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ABSTRACT

While bilevel optimization is gaining prominence across various domains, the field lacks standard-
ized tools for generating test problems that can effectively evaluate and guide the development
of efficient solution algorithms. We define the term "trivial bilevel optimization problem" as a bilevel
problem whose high-point relaxation solution is also feasible. These easy-to-solve problems fre-
quently arise in naive implementations of random bilevel optimization problem generators, signif-
icantly impacting the evaluation of bilevel solution algorithms. However, this problem has not been
addressed in the literature to our best knowledge. This work introduces a non-trivial mixed-integer
bilevel optimization problem generator, NT-BMIPGen, and a problem library, designed to eliminate
the generation of trivial bilevel problems. Through analysis of the bilevel problem structure, we
identify key factors contributing to problem triviality. Particularly, the upper to lower variable ratios
and the number of decoupled lower-level continuous variables increasing two-level competition
significantly impact problem triviality. The proposed generator allows users to customize problem
structures while ensuring non-triviality by checking the bilevel feasibility of highpoint relaxation.
Additionally, we present a library of 105 non-trivial problems to support algorithm development
and testing. This work advances the understanding of bilevel problem complexity and provides

essential tools for the systematic evaluation of bilevel optimization algorithms.

Keywords: Bilevel Optimization, Random Problem Generator, Algorithm Evaluation

INTRODUCTION

Bilevel optimization, characterized by nested opti-
mization problems, has gained prominence in modeling
two-player interactions across various domains, includ-
ing environmental policy [1], electricity markets [2], hier-
archical optimal control [3], supply chain optimization [4],
and industrial planning and scheduling [5, 6]. Despite its
potential wide applicability, bilevel optimization is not
widely utilized as its solution is very challenging, known
to be NP-hard [7]. Mixed-integer bilevel optimization
problems are even more challenging to solve [8], prompt-
ing the development of diverse solution methods, such
as Bender’'s decomposition [9], multiparametric optimiza-
tion [10, 11], penalty functions [12], and branch-and-
bound/cut algorithms [13].

Metaheuristic methods, while not guaranteeing
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optimality or feasibility in finite time, have gained signifi-
cant attention for addressing non-linear bilevel problems
beyond the reach of deterministic approaches [14].
These problems are often tackled iteratively by alternat-
ing between the upper and lower levels, using techniques
such as genetic algorithms [15], particle swarm optimiza-
tion [16], etc. Recently, hybrid approaches have
emerged, combining metaheuristics in upper-level with
deterministic optimization solvers to handle the lower-
level problem within this iterative framework and have
guarantees of feasibility [1].

Existing bilevel problem generators and libraries
provide valuable resources for testing and evaluating al-
gorithms. For instance, problem generators tailored to
specific structures have been developed [17]. A bilevel
parametric optimization toolbox (B-POP) is developed
with a random problem generator and problem library
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[18]. BOBILib [19] offers a comprehensive mixed-integer
bilevel problem library containing 2,500 problems. How-
ever, due to the diversity in problem types—encompass-
ing different variable types, constraints, and objective
functions—the field lacks standardized problem genera-
tors or libraries that are adaptable to user-defined prob-
lem structures and sizes. While random problem genera-
tors are widely used for algorithm evaluation [11], they
often result to a significant number of very short solving
time bilevel problems [19], limiting their utility for rigorous
algorithm testing.

This article presents a non-trivial mixed-integer bi-
level optimization problem generator (NT-BMIPGen) and
accompanying problem library designed to support the
understanding, analysis, and evaluation of bilevel optimi-
zation problems. We first outline the problem structure
(number of upper/lower variables, binary/continuous,
coupled/decoupled variables, and constraints). Next, we
examine the concept of problem triviality and its under-
lying causes. We then present the bilevel problem gener-
ator and a bilevel problem library containing 105 prob-
lems, highlighting their utility in evaluating diverse non-
trivial bilevel problem structures. Finally, we conclude
with a discussion of future research opportunities in bi-
level optimization.

GENERAL BILEVEL PROBLEM
STRUCTURE

A general Mixed-Integer Bilevel programming prob-
lem (B-MIP) can be written in the form of Equation (1).
The problem contains two objective functions, an upper-
level objective function F and a lower-level objective
function f. The problem includes both continuous and in-
teger variables, where x is a vector of all continuous var-
iables, y is a vector of all integer variables, subscripts u
and [ indicate upper- and lower-level variables respec-
tively, and function vectors G and g represent upper-
and lower-level constraints respectively.

minF(x,y)

X,y

s.t.G(x,y) <0,

X,y, €arg rxrlliyn{f (x,y):g(x,y) <0}
24

T T
=[al v=Gil-

XERYLyEZ™ (1)

Bilevel programming problems couples two distinct opti-
mization problems by embedding the lower-level optimi-
zation problem as a constraint of the upper-level optimi-
zation problem. A bilevel problem is feasible if both up-
per- and lower-level constraints (G, g) are satisfied, and
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the lower-level problem is solved to global optimality at
the selected optimal upper-level variables.

Coupling bilevel optimization structure

Couplings between the two optimization levels ap-
pear linked when upper-level and lower-level variables
emerge together in either the constraints and/or objec-
tive functions of the problem. Coupled variables, defined
as variables that appear in constraint or objective func-
tions that doesn’t belongs to their own level, enhance the
interaction between the two optimization levels. Coupled
variables can manifest as either collaborative or compet-
itive dynamics. In contrast, decoupled variables lack di-
rect interaction with the other level and only exist in their
own level but can still increase the overall problem com-
plexity by increasing the complexity of the problem within
each level.

To explore the coupling behavior of the bilevel opti-
mization problems, general B-MIPs can be reformulated,
without loss of generality, as Equation (2). This form is
modified from [16] and can help introduce different B-
MIP structures to explore coupling behavior.

@’in F= Fu(xud' yud) + Fl(xld' yld) + E:(xuc'! Xic) Yuer ylc)
s.t. Gud(xud' yud) < 0' Guc(xud' Xuer Yud yuc) <0
X1d X1c, Yia» Yic € arg xu;l”og}?d’yk{f(x‘ y)

= il Y1a) + feCues X1 Yue: Vi)' G1a Xia, Y1a)
< Or glc(xlr yl) < Or gg (xuc' Xicr Yuer ylc) < O}

Xud T Yud T
x = qu y — yuc
Xig |’ Y| '
Xic Yic
XER yeZ™ (2)

,where x is a vector of all continuous variables, y is a
vector of all integer variables, subscripts u and [ indicate
upper and lower levels respectively; and subscripts ¢ and
d indicates coupled and decoupled respectively as
shown in Table 1

Table 1: Variable Classification by Type and Coupling.

Continuous (x) Binary (y)
Xud Xuc Xid  Xic | Yud Yuc Yid Yic
Upper v v v
Lower V4 v v
Coupled v v v v
Decoupled V4 V4 v v

The constraints ¢ and g correspond to the upper
and lower constraints respectively, which can be catego-
rized into 5 types based on the type of variables that can
appear within them (Table 2). Functions F and f are the
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upper and lower-level objective functions, which can also
be decomposed into five subtypes based on their struc-
ture. A detailed classification of the five types of con-
straints and objective functions is provided in Table 2.

Table 2: Constraints and Objective Function Classifica-
tion by Type and Coupling.

‘ Name | Description
Constraints
1 Gua(Xud) Yua) Upper decoupled
2 GucXud) Xue) Yud) Yuc) Upper coupled
3 9ia(Xa, Yia) Lower decoupled
4 ic(X1a, X1c, Y1, Yic) Lower coupled
S 9g (xuc: Yuer Xier YIc) General
Objective Functions
D Ay Upper decoupied
2 Fi(x14,Y1a) Lov&z;gfjeo:slled
3 E.(Xye» X16) Yuas Vie) Coupled upper-level
F=F,+F+F Full upper-level
T rw | e
S £ (Xuer X1 Yuds Yic) Coupled lower-level
f=hH+rf Full lower-level

BILEVEL PROBLEM TRIVIALITY

Even though bilevel optimization problems have
been proved to be hard to solve, randomly generated bi-
level optimization problems are not always hard to solve.
As shown in [19], randomly generated problems of the
same size and structure have a large range of solving
time, some of them can be solved within seconds while
some need hours to be solved. Some of the quickly and
easily solvable problems are likely trivial and should not
be used for algorithm development or evaluation, as they
fail to represent the true complexity of bilevel optimiza-
tion problems. To determine triviality, we solve two sin-
gle-level problems: the high point relaxation problem
(Equation (3)) and the bilevel feasibility check problem
(Equation (4)).

Triviality Check process

High point relaxation problem is a single-level opti-
mization problem optimizing the upper-level objective
function over the set of all constraints in the bilevel prob-
lem, including both the upper and lower-level constraints,
as shown in Equation (3). A bilevel problem is considered
trivial if its high-point relaxation is bilevel feasible. To ver-
ify bilevel feasibility, we solve the bilevel feasibility check
problem, where the upper-level variables’ solution is
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fixed (denoted as ;c, 5/) and the lower-level problem is
solved, as shown in Equation (4). If the upper-level ob-
jective F calculated by solutions in Equation (4) equals
that in Equation (3), the problem is bilevel feasible.

A bilevel optimization problem is termed trivial if its
solution can be obtained by solving these two single-
level problems: the high-point relaxation (3), and the bi-
level feasibility check problem (4). Both single-level
problems are solvable using standard optimization solv-
ers. The high-point relaxation provides the lower bound,
and the bilevel feasibility check provides the upper
bound to the original bilevel problem. When these bounds
are equal, the solution corresponds to the original bilevel
problem, and the trivial bilevel problem is solved.

@’in F= Fu(xud' yud) + Fl(xld' yld) + E:(xuc'! Xic) Yucr ylc)
s.t. Gud(xud' yud) < 0' Guc(xud' Xuer Yud yuc) < 0'
Jia(X1a, Yia) < 0, gic (X, ¥1) <0,
gg (xuc' Xicr Yucr ylc) < 0}

Xud T Yud T
x = qu — yuc
Xid 24 Yia| '
Xic Yic
XERYyeZ™ (3)

min f(x' y) = fl(xld' yld) + fc(;uc' Xic) ;Iuc' ylc):

Xia XY 1Y 1c
st. Guc(xld'.}’ld) < 0' glc(xl'.}’l) < 0' gg(xuc' Xic) Yuer ylc) < 0'
~ T ~ T
[xud] [yud]
x:lxucl ,y=|yuc ,
lme }’mJ
xlf Yic B 5
F= Fu(xudeud) + Fl(xld: yld) + Fc(xucv Xic) Yucs YIC)

XERMyeEZ™ (4)

Exploring Factors Contributing to Triviality

Bilevel optimization problems with different struc-
tures have different implication in the real world. Looking
into what is causing the bilevel optimization problem triv-
iality can help us identify what is the critical factors that
create complex interactions of the problem. We analyzed
various problem structures to identify factors contrib-
uting to solution triviality. The problems are generated by
using naive random bilevel problem generation process,
which we generate the objectives and constraints using
random vectors, as detailed in the problem generator and
library section.

Continuous bilevel optimization problem

In Figure 3, we varied the number of continuous
coupled variables x,,. and x,;. within the range of 2 to 20
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while fixing the general constraints 9,= 10. The resulting 100
heatmap illustrates the trivial percentage calculated

across 30 test instances, where the trivial percentage is
defined as the ratio of number of trivial problems to the
total number of tests.

Defining the upper-to-lower variable ratio (ULVR) as
the number of upper-level variables divided by the num-
ber of lower-level variables, we observed the following
trends: when ULVR > 2, the trivial percentage is high
(above 80%); when 2 > ULVR > 0.5, the trivial percent-
age is moderate (20-80%); and when ULVR < 0.5, the
trivial percentage is low (below 20%).

These trends indicate that the lack of lower-level
variables in the problem prevents the lower-level objec-
tive from competing with the upper-level objective, re- 4 6 8 10 1 14 16 18 20

. . L P . . Number of upper level variables
sulting in triviality. This finding suggests that increasing . - .
. . Figure 3. Trivial percentage heatmap by varying x,, (2-
lower-level competition with the upper-level can help re-

S . . o 20) and x;. (2-20) of the continuous bi-level optimization
duce triviality. To test this hypothesis, we modified the ) te ( ) . . P

. . - problems. Each structure is tested for 30 times, and the
lower-level decoupled continuous variable x,;;, as intro-

) ) . . =10 for all instances.
ducing such variables complicates the lower-level objec- 9y

tive but has no direct impact on the upper-level objective.
100
. i“
0

Number of lower level variables
Trivial %

causing them to compete, resulting in triviality decreases.

Trivial %

Xic
Number of coupled lower level variables

This creates divergences between the two objectives,

2 2
B 20 2 4 6 & 1 1 14 1 18 20 2 4 6 & 10 12 14 1 18 20

2 4 6 8 1 1 1 16

Number of coupled upper level variables Number of coupled upper level variables Number of coupled upper level variables Number of coupled upper level variables
xuc qu qu xuc
(a) (b) (c) (d)

Figure 1: Changing x,,., x;. from 2 to 20, fixing Number of decoupled lower level continuous variable x;4 at a: O, b:
1,¢:5d:10; G =g, = 9,= 10. Each structure is tested for 30 times. As shown by the graph, by changing x4,

the triviality decreases. Suggesting Number of decoupled lower level continuous variable is a key factor in triviality.

20 20 100
1
. 80
1
12
10
8
6
s
2 0
2 4 6

2
2 4 6 8 0 1 1 1. 18 2 8 10 122 18 16 18 20

Trivial %

IS
8

X
Number of coupled lower level variables
3

| 2
2 4 6 8 1 1 18 1 18 20 2 4 6 & 1 12 14 1. 18 20

Number of coupled upper level variables Number of coupled upper level variables Number of coupled upper level variables Number of coupled upper level variables
Xuc Xuc Xuc Xuc
(a) (b) (c) (d)

Figure 2: Changing x,, x;. from 2 to 20, fixing Number of binary coupled upper- and binary coupled lower-level
variable (yuc, ylc) at a: (0,0), b: (2,2), c: (10,10), d: (20,20), g, is fixed at 20 for each type of constraints. Each

structure is tested for 30 times. As shown by the graph, by changingy_, y,, the triviality decreases. Suggesting
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Continuous bilevel optimization problem with
decoupled structure

Figure 2 illustrates the effect of varying the number
of pure lower-level decoupled continuous variables (x;4)
while fixing the values of the coupled variables x,,. and
Xic, and setting the constraints G, = g, = 9,= 10. Sub-

figures 2 (a), (b), (c), and (d) represent cases where x4
is set to 0, 1, 5, and 10, respectively. The resulting
heatmaps illustrate the trivial percentage across 30 test
instances The heatmaps clearly demonstrate that in-
creasing the number of x;4 reduces the triviality of the
problem. With the addition of just 1 x;4, the heatmap re-
sults show clear reduction of triviality percentage, as
shown in Figure 2 (b). When x;; continuous increases, the
percentage of trivial solutions decreases significantly.
The triviality percentage goes to near zero in most cases
as x;; goes to 10, as shown in Figure 2 (d).

This observation highlights that the number of de-
coupled lower-level continuous variables plays a crucial
role in determining triviality. The results suggest that in-
troducing or increasing x;4; enhances the complexity of
interactions between levels, reducing the likelihood of
trivial solutions.

Mixed-Integer bilevel optimization problem

Introducing more binary variables also fosters com-
petition between the upper and lower levels. As shown in
Figure 3, increasing the number of coupled binary varia-
bles reduces triviality; however, the effect is less pro-
nounced compared to the influence of x;; as shown in
Figure 2. This effect is less pronounced in the region
where the number of continuous coupled lower-level var-
iables x;. is small. We suspect that by only increasing the
number of the binary coupled lower-level variables can-
not effectively affect the lower-level objective function
competence with the upper-level objective function. A
minimum amount of the x; is required to create compe-
tence synergetic with the y, ,andy, .

Decoupled binary variables also exhibit a similar
trend as coupled binary variables, though these results
are omitted here for brevity.

In summary, altering the number of variables across
different classes significantly impacts the structure of bi-
level problems.

PROBLEM GENERATOR AND LIBRARY

Based on the results in the previous section, we
found that naive implementations of a random bilevel
problem generator produce varying levels of triviality de-
pending on the problem’s structure. If a problem set with
high triviality is used for algorithm testing, it may lead to
an overestimation of the solver’s capability. To the best
of our knowledge, no prior literature has addressed the
issue of triviality in generating bilevel optimization
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problems. Therefore, we developed the random bilevel
problem generator, NT-BMIPGen, which can generate
non-trivial mixed integer bilevel test problems. The gen-
erator cand help the field to generate problems that are
non-trivial and truly reflect the ability of the tested algo-
rithm. The generation process is shown in Figure 4.

problem (Table 1, Table 2)

Randomly generate
Objective and Constraints

[Solve high pomt % Solve bilevel }

[ Input the structure of the ]

relaxation 7 feasibility
problem check problem

Storedthe Dlscard the
non-trivial trivial
bilevel problem bilevel problem

Figure 4. Flow diagram showing how random non-trivial
bilevel optimization problem generator works.

The user can customize problem structures to ex-
plore different forms of two-level interaction by specify-
ing the parameters listed in Table 1 and Table 2. To de-
termine the parameters for the constraints and the ob-
jective function, the generator generates a matrix and a
vector for each constraint type, along with random vec-
tors for the upper- and lower-level objective subfunc-
tions, based on the number of corresponding variables
and constraints number specified.

By default, random parameter values are sampled
from a uniform distribution in the range [-10, 10], except
for the constraint right hand side vectors, which are re-
stricted to non-negative values in the range [0, 10] to en-
sure the origin is always feasible. This design ensures the
generated problems’ feasibility. The continuous variables
have a default upper and lower bound of -10 and 10, re-
spectively.

Each problem undergoes a triviality check. The sin-
gle level subproblems (high point relaxation problem (3)
and the bilevel feasibility check problem (4)) are formu-
lated in Pyomo [20] and solved using the Gurobi solver
(v11.0.0) [21]. Only non-trivial problems, as verified
through this process, are retained and stored with their
upper and lower bounds obtained by solving the two sub-
problems. While the trivial problem is discarded, and the
generator will generate another random problem. Each
generated problem is stored in a folder, where each ma-
trix and vector are saved in separate CSV files, and
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associated parameters and upper and lower bounds
solved by the two subproblems are stored in a JSON file.
The non-trivial mixed-integer bilevel generator is availa-
ble at https://test.pypi.org/project/NT-BMIPGen/.

A library with 105 different structure non-trivial B-
MIP problems generated from the generator is stored at
https://drive.google.com/file/d/185xnM-
IG_vziXSDgGlyhSU-HDFgRDr51/view.

CONCLUSION AND DISCUSSION

This work emphasizes the importance of problem
triviality in designing problem generators and using a
problem library for bilevel optimization problems, which
can lead to the meaningless comparison and evaluation
of different solvers, an issue that has been largely over-
looked in previous research.

It is worth noting that while the effects of various
constraints were also examined, the interaction is more
complicated, and no clear trends were observed. A more
detailed analysis represents a compelling topic for future
research. We acknowledge that our study examines only
a limited subset of bilevel problem structures. Future
studies will delve into a broader range of bilevel problem
structures to gain a deeper understanding of how various
parameters influence triviality and its effect on algorithm
benchmarking and development.

The proposed bilevel problem generator and library
aims to enhance the robustness of continuous and
mixed-integer bilevel optimization algorithm testing by
ensuring that the generated problems provide a mean-
ingful challenge to the algorithms, and accelerate the de-
velopment of efficient solvers for complex, real-world bi-
level optimization problems.
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