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ABSTRACT 
Currently, state-of-the-art approaches to solving complex optimization problems have focused 
solely on methods requiring high computational time and unable to find the global optimal solution. 
In this work, a methodology based on quantum computing is presented to overcome these draw-
backs. The novelty of this framework stems from the quantum computer’s architecture and taking 
into consideration the quantum phenomena that take place to solve optimization problems with 
specific structure. The proposed methodology includes steps for the transformation of the initial 
optimization problem into an unconstrainted optimization problem with binary variables and its 
embedding onto a quantum device. Moreover, different resolution levels for the transformation 
step and different architectures for the embedding process are utilized. To illustrate the proce-
dure, a case study based on Haverly’s pooling and blending problem is examined while demon-
strating the potential of the proposed approach. The results indicate that the succinct formulation 
exhibited higher success rate during the embedding procedure for the different examined archi-
tectures, and the quantum annealing solver exhibited the best performance among the various 
solvers investigated. This highlights the potential of the approach for solving this type of problems 
with the rapid development and improvement of quantum hardware and expanding it to more 
complex chemical engineering optimization systems. 
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1. INTRODUCTION 
Combinatorial optimization (CO) is a branch of 

mathematical optimization that is applied for a broad set 
of applications in the fields of industrial engineering, 
transportation or manufacturing. Finding the global solu-
tions for this type of problems is challenging, due to its 
NP-hard nature [1]. 

In real-world applications, processes are described 
by highly nonlinear and nonconvex expressions leading 
to an exponential growth of the number of local solutions 
as the number of variables increases [2]. 

Several strategies, based on classical optimization 
techniques, heuristics and neural network methods, have 
been proposed to solve optimization problems [3]. None-
theless, these state-of-the-art methods exhibit the fol-
lowing limitations: 

1. High computational timeframes are required in 
deterministic optimization algorithms. 

2. Solution quality is not guaranteed in heuristic ap-
proaches, leading to suboptimal results. 

3. The training and the tuning of the neural net-
works, as well as the use of small instances of problems 
affects the solution. 

Quantum computing (QC) is a rapidly growing re-
search field and promising technology that differentiates 
itself from classical computers and utilize quantum phe-
nomena such as entanglement and superposition to per-
form calculations and simulations. QC is capable of 
providing polynomial-time solutions for problems in the 
BQP (bounded error, quantum, polynomial time) com-
plexity class [4]. 

To address these drawbacks, this contribution pro-
poses a solution framework, based on QC, that involves 
formulating the original optimization problem as a Quad-
ratic Unconstrained Binary Optimization (QUBO) problem 
and embedding it onto a quantum device.  

The remainder of the contribution is structured as 
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follows: in Section 2 the methodology for reformulating 
the CO problem into QUBO is presented. The proposed 
solution framework is applied for a case study in Section 
3. The key results and future work required are summa-
rized in Sections 4 and 5, respectively. 

2. METHODOLOGY 
In the first step, the original CO problem is formu-

lated as a QUBO problem, where continuous and integer 
variables are transformed into binaries and its formula-
tion is given by: 

min
𝑥𝑥
𝑥𝑥𝑥𝑥𝑥𝑥𝑇𝑇 , 𝑥𝑥 ∈ {0,1}    (1) 

where 𝑥𝑥 represents the vector of binary decision varia-
bles and 𝑄𝑄 is a square matrix of constants. 

To construct the 𝑄𝑄 matrix, additional steps are re-
quired such as: the transformation of inequality con-
straints into equalities, the removal of bilinear terms and 
the introduction of quadratic penalty terms, as shown in 
Figure 1. 

The QUBO problem, defined by Eq. (1), is subse-
quently solved using Quantum Annealing (QA) in a quan-
tum adiabatic environment. QA is a model of quantum 
computation that utilizes quantum fluctuations to search 
for ground state solutions of the CO problem that is en-
coded as a Hamiltonian by applying a transverse field [5]. 
Furthermore, QA in D-Wave systems utilizes the QUBO 
formulation for optimization problems, supports over 
5,000 physical qubits, and can efficiently explore the so-
lution space by overcoming local minima.  

Apart from QA, the D-Wave suite offers different so-
lution approaches that can be utilized to solve QUBO 
such as the multistart Tabu search (TS) and qboslv (TN) 
solvers. TS is based on memory-based strategies, and 
explores regions of the solution space and prevents the 
recurrence of recent moves. TN partitions the original 
problem into smaller sub-problems defined by the algo-
rithm which are solved by simulated annealing (SA). Fur-
thermore, the user can define the size of the sub-prob-
lem (TSN-x solver), where x represents the maximum 
number of variables allowed in each subproblem. 

 
Figure 1. Tranformation procedure of the PBP into QUBO 

After the QUBO transformation, an embedding pro-
cedure onto the QA hardware is required to find the op-
timal solution, involving mapping the graph described by 
the QUBO problem as a minor of the graph representing 

the qubit lattice of the QA system.  
To achieve this, Chimera and Pegasus topology unit 

cells are used to attain connectivity among the qubits 
which are available in D-Wave systems. These embed-
ding architectures depend on QA hardware design, and 
parameters such as the largest complete subgraph of an 
arbitrary problem system (maximal clique size) and the 
number of nodes in one half of the bipartite cell (shore 
size).  

The benefits of the proposed solution scheme are 
summarized below: 

• The QA framework has the ability to explore the 
solution space more broadly and not get stuck in a local 
solution through quantum tunneling.   

• Multiple states can be simultaneously explored 
during the annealing process, reducing the required com-
putational time due to quantum superposition.  

3. COMPUTATIONAL RESULTS 
In this section, a case study based on Haverly’s 

pooling and blending problem (PBP) [6] is examined using 
the proposed methodology. This problem is selected due 
to its non-convex nature and the existence of bilinear 
terms, which can result in multiple local minima. Further-
more, PBPs are easily scalable in terms of complexity, as 
the problem definition can be readily expanded to include 
additional streams, products, and pools. 

All the simulations are performed in Python, where 
the NetworkX package is used for creating and analyzing 
the Chimera and Pegasus graph objects and the D-
Wave’s Ocean software for embedding and solving the 
QUBO problem. 

The p-formulation of the PBP including three rea-
gent streams, two product streams, and one pool in 
which two reagents are blended is given by: 

min𝐹𝐹𝐴𝐴𝐶𝐶𝐴𝐴 + 𝐹𝐹𝐵𝐵𝐶𝐶𝐵𝐵 + 𝐹𝐹𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 + 𝐹𝐹𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 + 𝐹𝐹𝑋𝑋𝐶𝐶𝑋𝑋 + 𝐹𝐹𝑌𝑌𝐶𝐶𝑌𝑌 (2a) 

s. t.  𝐹𝐹𝑝𝑝𝑝𝑝 + 𝐹𝐹𝑝𝑝𝑝𝑝 − 𝐹𝐹𝐴𝐴 − 𝐹𝐹𝐵𝐵 = 0   (2b) 

    𝐹𝐹𝑥𝑥 − 𝐹𝐹𝐶𝐶𝐶𝐶 − 𝐹𝐹𝑝𝑝𝑝𝑝 = 0    (2c) 

    𝐹𝐹𝑦𝑦 − 𝐹𝐹𝐶𝐶𝐶𝐶 − 𝐹𝐹𝑝𝑝𝑝𝑝 = 0   (2d) 

  𝑆𝑆𝑝𝑝𝐹𝐹𝑝𝑝𝑝𝑝 + Sp𝐹𝐹𝑝𝑝𝑝𝑝 − SAFA − SBFB = 0  (2e) 

  𝑆𝑆𝑝𝑝𝐹𝐹𝑝𝑝𝑝𝑝 + SC𝐹𝐹𝐶𝐶𝐶𝐶 − SxFx ≤ 0   (2f) 

  𝑆𝑆𝑝𝑝𝐹𝐹𝑝𝑝𝑝𝑝 + SC𝐹𝐹𝐶𝐶𝐶𝐶 − SyFy ≤ 0    (2g) 

  𝐹𝐹𝑥𝑥 − 100 ≤ 0    (2h) 

  𝐹𝐹𝑦𝑦 − 200 ≤ 0    (2i) 

where 𝐹𝐹𝐴𝐴, 𝐹𝐹𝐵𝐵, 𝐹𝐹𝐶𝐶𝐶𝐶, and 𝐹𝐹𝐶𝐶𝐶𝐶 are the feed streams, 𝐹𝐹𝑝𝑝𝑝𝑝 and 
𝐹𝐹𝑝𝑝𝑝𝑝 are the pool streams, 𝐹𝐹𝑥𝑥 and 𝐹𝐹𝑦𝑦 denote the product 
streams, and 𝑆𝑆𝑥𝑥 and 𝑆𝑆𝑦𝑦 represent the product composi-
tion. The values of parameters for the examined Haverly 
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PBP are given in Figure 2.  

 
Figure 2. Schematic representation of Harvely PBP 

Following the steps illustrated in Figure 1, the refor-
mulated PBP can be written as: 

min𝐹𝐹𝐴𝐴𝐶𝐶𝐴𝐴 + 𝐹𝐹𝐵𝐵𝐶𝐶𝐵𝐵 + 𝐹𝐹𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 + 𝐹𝐹𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 + 𝐹𝐹𝑥𝑥𝐶𝐶𝑥𝑥 + 𝐹𝐹𝑦𝑦𝐶𝐶𝑦𝑦 +

𝑃𝑃 ��𝐹𝐹𝑝𝑝𝑝𝑝 + 𝐹𝐹𝑝𝑝𝑝𝑝 − 𝐹𝐹𝐴𝐴 − 𝐹𝐹𝐵𝐵�
2 + �𝐹𝐹𝑥𝑥 + 𝐹𝐹𝐶𝐶𝐶𝐶 − 𝐹𝐹𝑝𝑝𝑝𝑝�

2 + �𝐹𝐹𝑦𝑦 + 𝐹𝐹𝐶𝐶𝐶𝐶 −

𝐹𝐹𝑝𝑝𝑝𝑝�
2 + (𝑇𝑇𝑥𝑥 + SCFCx − SxFx + Γ3)2 + �𝑇𝑇𝑦𝑦 + SCFCy − SyFy +

Γ4�
2 + �𝑇𝑇𝑥𝑥 + 𝑇𝑇𝑦𝑦 − 𝑆𝑆𝐴𝐴𝐹𝐹𝐴𝐴 − 𝑆𝑆𝐵𝐵𝐹𝐹𝐵𝐵�

2 + (𝐹𝐹𝑥𝑥 − 100 + Γ1)2 +

�𝐹𝐹𝑦𝑦 − 200 + Γ2�
2 + ∑ ∑ �𝐹𝐹𝑝𝑝𝑝𝑝,𝑖𝑖𝑆𝑆𝑝𝑝,𝑗𝑗 − 2𝑇𝑇𝑥𝑥,𝑖𝑖𝑖𝑖𝐹𝐹𝑝𝑝𝑝𝑝,𝑖𝑖 −

𝑛𝑛𝑠𝑠𝑠𝑠
𝑗𝑗=1

𝑛𝑛𝑓𝑓𝑓𝑓𝑓𝑓
𝑖𝑖=1

2𝑇𝑇𝑥𝑥,𝑖𝑖𝑖𝑖𝑆𝑆𝑝𝑝,𝑗𝑗 + 3𝑇𝑇𝑥𝑥,𝑖𝑖𝑖𝑖� + ∑ ∑ �𝐹𝐹𝑝𝑝𝑝𝑝,𝑖𝑖𝑆𝑆𝑝𝑝,𝑗𝑗 − 2𝑇𝑇𝑦𝑦,𝑖𝑖𝑖𝑖𝐹𝐹𝑝𝑝𝑝𝑝,𝑖𝑖 −
𝑛𝑛𝑠𝑠𝑠𝑠
𝑗𝑗=1

𝑛𝑛𝑓𝑓𝑓𝑓𝑓𝑓
𝑖𝑖=1

2𝑇𝑇𝑦𝑦,𝑖𝑖𝑖𝑖𝑆𝑆𝑝𝑝,𝑗𝑗 + 3𝑇𝑇𝑦𝑦,𝑖𝑖𝑖𝑖��   (3) 

where Γ1 −  Γ4 are the slack variables, 𝑃𝑃 is the penalty pa-
rameter, and 𝑇𝑇𝑥𝑥 and 𝑇𝑇𝑦𝑦 are the binary transformation var-
iables for the removal of bilinear terms 𝑆𝑆𝑝𝑝𝐹𝐹𝑝𝑝𝑝𝑝 and 𝑆𝑆𝑝𝑝𝐹𝐹𝑝𝑝𝑝𝑝, 
respectively. 

In the following, two transformations have been uti-
lized: a verbose transformation, in which the discretized 
variables are expanded to allow for greater precision, and 
a succinct transformation, where each variable is con-
strained to integer values. 

In both formulations, the number of binary variables 
is determined based on the required precision for ex-
pressing the continuous variables of the Haverly’s PBP. 
Furthermore, the slack variables introduced to transform 
the inequality constraints to equalities utilize more qubits 
compared to the continuous to prevent the imposition of 
suboptimal values. Based on this protocol, the succinct 
formulation needed approximately two-thirds fewer bi-
nary variables to represent the problem compared to the 
verbose formulation. This reduction can be attributed to 
the decrease in the number of transformation variables 
required to eliminate the bilinear terms present in Eqs. 2e 
– 2g. Table 1 presents some of the parameters of the re-
sulting succinct and verbose formulations. 

Once the QUBO transformation is obtained, the em-
bedding process is employed to insert the reformulated 
optimization problem into the lattice of qubits that form 
the quantum processing unit. In this study, the Chimera 
and Pegasus graphs are used for the embedding. To suc-
cessfully insert the QUBO to the QA, the value of the 
maximal clique is required. The maximal cliques for both 

qubit architectures are obtained using the Bron and Ker-
boch algorithm [7] and found to be 75 and 30 for the ver-
bose and succinct formulations, respectively, as shown 
in Table 1. 

Table 1: Succinct and verbose QUBO characteristics for 
the Haverly’s PBP 

Parameter Verbose Succinct 
Binaries for  
continuous variables  

  

Binaries for  
slack variables 

  

Binaries for  
transformation variables 

  

Maximum clique size   
Q matrix size   
Non-zero matrix elements   
Total binary combinations × × 

4. RESULTS AND DISCUSSION 
All the simulations for the reformulation of the PBP 

are performed in Python using the D-Wave Ocean 
toolbox [8], where SA, TS, TN and TSN-x solvers as well 
as the Pegasus and Chimera topologies are used to solve 
the succinct and the verbose formulations. As a refer-
ence case, the QUBO problem is solved using the Multi-
start and GlobalSearch solvers available in MATLAB’s 
Global Optimization (GO) toolbox. After the execution of 
each solver, a sample set is returned and the set with the 
most occurrences among the collected data is returned 
as the best solution.  

4.1 PBP embedding procedure 
In this subsection, the performance of the different 

embedding architectures is examined and compared. 
Apart form the calculation of the maximum clique value, 
there are other features that affect the performance of 
the embedding procedure, such as the number of units, 
shore size, and the unit’s height and width.  

In the Chimera graph architecture, two different 
cases are examined. In the first case, the shore size is 
fixed to the value of 4 and the height and the width of the 
graph varied in integer increments from 16 to 26 with the 
structure remaining symmetric. In the second case, the 
graph’s height and width kept constant to 16 and the 
shore size varied in integer increments from 4 to 10. In 
both cases, the probability and the time required to em-
bed the problem system into the Chimera graph are ob-
tained.  

It can be observed that the verbose formulation re-
quires a high number of qubits compared to the succinct 
formulation for a successful embedding, as shown in Fig-
ure 3. Furthermore, the verbose architecture failed to 
embed on any of the Chimera graphs with shore size 
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equal to 4 and varying graph’s height and width.  
Figure 4 presents the required wall clock for suc-

cessful embedding. The succinct architecture exhibits 
rapid convergence in the range of 20-30 seconds with a 
standard deviation of 15-30 seconds. On the other hand, 
the verbose embedding requires higher average embed-
ding times and standard deviations.  

It can be concluded that when the embedding is 
successful, the embedding time will converge, with the 
rate of convergence being influenced by the system’s 
connectivity. 

 
Figure 3. Required time for successful embedding in a 
Chimera graph as a function of qubit number 

 
Figure 4. Propability for the problem system in a Chimera 
graph as a funtion of qubit number 

 
Figure 5. Required time for successful embedding in a 
Pegasus graph as a function of qubit number 

 
Figure 6. Propability for the problem system in a Pegasus 
graph as a funtion of qubit number 

The same procedure is used for the Pegasus con-
figuration where the graph’s size parameter is varied in 
integer increments from 10 to 16. It can be seen that the 
succinct formulation is successfully embedded for all the 
sizes, whereas the verbose formulation only when the 
number of qubits is 3,700 and above, as shown in Figure 
5. 

Contrary to the behaviour observed for the Chimera 
embedding, Figure 6 illustrates that the required wall 
clock time as well as the standard deviation for the em-
bedding step increases with the increase in the number 
of qubits.  

4.2 Penalty multiplier value selection 
As mentioned in Section 2, a penalty term is intro-

duced during the QUBO transformation procedure to en-
force constrained behaviour without the use of con-
straints.  The selection of the appropriate 𝑃𝑃 value is a 
non-trivial task because there is a trade-off between en-
forcing constrained behaviour that usually requires large 
values and retaining the objective function information 
[9]. 

For this task, the optimal value of the penalty multi-
plier was found by solving the verbose and succinct for-
mulations of the problem at different values ranging from 
75% to 150% of the optimal objective function value, 𝑓𝑓∗ 
(which is equal to -400), in 5% increments. Each system 
was solved using 40 calls and the obtained values were 
processed to yield the unweighted objective function 
value, given by: 

𝑓𝑓̅ = �𝑓̂𝑓−𝑐𝑐�
𝑘𝑘

     (4) 
where 𝑐𝑐 is a constant representing the total sum of the 
constant cross terms from the quadratic penalties and 𝑘𝑘 
is a constant ranging from 0.75 to 1.5.  
 In Figure 7, it can be observed that the succinct for-
mulation of the QUBO problem is solved more easily than 
the verbose formulation. Furthermore, this effect is most 
clear in the TN method, while for the TSN-x method is the 
least evident. 

As far as the constraint violation is concerned, the 
verbose formulation demonstrates lower values com-
pared to the succinct, as shown in Figure 8. Furthermore, 
SA and TS solvers exhibit the highest and the lowest 
value for the squared constraint violation, respectively. 

It should be noted that none of the solvers returned 
negative solutions and consequently corresponding all to 
a setup that would be unprofitable or physically impossi-
ble. For each solver, the optimal value of the penalty pa-
rameter was obtained by calculating a composite rank 
that is equally weighted in terms of the objective function 
value and constraint violations. The obtained results of 
the ranking method are shown in Table 2.  
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Figure 7. Avarage unweighted objective function value  

 
Figure 8. Mean sum of squared constraint violation 

Table 2: Penalty multiplier values 𝑃𝑃 as a % of the objective 
function values that yielded the lowest composite score  

Formulation SA TS TN TSN-x 
Verbose  % % % % 
Succinct % % % % 

4.3 QUBO solution 
Based on the penalty multiplier values determined in 

Section 4.2, both the succinct and verbose formulations 
were created and each problem system is solved using 
all the aforementioned solvers, using a total of 500 calls 
and 10,000 initial points. For the GO solvers, the findings 
indicate that the inclusion of penalty terms enhances the 
complexity of the resulting system due to the bilinear 
transformation, thereby making it more challenging to 
solve. 

Tables 3 and 4 present the statistics for the verbose 
and the succinct of the PBP formulation. It can be seen 
that the succinct formulation delivers better solutions in 
terms of the unweighted objective function across all 
solvers. In particular, this effect is more visible for the TN 
solver. Furthermore, SA exhibits the best performance 
for the verbose and the second-best for the succinct for-
mulation among the examined solvers, producing low 
standard deviations for the unweighted objective func-
tion value. 

In contrast, the verbose formulation shows better 
performance in the mean sum of squared violations, ex-
cept for the case of the TN solver. It can be observed that 
the succinct formulation exhibits lower performance 
compared to the verbose at the recovered values of the 
original objective function. 

 Based on these findings, the succinct formulation 
runs into fewer local minima. Therefore, this behaviour 
can be explained as a result of minimizing toward better 
underlying solutions but being unable to reduce the error 
in those solutions. 

The TN solver demonstrates better performance in  
constraint violation and unweighted objective function 
value compared to the SA solver, as shown in Tables 3 

Table 3: Summary of results for the verbose formulation of the PBP 

Parameter SA TS TN TSN- TSN- TSN- 
Average solving time (ms)       
Mean of 𝑓𝑓 ̅       
Standard deviation of 𝑓𝑓 ̅       
Mean of 𝑐𝑐       
Standard deviation of 𝑐𝑐       
Mean of 𝑓𝑓 - - - - - - 
Standard deviation of 𝑓𝑓       

Table 4: Summary of results for the succinct formulation of the PBP 

Parameter SA TS TN TSN- TSN- TSN- 
Average solving time (ms)       
Mean of 𝑓𝑓 ̅       
Standard deviation of 𝑓𝑓 ̅       
Mean of 𝑐𝑐       
Standard deviation of 𝑐𝑐       
Mean of 𝑓𝑓 -  - - - - 
Standard deviation of 𝑓𝑓       
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and 4. However, the TN solver requires approximately 10 
– 15 times more computational time. In the case of the 
TSN solver, its performance is notably sensitive to the 
size of the sub-problems, highlighting the pivotal role of 
subproblem size in achieving optimal solutions. 

Overall, the SA solver shows strong performance in 
terms of the unweighted objective function value and 
computational time. Therefore, the SA solver is the most 
promising candidate which is capable of producing good 
quality results and is suitable for solving QUBO formula-
tion problems successfully.  

5. CONCLUSIONS 
This contribution introduces a quantum approach to 

formulating and solving CO problems using a QA solution 
framework. In this work, the procedure for the CO refor-
mulation is showcased as well as embedding and solution 
of the QUBO reformulation of the Haverly PBP on a quan-
tum machine.  

Two QUBO problem formulations, verbose and suc-
cinct, are selected and compared. The results revealed 
that the succinct version of the optimization problem re-
quires smaller value for penalty multipliers and produced 
better results compared to the verbose formulation.   

The numerical experiments have shown that the 
verbose formulation can be embedded even on very 
large Chimera graphs. Contrary, the Pegasus architec-
ture is able to successfully handle both succinct and ver-
bose formulations, requiring an average of 25 and 90 
seconds, respectively. 

The SA solver showed the best performance among 
the examined solvers in the D-Wave platform and the de-
terministic GO solvers, although it required high compu-
tational time. Furthermore, the results of the TSN-x 
solver highly depend on the size of subproblem. 

This methodology holds the potential for solving ef-
ficiently CO problems with the improvement capabilities 
of the quantum computers in terms of computational 
power and the availability of the maximum qubits. This 
approach can be extended to solve chemical engineering 
applications such as process synthesis and design and 
production planning and scheduling problems. 

As future work, alternative ways for handling bilinear 
and higher order terms and the transformation of the 
continuous and integer variables into binaries should be 
investigated to obtain good quality results in lower com-
putational time.  

Additionally, the structure of the optimization prob-
lem plays an important role in the solution procedure. 
Specifically, the embedding algorithm, the sub-problem 
size and the penalty multiplier values can be optimized, 
providing the ability of QA systems to offer scaling ad-
vantages over traditional heuristics when applied to 
larger PBPs. 
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