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ABSTRACT

Second-order optimization algorithms that leverage the exact Hessian or its approximation have
been proven to achieve a faster convergence rate than first-order methods. However, their appli-
cations on training deep neural networks models, partial differential equations-based optimization
problems, and large-scale non-convex problems, are hindered due to high computational cost as-
sociated with the Hessian evaluation, Hessian inversion to find the search direction, and ensuring
its positive-definiteness. Accordingly, we propose a new search direction based on an interval
Hessian and incorporate it into a line-search framework. We apply our algorithm to a set of 210
problems and show that it converges to a local minimum for 70% of the problems. We also compare
our algorithm with other approaches. We illustrate that our algorithm is competitive to other meth-
ods in finding a local minimum using a smaller number of O(n3) operations.

Keywords: Second-order optimization, Interval Hessian, Line-search framework, Non-Convex optimization.

1. INTRODUCTION

We consider the unconstrained optimization prob-
lem:

min f(x)

X€ER™

where f:R" > R is a twice continuously differentiable
function, and n is the number of variables. Several first-
and second-order methods have been developed to
solve the above problem. These algorithms are used in
areas like process optimization, communications, ma-
chine learning, and signal processing. First-order algo-
rithms, such as steepest descent, stochastic gradient de-
scent, and various adaptive gradient methods, are par-
ticularly popular for large-scale problems due to their rel-
atively low computational demands per iteration. Despite
their prevalence, first-order methods are limited in that
they only guarantee convergence to a first-order station-
ary point. Thus, these methods can converge to a saddle
point rather than a local minimum.

In contrast, second-order optimization algorithms,
which utilize the curvature information via the Hessian
matrix, provide faster convergence and avoid saddle
points. Newton's method, a classic second-order
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approach, adjusts the gradient direction with a precondi-
tioning matrix derived from the Hessian, achieving con-
vergence to points that meet second-order optimality
conditions.

Although Newton’s method exhibits impressive con-
vergence characteristics compared to first-order ap-
proaches, their broad application to large-scale optimi-
zation problems poses significant challenges. First, the
memory requirement increases with the square of the
number of variables. Second, the Hessian calculation can
be expensive. Third, at each iteration, the search direc-
tion requires computing the inverse of the Hessian, which
requires 0(n®) operations and can be computationally ex-
pensive for large n. Fourth, Newton’s direction for non-
convex problems may not be descent at each iteration.
However, nonconvexity is ubiquitous in several applica-
tions, including, training neural network models, reactor
and separation network synthesis, process design, and
computational chemistry.

To address these limitations, quasi-Newton meth-
ods have been developed as computationally feasible al-
ternatives. Quasi-Newton methods, such as the BFGS al-
gorithm [2], approximate the Hessian using gradients of
the previous iteration and thus reduce computational

1492


https://doi.org/10.69997/sct.135173
mailto:ibajaj@iitk.ac.in

demands. Sub-sampled Newton methods [5] decrease
costs by approximating the Hessian using a subset of
data points. Despite these advances, balancing Hessian
approximation accuracy with computational tractability
remains a fundamental challenge.

Accordingly, we propose a new search direction
based on an interval Hessian and incorporate it into a
line-search framework. Our approach is inspired by aBB
method proposed by Floudas and co-workers [1] to con-
struct a convex underestimator of a twice-differentiable
function over an interval [x!,xY]. Our approach involves
using the Hessian of the aBB underestimator. There are
three advantages of this approach. First, since the under-
estimator is convex, its Hessian will always be positive
definite. Thus, the search direction is guaranteed to be
descent. Second, the same Hessian matrix can be used if
the iterates lie in the interval for which the interval Hes-
sian is valid. This results in (1) avoiding computing Hes-
sian at each iteration and (2) the search direction is com-
puted by taking matrix-vector product instead of 0(n?®)
operations that are typically needed in Newton and
Quasi-Newton methods.

2. METHODOLOGY

2.1. Search Direction

In this article, we propose a variant of the Newton
direction to ensure descent at each iteration for non-con-
vex problems. We incorporate the search direction into a
line-search framework:

X1 = X + OpDy

where x; is the current iterate, x;,, is the next iterate, 6,
is the step length, and p, is the search direction. Our
search direction is inspired by the aBB method devel-
oped for global optimization of non-convex problems.
This method constructs a convex underestimator of a
twice continuously differentiable function with the fol-
lowing form:

£6) = F) + ) ai(xt =) (x¥ — x)
i=1

where a; > 0. This underestimator is constructed by sub-
tracting a positive term from f(x), making £(x) a valid un-
derestimator of f(x) within [x,xU]. The parameter q; is
calculated to ensure that L(x) is convex over this interval,
which implies that the Hessian of L(x) is positive semi-
definite. Thus, we choose p,, as follows:

Pr = —(Br) 'V M

where Vf, = Vf(x) and B, = By_, if x; lies in the interval
for which the convex underestimator is valid; otherwise,
new variable bounds are constructed and B, = V2£,. The
Hessian of the aBB underestimator provides a localized
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approximation of the objective function's curvature. The
relationship between the Hessians of £(x) and f(x) atx =
Xy iS:

V2L, = V2f, + 24

where A is a diagonal matrix with elements ;. The matrix
Ais referred to as the diagonal shift matrix. For simplicity,
we assume a uniform diagonal shift matrix, such that a; =
a, = az = = a, = q, leading to:

szk = vsz + 2al

where [ denotes the identity matrix. Based on the above
equation, we conclude that the difference between the
Hessian of the function and the aBB underestimator de-
pends on a. Consequently, the accuracy of computing a
determines the search direction quality, which in turn af-
fects the performance of our algorithm.

Maranas and Floudas demonstrated [1] that the underes-
timator, L(x), is convex if and only if:

a> max{o,—E, min A (v2f(x))}
2 ixl<x<xV
where 4; are the eigenvalues of V2f(x). Finding a by using
the above equation is equivalent to solving a non-convex
optimization problem to global optimality, which can re-
quire significant computational effort.

To overcome this difficulty, a lower bound on the
minimum eigenvalue of the interval matrix, [VZf(x)] 2
V2f(x),vx € [xE,xV], is computed. This interval Hessian is
then used in further a calculations. In subsequent sec-
tions, we explore various approaches to compute a by
employing methods with 0(n?) and 0(n®) complexities.

2.2. a Calculation Methods

We use three methods to compute the value of
lower bound on eigenvalues (4,,;,) for a real interval ma-

trix [4] = ([aif'a_UD' We define following notations useful
in computation of A,,;,.

4= (ay) and 4 = (@), 0a;; = (@ — ayy)/2

0 ifi=j,

AL = (8a,)da, = {Aai]- otherwise

Ay = (am,ij) amij = (a_” + ﬂ)/z

Ay = (aM,l])l
al-j |fl =j,
Amuyy = ) 7 .
Y lawy otherwise

where, A4 is the radius matrix, A4 is the modified radius
matrix, A, is the midpoint matrix, 4,, is the modified mid-
point matrix, 4 is the lower vertex matrix and 4 is the up-
per vertex matrix. The various methods of 0(n?) and
0(n®) complexities to calculate the minimum eigenvalue
are given below.
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2.2.1 Approximate Gerschgorin: Complexity 0(n?)

Amin([A]) = miin a; — Z max (|@| , |a_U|)

J#i
2.2.2. E-Matrix Method: Complexity 0(n®)
Anin([A]) = Amin(lzl\l\’/l + E) - P(ANA + |E|)

where E be an arbitrary symmetric matrix, whose value is
chosen to be diag(AA) here, p(M) denotes the spectral
radius of a matrix M, i.e., the maximal absolute eigenvalue
and |E| denotes the absolute value taken elementwise.

2.2.3. Mori-Kokame Method: Complexity 0(n®)
Amin([A]) 2 Amin(é) - p(Z - é)

2.3. Algorithm

Our algorithm employs a line search technique with
the search direction details given in the Section 2.1. The
overall framework is outlined in Algorithm 1. We choose
two iteration counters, t and k. The former serves as the
outer iteration counter, and the latter as the inner itera-
tion counter.

We begin by randomly choosing an initial point x,
such that it lies within the interval [x§, xJ]. The search di-
rection p, (Eq. (1)) satisfies V£l p, < 0, guaranteeing that
it leads to a decrease in the function value. Thus, at each
iteration, f(xi41) < fOxp)-

Once the search direction is determined, we need to
decide how far to move in the given direction by choosing
an appropriate value of 6,. We select 6, that satisfies the
Armijo condition:

f e + 0kpi) < f ) + 160,V (i) D

where ¢; € (0,1). This condition ensures that a suffi-
ciently large decrease in the objective function is
achieved. We apply a backtracking line search procedure
to find 6, that satisfies the Armijo condition.

Our approach leverages interval-based calculations to
reduce the need to compute Hessian and its inverse at
every iteration. At iteration k, if the iterate x;, lies outside
the current interval [xf,x”], we update the iteration
counter t to t+1 and construct an interval of size A

around the iterate x; by setting x£,; = x; —% and xZ, =
X + %. After updating the interval, the interval Hessian is

computed using interval arithmetic, the minimum
eigenvalue of the interval Hessian is estimated using one
of the methods mentioned in section 2.2, and V2L, and its
inverse are computed. Thus, at any iteration ¢, depending
on the method used to estimate the minimum eigenvalue
of the interval Hessian, either one or two 0(n®) operations
are performed. On the other hand, at iteration k, if the
iterate x, lies inside the current interval [xf,x/], the
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search direction is updated by taking the product of
(V2L)™* and Vf,. Conversely, in Newton's method,
Hessian evaluation and its inverse is computed at every
iteration. Note that V2L, is a positive-definite matrix, and
thus, the search direction is always guaranteed to be
descent.

s Plot of Iteration Progression for f(x)

T
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Figure 1. Graphical illustration of our proposed algorithm.

Figure 1 demonstrates the iterative mechanics of
our approach using a one-dimensional example. The fig-
ure illustrates that if the iterates remain within an interval
(denoted by a circle marker), the Hessian remains the
same, and the search direction is obtained by the matrix-
vector product. When an iterate exits the currentinterval,
a new interval is formed around this iterate (denoted by
a small square marker), and all the relatively more expen-
sive computations occur.

The algorithm is implemented in C++. We use IBEX
for interval Hessian and gradient evaluations and Eigen
to compute the matrix inverse.

3. COMPETING ALGORITHMS

We compare the performance of our algorithm with
the steepest descent, quasi-Newton and the Newton
method. The steepest descent amd quasi-Netwon are
popular optimization algorithms; their details can be
found in a standard optimization textbook [2]. In New-
ton’s method, the search direction, denoted by p¥, is
given by:

pr = —(V2fi) 'Vfy

At every iteration k, finding the search direction re-
quires 0(n®) operations. If the Hessian matrix is positive-
definite at the current iterate, x,, then the search
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Algorithm 1 Interval Hessian based line-search method

fork=0,1,2,..do

Set gi = Vf(x);

if lgill < €5 and Apin (V3£ (1)) > €y then
Terminate - Solution found;

end if

if k > iter,q, then
Terminate

if K = 0 then Set H, = V2f(x)

fori=0,1,2,...do

xtL'l- =x,; —A/2
xtl_’l- =x,; +4A/2
end for

Set Bk = VZLL— + Aminln

end for

Init. Choose x, € R™, ¢; € (0,1),p € (0,1),¢4 € (0,1),e5 € (0,1),t = 0;

Hessian Modification (Compute B, x}, x/)

Compute interval Hessian [H,] for the interval [x}, xU] and calculate A,,;, using
methods suggested above

tet+1
else
if x, € [x},x7] then
Use the pre-computed Hessian By, = By_;
else
Hessian Modification (Compute B, x}, x/)
tet+1
end if
end if

Find the search direction by solving p, = —B; gy
Compute step length 6, satisfying Armijo condition and set x; ;1 = x; + 0, px

direction is guaranteed to be descent. On the other hand,
if the Hessian is indefinite, then it needs to be modified,
requiring additional computations. A simple idea to mod-
ify the Hessian is to find a parameter 7 > 0 such that
VZf, + i is positive definite. Algorithm 2 describes a
method to iteratively increase the value of 7 until the ma-
trix becomes positive definite, verified by performing
Cholesky decomposition.
Algorithm 2 Brute-force Diagonal Shift
Init. Choose 7, = 0;
fori=0,1,2,..do
Cholesky Factorization LLT = V2f, + 1;1,
if factorization is completed successfully
Amin < T; @and terminate
elset;,, <1, +1
end if
end for
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4. RESULTS

We illustrate the performance of our algorithm on
two illustrative examples and conduct extensive numeri-
cal experiments over a comprehensive set of 210 prob-
lems [3]. Specifically, we compare the performance
based on the number of Hessian evaluations and 0(n?)
operations. Since we estimate the interval Hessian at an
iteration t, we count equivalent to two Hessian evalua-
tions are performed.

4.1. lllustrative Examples

4.1.1. Example 1
The objective function is of the following form:

17 ™My

FGax) = D7) (b~ [eXP(=2j,)(0:49 = x1) + x1])”

j=1k=1
where m; denotes the number of groups at index j and
tjx is a constant. Figure 2(a) shows the paths taken by
1495



the iterates generated by the steepest descent, quasi-
newton BFGS and three variants of our algorithm to cal-
culate a based on the methods described in Section 2.2.
For this problem, we used A = 0.1. It can be observed that
the steepest descent can get stuck at regions with small
gradients and is unable to reach a local minimum in 10000
iterations. The BFGS method followed a path similar to
the steepest descent but failed to find a descent direc-
tion after 9 iterations. This occurs because the quasi-
Newton method can fail to find a descent direction for
non-convex problems if the Armijo condition is used to
find the step size 6 (refer chapter 6 of [2]). On the other
hand, all our algorithm variants take almost the same path
and converge to the same solution. The Gerschgorin-
based method requires 8 Hessian evaluations, 8 0(n®)
operations, and 466 iterations. E-matrix based method
requires 317, and the Mori-Kokame method converges in
1125 iterations, requiring 7 and 9 Hessian evaluations and
14 and 18 0(n?®) operations respectively.

4.1.2. Example 2
We minimize the function of the form:

f(x,x2) = Caxq + Cpxy + C¢

- Z Cijx{xé' + %+ Cpelranx:
@@.))€es

where C,, ...,Cr and C;; are constants. Figure 2(b) shows
the paths taken by the iterates generated by brute force
method and three variants of our algorithm correspond-
ing to a calculation methods described in Section 2.2. To
illustrate the effect of Hessian evaluations, we use the
sleep function with 2 seconds when the Hessian is eval-
uated. Figure 2(c) shows that all the algorithm variants
converge to a better solution in less time than the brute
force method.

4.2. Benchmarking with Data Profiles

We construct data profiles [4] to systematically
benchmark the algorithms. A data profile assesses the
absolute performance of an algorithm. It determines the
ability of an algorithm to solve an optimization problem
within some desirable performance metric. For each
problem-algorithm pair (I,a), the data profile d,(8) indi-
cates the proportion of problems solved within § metric:

d.(8) = %size{l €L:my, <6}
where |L| represents the total number of problems and
my, is the performance measure. We evaluate the perfor-
mance of our algorithm based on Hessian evaluations
and the number of 0(n®) operations, as these are the
most computationally expensive steps in a second-order
optimization method.

A key trade-off in the proposed approach lies in the
choice of interval size (A). Larger intervals reduce the
Sharma et al. / LAPSE:2025.0392
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computations associated with Hessian evaluations and
inversion but potentially sacrifice accuracy in a esti-
mates. Conversely, smaller intervals enhance precision
and robustness in capturing curvature information but at
the cost of increased computational overhead. Addition-
ally, the accuracy of a depends on the method employed.
We observed that the Mori-Kokame and E-matrix meth-
ods provide more accurate a estimates than the Gersch-
gorin method. While the former two approaches require
0(n?) operations, the latter requires 0(n?) operations.

Accordingly, to study these trade-offs, we consider
six variants of our algorithm by choosing three A values
(0.1, 0.5, 1) and three methods to estimate the minimum
eigenvalue (section 2.2). We apply the algorithms to a set
of 210 problems. The results of the computational exper-
iments are shown in Figure 2 (d), which shows that our
algorithm could solve 70% of the problems in less than
300 Hessian evaluations. For 13% of the instances termi-
nated, the algorithm reached the maximum number of it-
erations (10000), 1.9% stopped due to the time limit
(3600 seconds), 9% stopped due to small step size, and
0.9% of cases converged to an iterate where the norm of
the gradient was below the threshold but failed to satisfy
the minimum eigenvalue condition of the Hessian. The re-
maining 4.8% of cases involved scenarios where a local
minimum did not exist or the algorithm started from
points with excessively large function values exceeding
the range of data type double.We observe that the E-ma-
trix and Mori-Kokame methods with A = 0.1 outperform
the Gerschgorin method and converge in a smaller num-
ber of iterations.

Next, we compare the performance of our algorithm
with Newton’s method, employing Algorithm 2 to ensure
a positive-definite Hessian matrix. To illustrate the effec-
tiveness of the interval-based approach, we also imple-
ment the Gerschgorin method of finding @ with A = 0. For
this computational study, we selected the problems re-
quiring Hessian modifications. Figures 2(e) and 2(f) show
the data profiles based on the number of Hessian evalu-
ations and 0(n®) operations, respectively.

We make three key observations. First, the interval-
based method for finite values of A performs similarly to
the Gerschgorin method with A =0 in terms of Hessian
evaluations; however, the former method requires a
smaller number of 0(n®) operations. Second, when the
computational budget is more than 40 0(n®) operations,
the Gerschgorin-based interval method outperforms the
other methods, illustrating the effectiveness of the
search direction in navigating the non-convex landscape.
Finally, Newton’s method with brute force method of
modifying the Hessian solves the most problems in least
number of Hessian evaluations. Still, it requires a higher
number of 0(n®) operations. This can be explained by the
fact that the brute-force method adds z just enough to
make the Hessian positive definite, resulting in a better
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Figure 2. (a) and (b) compare the paths taken by the iterates generated by various algorithms. (¢) Function value
progression comparison of various algorithms. (d) Data profile based on Hessian evaluations for different A values
and a calculations methods. (e) and (f) Comparision of our algorithm with other competing algorithms.

Hessian Evaluations

0(n®) Operations

search direction. However, this increases 0(n®) opera-
tions due to the Cholesky decomposition performed for
positive-definiteness verification.

5. CONCLUSIONS

In this study, we introduced an interval-based opti-
mization algorithm to find a search direction guaranteed
to be descent to find a local minimum of non-convex
problems. We show through numerical experiments that
our algorithm finds a local minimum for a greater number
of problems using less 0(n®) operations compared to
Newton’s method. The results highlight the potential of
our approach to improve the scalability of second-order
optimization for complex, real-world applications.

DIGITAL SUPPLEMENTARY MATERIAL

Supplementary material is uploaded in Living Archive for
Process Systems Engineering with ID LAPSE:2025.0005.
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