-
ness criterion can help learn higher-fidelity solutions to
PDEs. Penalizing model complexity can promote simpler,
more easily interpreted solutions. However, using metrics
that incorporate model identifiability can constrain the
symbol space, potentially hindering solution discovery.

This tension between model fit and simplicity is dif-
ficult to balance. While mathematically identifiable solu-
tions are often desired, our findings suggest it may be
more effective to use symbolic regression with less strin-
gent metrics, such as parameter or node complexity, and
to access mathematical identifiability post hoc, only after
candidate solutions have been discovered.
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