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ABSTRACT 
In the chemical industry, soft sensors are deployed to reduce equipment cost or allow for a con-
tinuous measurement of process variables. Soft sensors monitor parameters not via physical sen-
sors but infer them from other process variables. On the one hand, the precision of a soft sensors 
is affected by its architecture, the choice of parametric equations like balances and thermody-
namic or kinetic dependencies in the soft sensor model. On the other hand, uncertainty that is 
inherent to the input variable values propagates through the soft sensor model and impacts the 
output uncertainty. The latter is affected by the configuration of physical sensors in the chemical 
process. This paper proposes an approach for the combined optimization of soft sensor architec-
ture and physical sensor configuration. For this purpose, the method combines an automatic ex-
traction of all possible soft sensor architectures from a set of system equations with an uncer-
tainty-based evaluation of sensor configurations. Applied to an in-situ Continuous Stirred Tank 
Reactor (CSTR), the method is capable of automatically identifying the optimal combination of soft 
sensor model and physical sensor configuration. It is further discussed, how the explainability of 
the results can be improved via variance-based uncertainty decomposition, by contributing soft 
sensor prediction uncertainty to individual inputs or operations along the calculation path.  
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INTRODUCTION 
Precise monitoring of variables in chemical pro-

cesses is essential for ensuring safe and efficient opera-
tion, whereby critical process variables can serve as key 
indicators. Traditionally, these parameters have been 
measured using physical sensors. However high equip-
ment costs or the inherent difficulty to directly measure 
certain process variables can necessitate the deploy-
ment of soft sensors. These monitor parameters not via 
physical sensors but model them based on other process 
variables, often by means of parametric equations like 
balances and thermodynamic or kinetic dependencies.  

A large body of literature is devoted to soft sensor 
modeling. This includes the preprocessing of available 
data, selection of suitable features, model choice and 
training, validation and maintenance of these models. 
However, available process information provided by a 
combination of physical sensor configuration and a 

process model can be insufficient to develop an ade-
quate soft sensor to monitor critical process variables 
with the required quality. This concern is particularly no-
table in complex systems such as large-scale brownfield 
chemical plants, with sparse availability of process infor-
mation. Suitable process information to create the re-
quired soft sensor can be obtained via two approaches: 
Firstly, adjusting the sensor configuration in a greenfield 
project or retrofitting additional sensors in a brownfield 
chemical plant. Secondly, optimizing the process model 
utilized by the soft sensor. In fact, here the case is made 
that soft sensor modeling and sensor configuration ad-
justment should be viewed as one interconnected step, 
rather than separate tasks.   

 Altering the sensor configuration of a chemical pro-
cess requires an estimation of the improvement for the 
soft sensor prior to the physical sensor deployment. Ex-
isting approaches to identify the optimal sensor configu-
ration in a process often convert a determined system of 
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linearly independent state equations that describe the 
process in the form of a matrix such as the observability 
covariance matrix [1], sensitivity matrix [2] measurement 
error covariance matrix [3] or Fischer information matrix 
[4]. Based on these matrices, a scalar value is derived, 
serving as a metric for the useful process information. 
However, these approaches are mainly concerned with 
the state of the system rather than individual state varia-
bles. Defining an adequate equation system for brown-
field chemical plants can be challenging due to infor-
mation gaps. When focusing on a specific process varia-
ble, an equation system describing the state of a process 
or a sub system of this process is likely unnecessary.  
Moreover, if enough process knowledge is available to 
describe relationships between process parameters with 
equations that result in an overdetermined or locally 
overdetermined equation system, a determined subset of 
the equations system must be extracted resulting in pro-
cess information loss. 

Representing process variables as nodes and their 
relationships as edges in a graph allows to incorporate all 
available system equations. Sign Directed Graphs (SDG) 
represent process variables as nodes and their relation-
ships as arcs between these nodes. Arc notations can 
contain information whether a change in one process 
variable results in a positive or negative change of an-
other. Mobed et al. [5] utilize SDG to identify the optimal 
sensor configuration of a CSTR-System. However, due to 
the qualitative information of the connection between the 
process variables, the approach is limited to fault diag-
nosis and does not allow for a continuous modeling of a 
process variable’s values. Bond graphs are a graph rep-
resentation of the relationships between process varia-
bles that include mechanistic knowledge from system 
equations. In fact, bond graphs can be used for rigorous 
simulation of a single CSTR [6] or a chemical process [7], 
but are a less common simulation technique in the field 
of chemical engineering. 

This paper presents an approach that combines an 
automatic extraction of all possible soft sensor architec-
tures from a set of system equations with an uncertainty-
based evaluation of sensor configurations [8]. This allows 
for the coupled optimization of soft sensor architecture 
and physical sensor configuration.  

METHOD 
A system is given via 𝑚𝑚 state equations 𝐸𝐸 = {𝑒𝑒1, … , 𝑒𝑒𝑚𝑚} 
that describe the relationship between a set of 𝑛𝑛 state 
variables 𝑣𝑣 = {𝑣𝑣1, … , 𝑣𝑣𝑛𝑛}. In a determined system, 𝑘𝑘 = 𝑛𝑛 −
𝑚𝑚 state variables are known with 𝑣𝑣𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = {𝑣𝑣1, … , 𝑣𝑣𝑘𝑘}. For 
𝑘𝑘 > 𝑛𝑛 − 𝑚𝑚 the system is overdetermined; for 𝑘𝑘 < 𝑛𝑛 −𝑚𝑚 
the system is undetermined. To infer a target variable 𝑣𝑣𝑡𝑡, 
multiple calculations paths 𝑀𝑀𝑖𝑖 can be possible relying on 
different subsets of state variables and state equations. 

The deviation of state variables from a nominal operation 
point is given through 𝑑𝑑 = {𝑑𝑑1, … ,𝑑𝑑𝑛𝑛}, with 𝑑𝑑𝑖𝑖 as a proba-
bility density function of 𝑣𝑣𝑖𝑖.  Each 𝑣𝑣𝑖𝑖 is observed with un-
certainty, which is characterized by a set of probability 
density functions 𝑓𝑓 = {𝑓𝑓1, … , 𝑓𝑓𝑛𝑛}. The subset of state vari-
ables that are directly measured via physical sensors 
constitutes the sensor configuration 𝑆𝑆𝑖𝑖, whereby 𝑠𝑠 =
�𝑠𝑠𝑝𝑝, … , 𝑠𝑠𝑞𝑞� with 𝑝𝑝, 𝑞𝑞 𝜖𝜖 {1 …𝑛𝑛}. 

The goal is to identify the optimal combination of the 
soft sensor architecture 𝑀𝑀𝑖𝑖 and the physical sensor con-
figuration 𝑆𝑆𝑖𝑖 to monitor 𝑣𝑣𝑡𝑡. Due to the limited number of 
soft sensor architectures and sensor configurations con-
sidered in the use case of this paper, a grid search algo-
rithm is applied scattering 𝑆𝑆𝑖𝑖 against all 𝑀𝑀𝑖𝑖. 

Soft sensor architecture  
With a recursive call of the function comp_tree, all pos-
sible soft sensor architectures 𝑀𝑀𝑖𝑖 to monitor a target var-
iable 𝑣𝑣𝑡𝑡 can be identified: 

comp_tree(v_r, E, d): 
  if eqs is empty or d == 0: 
    return branch 
  for each e in E: 
    if e can be solved for v_r: 
      for each variable v_b in solution: 

        new_branch=comp_tree(v_b, E∖{e},d-1) 
        Add new branch to tree 

The function assesses which equations in a list of equa-
tions can be solved for a root variable (𝑣𝑣𝑟𝑟), constituting a 
new branch with which the root variable can be inferred. 
Every branch variable 𝑣𝑣𝑏𝑏 in equations 𝐸𝐸 that can be used 
to infer 𝑣𝑣𝑟𝑟 becomes a new target variable in the recursive 
call of the function. To prevent loops, the current equa-
tion 𝑒𝑒 must be excluded from the list of potential equa-
tions to infer 𝑣𝑣𝑏𝑏. The recursive function call breaks if no 
usable equations are left or a specified number of recur-
sive functions calls 𝑑𝑑 is reached. Initially, comp_tree is 
called with the target variable as root variable and all 
{𝑒𝑒1, … , 𝑒𝑒𝑚𝑚} as an equation system. The result is stored in 
the form of a dictionary, as depicted in Figure 1. When-
ever a target variable can be inferred via multiple equa-
tions, one calculation path is formed for every equation, 
to convert the calculation paths into executable compu-
tational graphs. 

Physical sensor configuration  
To evaluate the monitoring capability of a given sen-

sor configuration an uncertainty-based approach for 
sensor selection is adapted from [8], where an in depths 
explanation of the deployed algorithm can be found. The 
precision with which the target variable value can be es-
timated serves as metric for the monitoring quality. 

The uncertainty of leave variables in 𝑀𝑀𝑖𝑖 is depend-
ent on 𝑆𝑆𝑖𝑖. If a leave variable is measured directly via a 
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physical sensor, its uncertainty given through probability 
density function 𝑓𝑓𝑖𝑖 is expressed via Gaussian sensor error 
around the nominal operation point. If a leave variable is 
not measured directly, its uncertainty is expressed via 
the state variables disturbance 𝑓𝑓𝑖𝑖 =  𝑑𝑑𝑖𝑖 as a best available 
guess. In a Monte Carlo simulation, all 𝑓𝑓𝑖𝑖 of leave variables 
are sampled and their uncertainty propagated along the 
calculation path of 𝑀𝑀𝑖𝑖 yielding an approximation of the 
ground truth uncertainty of 𝑣𝑣𝑡𝑡.  

This sampling-based approach has the advantage 
of being insusceptible against dependent, non-Gaussian 
uncertainties. Additionally, the approach promises to in-
corporate hybrid semi-parametric soft sensors [9], mod-
eling poorly understood effects and dependencies within 
the process system with data-driven, non-parametric 
parts.  

USE-CASE STUDY 
The proposed algorithm is deployed to an in-situ 

CSTR, adapted from [3] as can be seen in Figure 2. The 
reactor feed with substance A has a flow 𝐹𝐹, temperature 
𝑇𝑇𝑓𝑓 and concentration 𝑐𝑐𝐴𝐴

𝑓𝑓. Within the reactor the concen-
tration 𝑐𝑐𝐴𝐴 of substance A is homogeneous.  

 
 
Figure 1: Schematic depiction of the automatic extraction of possible soft senor architectures (𝑀𝑀1, 𝑀𝑀2 and 𝑀𝑀3) 
given system equations and a targe variable (𝑟𝑟𝐴𝐴). The recursive call of function comp_tree returns a dictionary 
containing all possible calculation paths that are extracted to form individual models for every soft sensor 
architecture. The calculation paths are depicted as digraphs. The node colors green, blue and orange indicate a 
leave, branch or target node, respetively 
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Figure 2. Shematic depiction of the in-situ CSTR [8]. 

The reactor has a volume of 𝑉𝑉 with a homogeneous tem-
perature 𝑇𝑇. The reaction within the CSTR can be de-
scribed via a first order reaction 𝐴𝐴 → 𝐵𝐵 with the reaction 
enthalpy ∆𝐻𝐻, the reaction rate 𝑟𝑟𝐴𝐴, and reaction rate con-
stant 𝑘𝑘. The cooling jacket of the reactor has a volume of 
𝑉𝑉𝑐𝑐 containing a coolant flow 𝐹𝐹𝑐𝑐 with coolant inlet temper-
ature 𝑇𝑇𝑐𝑐

𝑓𝑓 and coolant outlet temperature 𝑇𝑇𝑐𝑐. For the feed, 
the fluid density and specific heat capacity are given as 
𝜌𝜌 and 𝑐𝑐𝑝𝑝 and for the cooling fluid as 𝜌𝜌𝑐𝑐 and 𝑐𝑐𝑝𝑝,𝑐𝑐. Further-
more, the heat transfer area between the reactor and 
cooling jacket is described by 𝐴𝐴 with a corresponding 
heat transfer coefficient ℎ. The steady-state reactor can 
be described via the following equations (1)-(4): 

𝑟𝑟𝐴𝐴 = 𝑘𝑘 ∙ 𝑒𝑒−
𝐸𝐸
𝑅𝑅𝑅𝑅 ∙ 𝑐𝑐𝐴𝐴     (1) 

𝑐̇𝑐𝐴𝐴 = 0 = 𝐹𝐹
𝑉𝑉
∙ �𝑐𝑐𝐴𝐴

𝑓𝑓 − 𝑐𝑐𝐴𝐴� − 𝑟𝑟𝐴𝐴    (2) 

𝑇̇𝑇 = 0 = 𝐹𝐹
𝑉𝑉
∙ �𝑇𝑇𝑓𝑓 − 𝑇𝑇�+ ∆𝐻𝐻

𝜌𝜌∙𝑐𝑐𝑝𝑝
∙ 𝑟𝑟𝐴𝐴 −

ℎ𝐴𝐴
𝜌𝜌∙𝑐𝑐𝑝𝑝∙𝑉𝑉

∙ (𝑇𝑇 − 𝑇𝑇𝑐𝑐)  (3) 

𝑇̇𝑇𝑐𝑐 = 0 = 𝐹𝐹𝐶𝐶
𝑉𝑉𝐶𝐶
∙ �𝑇𝑇𝑐𝑐

𝑓𝑓 − 𝑇𝑇𝑐𝑐� + ℎ𝐴𝐴
𝜌𝜌𝑐𝑐∙𝑐𝑐𝑝𝑝,𝑐𝑐∙𝑉𝑉𝑐𝑐

∙ (𝑇𝑇 − 𝑇𝑇𝑐𝑐)   (4) 

Hereby, the disturbed state variables are 𝑣𝑣 =
�𝐹𝐹,𝐹𝐹𝑐𝑐 ,𝑇𝑇𝑓𝑓,𝑇𝑇𝑐𝑐

𝑓𝑓 ,𝑉𝑉, 𝑐𝑐𝐴𝐴
𝑓𝑓 ,𝑇𝑇,𝑇𝑇𝑐𝑐 , 𝑐𝑐𝐴𝐴, 𝑟𝑟𝐴𝐴� with 𝑣𝑣𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = �𝐹𝐹,𝐹𝐹𝑐𝑐 ,𝑇𝑇𝑓𝑓,𝑇𝑇𝑐𝑐

𝑓𝑓 ,𝑉𝑉, 𝑐𝑐𝐴𝐴
𝑓𝑓� 

for the considered sensors. Sensor noise and disturb-
ances are assumed to be independent and normally dis-
tributed. The Nominal operation values for the state var-
iables and parameters, the variance of the disturbances, 
the variance of the sensor noise can be found in [3]. 

RESULTS AND DISCUSSION 
For the analysis of soft sensor architectures and 

physical sensor configurations, the reaction rate 𝑟𝑟𝐴𝐴 is 

considered as target variable. As can be seen in Figure 1, 
three soft sensor architectures (𝑀𝑀1−3) can be extracted 
from the CSTR-equations. Because of the complexity of 
𝑀𝑀1, it is ruled out as soft sensor architecture of choice 
and 𝑀𝑀2 and 𝑀𝑀3 are object of further considerations. 

Table 1: Sensor configurations 𝑆𝑆1−3. 

Sensor config 𝑆𝑆𝑖𝑖 Sensor combinations 𝑠𝑠𝑖𝑖 
𝑆𝑆1 𝑠𝑠1 = �𝐹𝐹,𝐹𝐹𝑐𝑐 ,𝑇𝑇𝑓𝑓,𝑇𝑇𝑐𝑐

𝑓𝑓,𝑉𝑉, 𝑐𝑐𝐴𝐴
𝑓𝑓� 

𝑆𝑆2 𝑠𝑠2 = �𝐹𝐹,𝑇𝑇𝑓𝑓,𝑇𝑇𝑐𝑐
𝑓𝑓,𝑉𝑉� 

𝑆𝑆3 𝑠𝑠3 = �𝑇𝑇𝑓𝑓,𝑇𝑇𝑐𝑐
𝑓𝑓,𝑉𝑉� 

The results demonstrate that the choice of sensor 
configuration significantly influences the monitoring pre-
cision of 𝑟𝑟𝐴𝐴. Configuration 𝑆𝑆1 which deploys all considered 
sensors �𝐹𝐹,𝐹𝐹𝑐𝑐 ,𝑇𝑇𝑓𝑓,𝑇𝑇𝑐𝑐

𝑓𝑓 ,𝑉𝑉, 𝑐𝑐𝐴𝐴
𝑓𝑓�, provides the lowest uncer-

tainty across both soft sensor models. While being the 
most expensive, it offers the highest precision in moni-
toring 𝑟𝑟𝐴𝐴. Configurations 𝑆𝑆2 and 𝑆𝑆3 represent reduced sen-
sor setups, with 𝑆𝑆3 being the most minimalistic, using only 
�𝑇𝑇𝑓𝑓,𝑇𝑇𝑐𝑐

𝑓𝑓 ,𝑉𝑉�. The impact of these reduced configurations 
varies between the two soft sensor models. For 𝑀𝑀2 , the 
influence of the sensor configuration is small. On the 
other hand, 𝑀𝑀3  shows a significant influence of the sen-
sor configuration changes. Especially reducing the sen-
sor config by the flow sensor for process variable 𝐹𝐹 (𝑆𝑆2 →
𝑆𝑆3) decreases the monitoring precision significantly. As 
can be seen in Figure 1, the measurement value of 𝐹𝐹 is 
used as a multiplication factor in the second equation of 
the equation system which can arguably explain its sig-
nificance. Nonetheless, the contribution of individual 
branch nodes or leave node variables to the target vari-
able uncertainty is unknown. The Monte Carlo simulation 
obtains the uncertainties of all nodes in the calculation 
path of a soft sensor but yields no information in terms of 
uncertainty decomposition.  

The optimal combination for monitoring 𝑟𝑟𝐴𝐴 is found 
to be soft sensor architecture 𝑀𝑀3 with physical sensor 
configuration 𝑆𝑆1 under single constraint of target variable 
value monitoring precision. Additional, constraints like 
the equipment cost of sensors can be considered [3]. 

Table 2: Soft sensor monitoring precision for 𝑟𝑟𝐴𝐴 in 
mol/m3/h with combinations of soft sensor architectures 
𝑀𝑀1−2 and physical sensor configuration 𝑆𝑆1−3. The optimal 
combination of soft sensor architecture 𝑀𝑀𝑖𝑖 and physical 
sensor configuration 𝑆𝑆𝑖𝑖 to monitor 𝑟𝑟𝐴𝐴 is underlined.   

 𝑴𝑴𝟐𝟐 𝑴𝑴𝟑𝟑 
𝑺𝑺𝟏𝟏   
𝑺𝑺𝟐𝟐   
𝑺𝑺𝟑𝟑   
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The choice of soft sensor architecture shows a sub-
stantial impact on monitoring precision: 𝑀𝑀3 consistently 
outperforms 𝑀𝑀2 across all sensor configurations. Addi-
tionally, the soft sensor architecture has a significant ef-
fect on the impact of changes in the sensor configuration. 
For example, while the change from 𝑆𝑆2 → 𝑆𝑆3 results in an 
insignificant change for 𝑀𝑀2, the standard deviation of the 
monitoring precision for 𝑀𝑀3  almost doubles. This demon-
strates the need for a combined examination of changes 
to the soft sensor architecture 𝑀𝑀𝑖𝑖 and physical sensor 
configuration 𝑆𝑆𝑖𝑖 in the presented use case. 

CONCLUSION  

This paper proposes a combined optimization of 
changes to the soft sensor architecture and physical sen-
sor configuration. For this purpose, an approach is intro-
duced to automatically extract all possible soft sensors 
for a critical process variable. It is combined with an un-
certainty analysis based approach to sensor configura-
tion adjustments [8]. In an application example, the opti-
mal combination of soft sensor architecture and physical 
sensor configuration is identified. However, the explain-
ability of the results suffers from the fact that the result-
ing uncertainty of the critical variable cannot be contrib-
uted to individual leave node uncertainties and their in-
teractions. Further work should aim to decompose the 
uncertainty of target and branch variables within the 
computational path. Potentially, variance-based uncer-
tainty decomposition can be adapted for this purpose. A 
key challenge is the likely dependent variable uncertain-
ties along a calculation path which may be accounted for 
using Shapely effects [10].  
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