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ABSTRACT 
Random signals are crucial in chemical and process engineering, where industrial plants generate 
big data that can be used for process understanding and decision-making. This makes it neces-
sary to unveil the underlying probability histograms from these signals with a finite number of bins. 
However, the search for the optimal number of bins is still based on empirical optimisation and 
general rules of thumb. In this work, we introduce an alternative and general method to unveil 
probability histograms. Our method employs a novel variable-order QMOM, which adapts auto-
matically based on the relevance of the information contained in the random data. The number of 
bins used to recover the underlying histogram is found to be proportional to the information en-
tropy, where a search algorithm is developed that generates bins and assigns probabilities to 
them. The algorithm terminates when no more significant information is available for assignment 
to the newly created nodes, up to a user-defined threshold. In conclusion, our method is a univer-
sal histogram reconstruction technique that only requires enough numbers of moments to work. 
The method has been validated intensively using synthetic random signals and real-life problems. 
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INTRODUCTION  
Random signals are vital in chemical and process 

engineering, data science, and machine learning. Indus-
trial plants collect and analyze large volumes of data for 
process understanding, data compression, and decision-
making, modelling industry 4.0 and 5.0 transformation 
and equipment or even process digital twins [1, 2, 3].  
However, this data is not free of instrumental errors, 
where signal processing corrects it, enhances data accu-
racy and reliability. Despite advanced techniques that 
have been available, basic methods are commonly used 
due to resources’ limitations which still depend on basic 
statistical representation methods [1]. In the sense of 
data compression, probability histograms are widely 
used as non-parametric density estimators, essential for 
visualizing data and deriving summary quantities like en-
tropy from the underlying density, determining mechani-
cal and physiochemical properties of particles from in-
dustrial systems and for real time online monitoring and 
control purposes [1]. However, the accuracy of these 

quantities is influenced by the number of bins selected 
for the histogram, which, in turn, determines the bin width 
based on the data range. Moreover, the empirical as-
sumption of using uniform bin width has no solid theoret-
ical support, where in most cases it is used for the sim-
plicity of mathematical treatment [4, 5]. Unfortunately, 
finding the optimal number of bins is still based on empir-
ical optimization and general rules of thumb. These meth-
ods are based on empirical formulas for the uniform op-
timal bin width by minimizing the integrated mean 
squared error of the histogram model H(x) as compared 
to the true and unknown underlying density f(x). Two 
popular formulas after Freedman and Diaconis [5] and 
that of Scott [6] were commonly used in which the bin 
width is inversely proportional to the cubic root of the 
number of data points in the set, while the proportionality 
constants are different but depend on the variance and 
the interquartile range of the data. On the other hand, one 
of the recent approaches is centered around a data-
based method to estimate the optimal uniform bin-width 
of histograms using an optimization algorithm but not an 
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explicit empirical formula [4]. The disadvantages include 
the potentially large number of bins, the uniform bin dis-
tribution regardless of weights, and the inconsistency of 
the histogram with the low-order moments of the true 
distribution.   

In this contribution we took a different approach 
that is free of the two main drawbacks in the previous 
work: The histogram’s bin width and number of bins. We 
relaxed the assumption of uniform bin width and the 
number of the bins are evolved based on the available 
feasible information in the data set according to Shannon 
information entropy: S = -∑[pi ln(pi)] with the constraints 
that m0 =∑[ pi] = 1 where m0 is the normalized zeroth mo-
ment of the data set and pi is the ith probability associated 
with the ith bin of the histogram.  Our simple search algo-
rithm for N (Number of data points in the data set) is con-
strained by the feasible range of the data R = [xmin, xmax] 
and the relevance of the probabilities p0 and pN-1 of the 
data in the first and last histogram bins.  

THE VARIABLE ORDER QMOM 
As a data compression method, the Quadrature 

Method Of Moments (QMOM) works based on the calcu-
lated moments of the unknown probability density func-
tion. In its original formulation, the QMOM algorithm pro-
vides closed integrals (and hence moments as special 
case) of the unknown pdf based on the availability of its 
low-order moments. It is mainly used to close integrals 
when the weight function is not known explicitly. Since 
its introduction by McGraw [7], the QMOM has been the 
subject of considerable theoretical and applied research 
during the last two decades. These applications cover 
wide areas which include aerosols microphysics, nano-
particle formation, turbulent mixing, dispersed phase 
flows, crystal morphology, cell growth and differentiation 
and uncertainty propagation through dynamical systems, 
to name but a few [8]. As an ill-conditioned inverse mo-
ment problem, there is no simple and general inversion 
algorithm to reconstruct the unknown probability histo-
gram from which the moments are calculated or meas-
ured. Because of this, the QMOM is rarely used or 
thought of as a method that can recover the underlying 
histogram from the available information in the nodes and 
weights provided by the method itself.   

The QMOM  
The QMOM can be mathematically presented as an 

adaptive data compression method where information 
about the random signal is converted into a finite set of 
low-order moments irrespective of the size of the data 
set. Therefore, given a set of low-order moments 𝑚𝑚𝑟𝑟 , r =
0, 1, … 2𝑁𝑁𝑞𝑞 − 1 as calculated from a pdf, the QMOM algo-
rithm calculates a set of Nq nodes and weights (ζ, w) with 
the same principle as that of the Gauss-Legendre 

quadrature. The domain of the node set ζ ∈ (0,∞) or ζ ∈ 
[xmin, xmax] depending on the bounds of the random data 
from which the set mr is calculated.   The QMOM algo-
rithm used in this work is chosen based on the efficient 
derivation of Upadhyay [9] using the Chebyshev orthog-
onal polynomials. This can handle large number of nodes 
that are not necessarily positive when compared to the 
classical product-difference algorithm (PDA) that was 
presented by [7].  Actually, Upadhyay [9] showed that 
the Chebyshev-QMOM (ChebQMOM) is superior to the 
PDA and is found to be more robust and can be used for 
a wider class of problems when high number of nodes is 
required as in our present work.  

The Variable-Order QMOM Algorithm 
To proceed in the derivation of the Variable-Order 

QMOM (VOQMOM), we have to show that the weights 
(wi, i = 0, 2, ..Nq-1) as calculated by the ChebQMOM are 
nothing more than probabilities of the function f(x;:) that 
are placed at the corresponding nodal points (ζi, i = 1,2, 
..Nq-1).    

𝑤𝑤𝑖𝑖 = ∫ f(x; : )𝑑𝑑𝑑𝑑ζ𝑖𝑖+1/2
ζ𝑖𝑖−1/2

    (1) 

where (ζi-1/2, ζi+1/2) are unknown grid boundaries, which 
will be referred to as histogram bins. The bins boundaries 
should satisfy the inequality (ζi-1/2 <ζI < ζi+1/2) and the bins 
are not necessarily equal in width. The estimation of 
these grid boundaries is given by:  𝜁𝜁𝑖𝑖+1/2 = 1

2
(𝜁𝜁𝑖𝑖−1 + 𝜁𝜁𝑖𝑖) 

which are functions only of the low-order moments of the 
given random signal. To reconstruct the probability his-
togram 𝐻𝐻(𝜁𝜁𝑖𝑖) with probability (wi) which is placed at (ζI), 
we make use of the integral of the square of errors as 
defined by [4]: 

𝐸𝐸(𝐻𝐻, 𝑓𝑓) = ∫ [𝐻𝐻(𝑥𝑥) − 𝑓𝑓(𝑥𝑥)]2𝑑𝑑𝑑𝑑∞
0    (2) 

Since the nodal points (ζI) are roots of orthogonal poly-
nomials by definition of ChebQMOM, we can close the in-
tegral of Eq.(2) as follows: 

𝐸𝐸(𝐻𝐻, 𝑓𝑓) = ∑ �𝑤𝑤𝑗𝑗𝑓𝑓�𝜁𝜁𝑗𝑗� − 𝑤𝑤𝑗𝑗𝐻𝐻�𝜁𝜁𝑗𝑗��
𝑁𝑁𝑞𝑞
𝑗𝑗=0   (3) 

In Eq.(3), we have forced the histogram probability 𝐻𝐻(𝑥𝑥) 
to have low-order moments that are equal to those of 
𝑓𝑓(𝑥𝑥), which is an enough assumption to deem the con-
sistency of the reconstructed histogram w.r.t. the under-
lying density from which the moments are calculated. 
Now, for the error in Eq.(3) to vanish at the collocation 
points (ζI), it is sufficient to have:  

𝐻𝐻(𝜁𝜁𝑖𝑖) = 𝑓𝑓(𝜁𝜁𝑖𝑖) = 1
Δ𝜁𝜁𝑖𝑖

𝑤𝑤𝑖𝑖
∑𝑤𝑤𝑖𝑖

                   (4) 

where Δ𝜁𝜁𝑖𝑖 = 𝜁𝜁𝑖𝑖+1/2 − 𝜁𝜁𝑖𝑖−1/2 = 1
2

(𝜁𝜁𝑖𝑖+1 − 𝜁𝜁𝑖𝑖−1).  
It is not difficult to show that the order of approximation 
of 𝐻𝐻(𝜁𝜁𝑖𝑖) in Eq.(4) is 𝑂𝑂�Δ𝜁𝜁𝑖𝑖2� because the approximation in 
Eq.(4) is equivalent to using the midpoint rule to 
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approximate the integral in Eq,(1). Note that Eq.(4) pro-
vides a complete theoretical inversion of the unknown 
probability density function f(ζi,:). The order of conver-
gence is proportional to the square of the distance be-
tween the (i- 
1) and (i+1) bin centers divided by 4. 
 
The question now is how many bins (or quadrature 
nodes) that are sufficient to resolve the histogram prob-
ability 𝐻𝐻(𝑥𝑥) given a set of low-order moments that are 
computed from the random signal? The answer is non-
trivial as it is related to the Shannon information entropy 
based on the available probabilities (wi):  

   𝑆𝑆 = −∑ 𝑤𝑤𝑖𝑖ln (𝑤𝑤𝑖𝑖)𝑖𝑖                                  (5) 

From Eq.(5), it is evident that as the number of bins used 
to recover the underlying histogram increases, so does 
the information entropy, until no more information is re-
quired. This implies that adding extra bins will not con-
tribute any relevant information to the histogram, as indi-
cated by very low probability values, signifying the irrel-
evance of newly added nodes. In the hypothetical limit 
where the data has zero information entropy (Dirac delta 
function), the number of bins is reduced to one. In the 
variable order QMOM realm, the number of bins is deter-
mined through a simple search algorithm that optimally 
assigns nodes through sampling the unknown function or 
process from which the random data is generated. The 
algorithm terminates when no more significant infor-
mation is available for assignment to the newly created 
nodes, up to a user-defined threshold. If the data origi-
nates from a dynamic source with varying mean and var-
iance, the number of bins and its boundaries will adjust 
itself to reflect the nature of the dynamic data. The com-
plete detailed algorithm is shown in Figure 1. Note that 
the “while loop” implements the simple search and varia-
ble order of the ChebQMOM algorithm where the order is 
determined if the last computed weight (probability) “WN-

1” is less than very small, specified tolerance (Tol) and if 
the maximum and minimum computed nodes are outside 
their physical range. The algorithm is initiated by provid-
ing a vector of computed low-order moments “MOM”, in-
itial order “N = 2”, Tol, xmin and xmax. The output is a set of 
computed nodes and weights (ζb, wb). These conditions 
are found in all simulated cases to correspond to the 
maximum entropy, as given by Eq.(5). After reaching this 
point, the entropy "S" begins to decrease because the 
weights at least on one end of the distribution fall to zero. 
In Figure 4, the VOQMOM process is illustrated with a 
real-life sample showing the workflow and the signifi-
cance of the random signal identification with 22 low-or-
der moments associated with the reconstructed histo-
gram. Also, the plateau of the information entropy is clear 
near the maximum number of bins. Note that the 
ChebQMOM is implemented in an efficient way to reduce 

the numerical round-off errors using MATLAB.    

RESULTS AND DISCUSSION 
In this section we will present sample of results us-

ing synthetic random signals and real-life case studies. 
Also, in addition to the static sampling, we present a  dy-
namic case study by solving the simultaneous particle 
aggregation and growth in a closed batch process. 

 
Figure 1. Variable-order ChebQMOM algorithm. 

  

Figure 2. Unveiling random signal produced from normal 
distribution (mean = 2, std = 0.5) using 5000 samples. On 
the right-hand side is the recoverd probability histogram 
using 11 bins with 22 low-order moments.  

This case study demonstrates how the VOQMOM identi-
fies the data that is coming from a dynamic source with 
varying mean and variance where the boundaries of the 
bins move in a dynamic way. In addition to this, similar 
case studies were conducted on particle breakage in 
closed and open systems, particle breakage and coagu-
lation, an industrial scale mixer where a light liquid phase 
is dispersed in water as the continuous phase.   
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Figure 3. Unveiling random signal genrated from a beta  
distribution (parameters a = 3 and b = 3) using 5000 
samples. On the right-hand side is the recovered 
probability histogram using 11 bins based on 22 low-
order moments.  

 
Figure 4. Moment-consistent histogram unveiled from 
students' grades using the Variable-Order QMOM 
(VOQMOM). To the left is the random signal of students’ 
grades during 15 cycles. In the center is the VOQMOM 
process, and on the top right is the unveiled density his-
togram (with 11 bins) compared to the normal pdf with 
the same mean and variance as the data set. On the right 
(middle) is the information entropy of the data set as 
function of number of bins, while on the right bottom is 
the predicted (filled circles) and original set of moments 
(solid line).  

Unveiling probability histograms from 
Synthetic random signals 

A sample of three case studies that were synthe-
sized to prove the concept of the VOQMOM using ran-
dom sampling from normal, beta and lognormal probabil-
ity density functions (pdf). The random variable “x” is nor-
malized using the relation: 𝑢𝑢 = 𝑥𝑥−𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚−𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 and the moments 

of the sampled data were calculated using the relation 
𝑚𝑚𝑟𝑟 = 1

N
∑ 𝑢𝑢𝑗𝑗𝑟𝑟 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁
𝑗𝑗=0 , 𝑟𝑟 = 0, 1, …   𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁. This moment 

transformation results in a moment space that is de-
creasing exponentially showcasing the irrelevant infor-
mation contained in the high-order moments which are 

usually address the information content in the tail of the 
pdf. Figure 2 (Left) shows the 5000 random samples that 
are drawn from a normal probability density function with 
mean = 2, and std = 0.5. The VOQMOM algorithm identi-
fied this random signal using the algorithm of Figure 1 
which discovered an 11-bin probability density histogram 
as compared to the original normal pdf showen in Figure 
2 (Right). In addition to this, the histogram is consistent 
w.r.t. 22 low-order moments of the original data. Simi-
larly, Figure 3 shows the results of identifying 5000 ran-
dom samples drawn from the beta probability density 
function by the VOQMOM ending with an 11-bin histo-
gram. In Figure 5, the VOQMOM is challenged by 5000 
random samples that are drwan from the unsymmetrical 
log pdf (mean = 1.349 and std = 0.419). Again, with 11 
discovered bins, the unveailed probability density histo-
gram is very close to the orignal pdf.       

  

Figure 5. Unveiling random signal genrated from a 
lognormal  probability density function (mean = 1.349 and 
std = 0.419) using 5000 samples. On the right-hand side 
is the recovered probability histogram using 11 bins 
based on 22 low-order moments.   

Table 1: Unveiled probability histograms using the 
VOQMOM based on different real-life random data. 

Case Description No of bins 
 mean maximum air to surface 

temperature in Amman 
 

 adult diastolic blood pressure   
 abalone total weight data  
 students’ grades for  cycles  
 mean wind speed data  
 droplet size distribution data   

From these results, it is evident that the VOQMOM 
discovers incrementally new nodes and decides to stop 
when the individual probability carried by the terminal 
nodes (first & last nodes) becomes less than a user 
specified tolerance (Tol = 10-12). Also, the physical 
bounds placed on the terminal nodes is checked 
accordinglly where the probabilities of the terminal nodes 
approach zero when the physical bounds are exceeded.  
 

Input random signal

11 bins1
• Probability histogram (solid bar)

Normal pdf (solid line)2
•

22 low-order moments  3

1
• Students’ grades over 15 cycles

510 measured data points2
•

Collected in (2011-2023)3

Unveiling Probability Histograms from Random Signals 
using a Variable-Order Quadrature Method of Moments

20 40 60 80 100
0

1

2

3

4

0 10 20 30
0.1

1 107×

1 1015×

1 1023×

1 1031×

1 1039×0 200 400 600
20

40

60

80

100

   
  y

2 4 6 8 10 12 14
0.5

1

1.5

2



 

Attarakih et al. / LAPSE:2025.0381 Syst Control Trans 4:1427-1432 (2025) 1431  

  

Figure 6. Unveiling random signal based on measured 
diastolic blood pressure of a male adult  (age 50-56) 
using 671 samples. On the right-hand side is the recoverd 
probability histogram using 11 bins based on 22 low-
order moments as compared to the normal pdf.    

  

Figure 7. Unveiling random signal based on measured 
mean wind speed [10] using ∼35000 samples. On the left-
hand side is the information entropy as function of bins 
number and on the right-hand side is the recoverd 
probability histogram using 12 bins based on 24 low-
order moments., The dashed line is the Weibull pdf with 
shape and scaling parameters calculated based on the 
correlations from [10].   

Unveiling probability histograms from real-
life random signals 

Having validated the concept of the simple search 
algorithm of the VOQMOM using random signals from a 
reference pdf, we demonstrate the validity of the method 
using real-life data sets. Figure 6 (Left) shows 671 ran-
dom measurements of diastolic blood pressure for  an 
adult male (50-56 years old) during a time span of 6 
years. The search algorithm of the VOQMOM identified 
an 11-bin probability histogram behind these random 
data set as shown in Figure 6 (Right). The histogram is 
consistent w.r.t. 22 low order moments. Comparing this 
unveiled histogram to the normal pdf, it is clear that the 
data is well presented by this pdf with mean and standard 
deviation as those of the original data.  In the second real 
case study, a random measured data set of size ∼ 35000 
which represents mean wind speed data [10] as shown in 
Figure 7. On the left-hand side of this figure is the infor-
mation entropy as function of bins number.  It is clear 
when new node or bin is added, the information entropy 
increases until a point where the probabiltiy of the added 

node approaches zero. At this point we observed that the 
entropy drops slightly in all the investigated case studies 
signifiying the termination of the  algorithm at the maxi-
mum possible node number. On the right-hand side of 
Figure 7 is the recoverd probability histogram using 12 
bins based on 24 low-order moments.  Also, the results 
are compared to the Weibull pdf (dashed line) with shape 
and scaling parameters calculated based on the correla-
tions derived by Shu and Jesson [10] using mean wind 
speed data. It is clear that this data set is well repre-
sented by the Weibull pdf. The last case study consists 
of a data set of abalone total weights in mg that is meas-
ured from 4177 individuals [12]. Figure 8 (Left) shows the 
increase in the information entropy until a flat plateau is 
reached near the best number of bins (12). The unveiled 
histogram from these random data is shown in Figure 8 
(Right) and is compared to the Weibull distribution with 
shape and scaling factors that are calculated by correla-
tions from [10]. It is noteworthy to mention here that the 
optimal number of uniform bins obtained from this data 
set was found to be 14 using an optimization algorithm of 
Knuth [4]. Furthermore, Table 1 shows many cases stud-
ies which are based on real-life experience with main ob-
servation that the number of bins predicted by the 
VOQMOM ranges from 11 to 14.     

Unveiling probability histograms by solving 
the population balance equation 

In this case study we tested the VOQMOM for the 
dynamic evolution of simultaneous particle growth and 
coagulation under constant coagulation rate and growth 
velocity given by 𝐺𝐺(𝑥𝑥) = 𝐺𝐺0𝑥𝑥/3 . From the initial condition 
𝑓𝑓(𝑥𝑥) = 3𝑥𝑥2exp (−𝑥𝑥3), the number of bins is found to be 11. 
After 10 seconds of simulation time using Heun’s method 
with a time step of 0.025 seconds and Λ = 0.75 (ratio of 
coagulation to growth rate), the number of bins discov-
ered by the VOQMOM is 13. Figure 9 shows the normal-
ized histogram (w.r.t. zeroth moment) at t = 0 (Left) and 
at t = 10 seconds (Right). All the 22 low-order moments 
were calculated with high accuracy when compared to 
the analytical solution of Gelbard and Seinfeld [11]. In 
spite of the growth of the particle size around 20 times 
of its initial value, the solution at t = 10 s is free of numer-
ical diffusion due to the integral representation of the 
growth term thanks to the QMOM. Note that the integral 
source term in the population balance equation is inte-
grated with a variable order QMOM at each instant of 
time. The CPU time using Heun’s method for this case is 
in the order of 5 seconds using a state of the art msi- 
laptop (Intel(R) Core(TM) i7, CPU at 2.6 GHz & 8 GB RAM). 
The dominance of coagulation over particle growth is 
manifested by the increase of information entropy from 
1.68 to 1.77 that is reflected by the increase of nodes 
from 11 to 13. 
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Figure 8. Unveiling random signal based on measured 
abolane total weight in mg using 4177 samples. On the 
left-hand side is the information entropy as function of 
bins’ number and on the right-hand side is the recoverd 
probability histogram using 12 bins based on 24 low-
order moments as compared to Weibull pdf (dashed line) 
with shape and scaling parameters calculated based on 
the correlations of Shu and Jesson [10].   

  

Figure 9. Particle growth & coagulation with Λ = 0.75 in a 
simplified batch crystallizer. Left: Normalized histogram 
at t = 0 with 11 bins. Right: Normalized histogram as 
compared to the exact ones (filled circles) with number 
of moving bin centres = 13 at t = 10 s. 

SUMMARY AND CONCLUSIONS 

The VOQMOM is a non-parametric method that can 
be used to identify general probability histograms by 
processing big random data which is drawn from real-life 
problems. It works through compressing a given set of 
random data into low-order moments, which are then 
processed to encode  the underlying pdf from which the 
data is generated. It uses a simple linear search algorithm 
coupled with ChebQMOM and needs only a sufficient 
number of nodes and weights to work with negligible 
computational cost. Using different analytical and 
practical case studies, it is found that 10 to 14 bins were 
sufficient to reconstruct the pdf with a local accuracy of 
O(Δ𝜁𝜁𝑖𝑖2). The algorithm terminates when no more 
informaiton is available to assign to the terminal nodes.  
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