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ABSTRACT

Pressure swing adsorption (PSA) is an energy-efficient technology for gas separation, while the
multi-objective optimization of PSA is a challenging task. To tackle this, we propose a hybrid op-
timization framework, which integrates three steps. In the first step, we establish surrogate models
for the constraints using Gaussian processes (GPs) and employ multi-objective Bayesian optimi-
zation to search for feasible points that satisfy the constraints. In the second step, we establish
surrogate models for the objective function and constraints using GPs and utilize constrained
multi-objective Bayesian optimization to search for an approximate Pareto front. In the third step,
we perform a local search based on the approximate Pareto front. By employing the trust region
filter method, we construct quadratic models for each constraint and objective function and refine
the Pareto front to achieve local optimality. This framework demonstrates the efficiency of Bayes-
ian optimization and the local optimality of the trust region method. A comparison with the popular
evolutionary algorithm, Nondominated Sorting Genetic Algorithm Il (NSGA-II), showed that this
framework had a higher hypervolume of the Pareto front while halving the runtime and reducing
the number of simulations by a factor of 20.

Keywords: Pressure swing adsorption, data-driven optimization, machine learning, multi-objective optimiza-

tion

INTRODUCTION

Optimizing large-scale partial differential algebraic
equation (PDAE) systems has always been a challenging
task in chemical engineering. In recent years, there has
been an increasing demand for multi-objective optimiza-
tion of PDAE systems with coupled constraints. There-
fore, it is necessary to develop an optimization frame-
work that can be used to solve such problems. The main
challenges in optimizing PDAE systems with coupled
constraints include:

1. The coupled constraints with PDAEs make it diffi-
cult to obtain feasible solutions.

2. Solving PDAEs is very expensive, and satisfactory
Pareto fronts need to be obtained within a limited
number of solution iterations.

3. The gradient is difficult to obtain, which greatly re-
stricts the use of gradient-based algorithms.

https://doi.org/10.69997/sct.123607

Pressure swing adsorption (PSA) for gas separation
is a typical PDAE problem and the most common research
subject. Researchers preferred to use Artificial Neural
Networks to construct surrogate models and use Non-
dominated Sorting Genetic Algorithm Il (NSGA-II) [1] for
solving it [2]. While employing this approach can lead to
an enhanced Pareto front, it necessitates the utilization
of numerous PDAE problem solutions for acquiring train-
ing samples. Recently, Hao et al. [3] developed a hybrid
optimization framework efficiently solving unconstrained
PSA optimization problems using the Thompson sampling
efficient multi-objective optimization (TSEMO) algorithm
and DyQOS, but it cannot handle PSA problems with cou-
pled constraints. Pini et al. [4] used penalty function
method to handle coupled constraints, but the selection
of penalty function parameters becomes a new issue.

Therefore, we will develop a hybrid optimization
framework that combines the advantages of multi-objec-
tive Bayesian optimization and local search to handle
large PDAE problems with coupled constraints. This
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framework can obtain a satisfactory Pareto front within a
limited budget and handle challenging coupled con-
straints.

PROBLEM STATEMENTS

A PSA process usually operates cyclically with at
least three steps: high-pressure adsorption, low-pres-
sure desorption and pressurisation. Additional steps,
such as pressure equalisation, rinse, and purge, are often
incorporated to improve process performance. Figure 1
presents an example of the four-step PSA cycle for
CO2/N2 separation from Haghpanah et al. [5], which com-
prises feed pressurisation, adsorption, blowdown and
evacuation.
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Figure 1. Schematic representation of the four-step PSA
cycle for CO2/N2 separation
The problem can be stated as follows,
Given:
1. The number of adsorption bed, adsorbent layers.

2. Feed conditions such as flow rate, composition,
temperature, and pressure.

3. Bed configuration, physical properties of the ad-
sorbent and the corresponding adsorption iso-
therms.

4. Product purity requirement.
Determine:
1. The time for each step.

2. Operating conditions, such as operating pressures
and flow velocity.

Assumptions:
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= Gas phase follows ideal gas law.
= Non-isothermal adsorption process.
»= The bulk flow pattern follows a plug flow model.

»= The adsorption equilibrium is described by a dual-
site Langmuir model with pure component
isotherms dependent on gas phase concentration.

= The mass transfer is described by a linear driving
force (LDF) model where the mass transfer
resistance is controlled by the molecular diffusion
in the macropores.

= The heat of adsorption of each gas component is
constant.

= |nstantaneous heat transfer between bulk fluid and
adsorbent.

Uniform bed with constant bed void fraction,
particle porosity and particle size.

No radial gradients in concentration, temperature,
or pressure.

The objectives are to minimize energy cost and
maximize productivity simultaneously while meeting cy-
clic steady-state (CSS) condition and requirements of
product purity and recovery.

The dimensionless form of the PSA rigorous model
equations from Liao et al. [6] is used in this work, which
is a simplified version from that in Haghpanah et al. [5].
This is because the simplified model effectively captures
the full dynamics of the PSA system without loss of ac-
curacy whilst markedly improving simulation efficiency
[6]. The PSA model equations are presented in Eqs(1-6).
This model consists of PDEs that govern conservation of
mass, momentum and bed energy, an ODE for calculating
the fractional solid loading, complemented by the dual-
site Langmuir adsorption isotherms and the Ergun equa-
tion that establishes the correlation between the pres-
sure gradient and the local interstitial velocity. Two addi-
tional assumptions are made as follows in the model of
Liao et al. [6]:

= The impact of axial dispersion is omitted.

= The column wall temperature is held constant at

298.15K.
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All decision variables (denoted as x) must satisfy
their respective lower and upper bounds (Table 1).

X, <x < xy (7)

Table 1: Bounds of decision variables.

Variable Lower bound Upper bound
tads [S] 20 100
tba [S] 30 200
tevac [S] 30 200
P. [bar] 0.1 0.5
P [bar] 0.13 3
Py [bar] 1 10
Vieea [M/S] 0.1 2

Some logical constraints may be imposed for the
operating pressures to avoid unrealistic pressure values.

P> P, +AP (8)
Py = P, + AP (9)

where AP is defined as the minimum allowable difference
between P, P, and Py. In this work, AP =0.01bar. The ob-
jectives are to minimize energy cost and maximize
productivity simultaneously while meeting CSS condition
and requirements of product purity and recovery, which
can be calculated below,

"ggzzc,out

Purlty = nevac 4 pevac
COz,0ut Np,out

x 100% (10)

where nZgl%,, and ng’%,, are the amounts of COz and Nz
extracted during the evacuation step, respectively.

Recovery = _Eou

Y M

x 100% (1)

where ng,”%, and ngg’ ,, are the amounts of CO: fed in the

pressurization and adsorption steps.
CSS condition = st(t) — st(t + toycre) < € (12)

where st(t) and st(t + tcye.) is defined as the state vari-
ables at a given time t, and ¢ represents the tolerance
vector.
Productivity = [icOzout (13)
Vbed'tcycle

where V., is the volume of the adsorption bed, and t.y.
is the total amount of time required for one complete cy-
cle.

. EqdastEpa+E, +E
Energy consumption = —=—"__22¢ 7% (14)

evac
mCOz,out
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where Euqs, Epg, Eevac @nd Ep,.s are the amounts of en-
ergy consumed by the four steps, and mgg:5,,, represents
the mass of CO2 extracted during the evacuation step.

The multi-objective optimization problem (denoted
as MOOP) can be stated as follows,

(MOOP) max Productivity
min Energy consumption

s.t. Egs. (1)-(6)
Egs. (7)-(14)
Purity=95%
Recovery=90%
Boundary conditions

The multi-objective optimization (MOOP) is difficult
to solve due to the challenge of meeting two coupled
constraints and the high cost of simulations. The two
constraints, purity and recovery of CO; product, conflict
with each other and are difficult to satisfy simultaneously.
Moreover, the expensive PDAE solving process requires
the use of efficient surrogate models to reduce optimiza-
tion time. Therefore, it is necessary to develop a hybrid
framework to efficiently optimize the PSA process de-
sign.

HYBRID OPTIMIZATION FRAMEWORK

A hybrid optimization framework is developed to
solve the PSA problem. This framework combines multi-
objective Bayesian optimization with a trust region algo-
rithm, leveraging the strengths of both to solve expensive
constrained multi-objective black-box problems within
acceptable computational resources. Multi-objective
Bayesian optimization (MOBO) is a global optimization al-
gorithm that constructs surrogate models based on vali-
dated data points using a Gaussian process and updates
the surrogate model by incorporating new validated
points obtained in each iteration. In each iteration, an ac-
quisition function is used as the evaluation criterion to
determine the next sampled point for validation. There-
fore, multi-objective Bayesian optimization can be used
for efficient global search. Conversely, the trust region
filter method (TRF) used in this work, constructs a quad-
ratic surrogate model within a region defined by the trust
radius to obtain a local optimal solution. The trust radius
and center point are then adjusted based on the optimal
solution, iteratively, until the hypervolume increment falls
below a specified threshold. Therefore, this trust region
algorithm is local, deterministic, and derivative-free. The
hybrid framework combines these two approaches, exe-
cuting a "rough to refined" search strategy to efficiently
solve expensive black-box problems. Figure 2 shows the
overall optimization process.
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PSA process optimization

The framework consists of three steps:

1. Searching for feasible points under unconstrained
conditions using the multi-objective Bayesian op-
timization algorithm.

2. Searching for a rough Pareto front that satisfies
the constraints based on the feasible points.

3. Obtaining an accurate Pareto front based on the
rough Pareto front using the trust region method.

In the first step, our objective is to obtain feasible
combinations of decision variables (feasible points) that
satisfy the constraints. To achieve this, we treat the PSA
problem as an unconstrained problem (in this phase, the
decision variables remain unchanged, while the objective
function becomes the two constraints: purity and recov-
ery). In this way, we can use a multi-objective Bayesian
optimization algorithm (e.g., TSEMO [7]) for solving.
TSEMO first uses Latin hypercube sampling to randomly
sample this black-box problem (in this experiment, 35 in-
itial sampling points are extracted). After obtaining the
starting point set, Gaussian surrogate models are con-
structed for each of the two constraints. After determin-
ing the acquisition function, NSGA-Il is used for optimiza-
tion. During the optimization process, we need to add two
constraints (purity=95%, recovery=90%) to ensure that
the obtained points satisfy the two constraints as much
as possible. Then, new data points are validated, and the
data set is updated. The new data set is used to con-
struct a new Gaussian surrogate model, and this process
repeats iteratively. After multiple iterations, we obtain a
set of points that satisfy the constraints of purity and re-
covery.

In the second step, our objective is to obtain a rough
Pareto front concerning energy consumption and
productivity. We still use a specialized multi-objective
Bayesian optimization (MOBO) to construct a surrogate
model for solving this problem. First, we select a refer-
ence point P..., (Productivity=0, Energy consump-
tion=600kW-h/ton) and calculate the current hypervol-
ume based on the feasible point set. Then, we use the
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entire data set to construct Gaussian surrogate models
for purity, recovery, energy consumption, and productiv-
ity. The hypervolume improvement expectation with con-
straints is used as the acquisition function. This hyper-
volume improvement expectation can be expressed as:

EHVI.oy, = I. - EHVI (15)

where I, represents the probability of satisfying the
purity and recovery constraints [8], and EHVI represents
the hypervolume improvement expectation under uncon-
strained conditions [9]. We use NSGA-II to optimize the
acquisition function and determine the next evaluation
point. After simulation, the data set, Gaussian surrogate
model, and hypervolume are updated, and this process
repeats iteratively. After multiple cycles, we obtain a
rough Pareto front.

In the third step, our goal is to optimize the Pareto
front. After the two steps of rough search, we have ob-
tained points that satisfy the constraints and a rough Pa-
reto front. However, there great gaps between the points
on the Pareto front, and the hypervolume can improve
further. Therefore, we need to use local search to further
improve the Pareto front. We use the trust region method
[10,11] to enhance the Pareto front. First, we select the
points on the Pareto front and construct four local quad-
ratic surrogate models (for purity, recovery, energy con-
sumption, and productivity) within a predetermined trust
radius. Based on these quadratic surrogate models, we
construct a function for hypervolume increment and find
the maximum value of hypervolume increment within the
trust region. After validation, if the point significantly im-
proves the hypervolume, the trust radius is increased; if
the point slightly improves the hypervolume, the trust ra-
dius remains unchanged; if the point cannot improve the
hypervolume, the trust radius is reduced. The termination
conditions are set to an improvement less than 10-3. After
performing this process for each point in the trust region,
the algorithm terminates, and we obtain the final Pareto
front. Figure 3 shows the workflow of the hybrid optimi-
zation framework.

RESULTS AND DISCUSSION

As a comparison, we use NSGA-II to solve this prob-
lem to verify the computational efficiency and accuracy
of this framework. In the hybrid optimization framework
mentioned above, the first step employs the TSEMO al-
gorithm implemented in MATLAB, while the second and
third steps utilize optimization algorithms implemented in
Python. The PSA numerical simulation model is solved in
MATLAB, and the results are called through MALAB En-
gine API. All experiments were conducted on an Intel
computer with 16 cores and 32GB memory. The Python
version used was 3.10.0, and the MATLAB version was
2023a.
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Figure 3. Workflow of the hybrid optimization framework
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The first step of this hybrid optimization framework
is to efficiently search for feasible points using multi-ob-
jective Bayesian optimization. In this step, we utilize the
TSEMO algorithm as the external optimizer. To initialize
the TSEMO algorithm, 35 sets of decision variables were
randomly selected using Latin hypercube sampling and
numerically simulated to obtain corresponding outputs.
These data sets were used to train Gaussian process
models. Based on these Gaussian processes, TSEMO
evaluates the decision variable combinations that are
most likely to satisfy the constraints and performs simu-
lations. Subsequently, the simulation results are added to
the entire data set to update the GP model for the next
iteration. In this case, we conducted 300 simulations in
the first step and recorded the increasing trend in the
number of feasible points. When we conducted 300 sim-
ulations, we obtained 44 feasible points. However, con-
ducting excessive simulations in the first step would pro-
long the time for building the Gaussian process model in
the second step. Moreover, 44 feasible points are al-
ready sufficient to establish the hypervolume reference
for productivity and energy consumption. To balance the
efficiency of the second step's search, we only use 300
simulations in the first step before proceeding to the sec-
ond step. In this step, with a wall time of 1.5 hours, an
initial Pareto front with a hypervolume of 194.55 was ob-
tained.

In the second step of this hybrid optimization frame-
work, we optimize the original problem based on the fea-
sible points obtained using multi-objective Bayesian op-
timization (MOBQO). Firstly, we calculate the initial hyper-
volume reference value using the feasible points ob-
tained in the first step. Then, we establish a multi-output
Gaussian process model using all the data points. Using
the EHVI,,,, acquisition function, we search for the next
set of decision variable combinations that are most likely
to make progress. After performing simulations, we re-
calculate the hypervolume and update the data set and
Gaussian process for the next iteration. In the second
step, we conducted 600 simulations and obtained a
rough Pareto front that cannot guarantee local optimality.
As the number of simulations increases, the hypervolume
also stabilizes and increases. However, after surpassing
500 simulations, the growth trend of the hypervolume
noticeably slows down. It can be observed that when the
number of simulations reaches 600, the efficiency of im-
proving the hypervolume becomes extremely low. There-
fore, we decided to stop the multi-objective Bayesian op-
timization at 600 simulations and proceed to the third
step, where we use a local optimization algorithm to re-
fine the Pareto front. In this step, with a wall time of 5.9
hours, a Pareto front with a hypervolume of 358.13 was
obtained.

In the third step, the trust region filter method, a de-
rivative-free local optimization method, will be employed
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to enhance the hypervolume. The feasible points on the
rough Pareto front obtained in the second step will serve
as the starting points for the search. Sampling within the
trust region of these points, local quadratic models will
be constructed to optimize the hypervolume. After each
iteration, the hypervolume will be recalculated, and the
process will continue until the convergence condition is
met. A total of 5737 simulations were conducted in the
local search. In this step, with a wall time of 12.8 hours (8
cores), a Pareto front with a hypervolume of 429.28 was
obtained.

To assess the performance of this hybrid optimiza-
tion framework, we also employed NSGA-II to solve the
problem. We utilized NSGA-II to solve the problem three
times, selecting the best result from the obtained set. In
the process of solving the problem with NSGA-II, a total
of 600 iterations were executed. Each iteration consisted
of a population of 250, calculated using 8 cores, taking a
wall time of 44.3 hours. The resulting hypervolume of the
Pareto front obtained was 373.73. Figure 4 shows the
Pareto fronts of the hybrid optimization framework and
NSGA-II. Table 3 presents a comparative analysis of the
optimization performance between the hybrid optimiza-
tion framework and NSGA-Il. The results demonstrate
that the hybrid approach yielded a 14% increase in hy-
pervolume and a 62.5% augmentation in the number of
Pareto front solutions relative to NSGA-II. The hybrid op-
timization framework demonstrates the ability to identify
feasible points with an energy consumption close to 500
and a productivity of 5, showing superior global search
capability compared to NSGA-II under limited wall time.
Additionally, the search time of the hybrid optimization
framework is only half of the wall time of NSGA-II, indi-
cating significantly higher search efficiency. In summary,
the hybrid optimization framework developed in this
study effectively addresses the multi-objective optimiza-
tion problem with coupled constraints.

570 1
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560 ®  Hybrid

550

540

530

520

510

Energy consumption (KW-h/ton)
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1 1.5 2 25 3 35 4 45 5 5.5
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Figure 4. Hypervolume comparison between hybrid
optimization framework and NSGA-II
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Table 3: Performance Comparison

Method Hybrid optimiza- NSGA-II
tion framework
Wall time (h) 20.2 44.3
CPU time (h) 109.8 364.4
Hypervolume 429.28 376.73
Npp 143 88
N 6672 150000

Syst Control Trans 4:1579-1585 (2025)

Npr represents the number of points on the Pareto front, and N
is the number of rigorous model evaluations conducted.

Compared to the framework developed by Hao et al
[3], this hybrid framework has two major advantages.
Firstly, this method has improved the coarse search pro-
cess, making it capable of handling multi-objective opti-
mization problems with coupled constraints. On the other
hand, Hao et al's framework [3] can only handle uncon-
strained multi-objective optimization problems. Sec-
ondly, this method uses the trust region method for fine
search without using derivative information from dynamic
systems, significantly improving computational effi-
ciency. In contrast, Hao et al's framework [3] used the
derivative-based DyOS algorithm for deterministic opti-
mization. There are many limitations when using DyOS,
including the reduction of decision variables and changes
to CSS criteria, which may affect the results.

CONCLUSIONS

The main challenge in solving the design problems
of chemical engineering processes, represented by the
PSA process, is the high computational cost. Hence, it is
imperative to develop an optimization framework capable
of efficiently exploring the Pareto set for design prob-
lems. In this work, a hybrid optimization framework was
developed, which can efficiently and quickly solve the
CO2 capture pressure swing adsorption problem. In the
case study of PSA optimization design, this framework
has achieved superior Pareto fronts while requiring only
half the time compared to NSGA-II. In future research, we
will focus on improving the coarse search step of this
method to enhance the accuracy and efficiency of the
coarse search while increasing compatibility with parallel
computing.
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