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ABSTRACT 
Bilevel optimization is an active area of research within the operations research community due to 
its ability to capture the interdependencies between two levels of decisions. This study introduces 
a metamodeling approach for addressing mixed-integer bilevel optimization problems, exploiting 
the approximation capabilities of neural networks. The proposed methodology employs neural net-
work embeddings to approximate the optimal follower's response, bypassing the inner optimiza-
tion problem by parametrizing it with continuous leader’s decisions. The use of Rectified Linear 
Unit (ReLU) activations allows the forward pass of the neural network to be represented as a set 
of mixed-integer linear constraints. Thereby, the bilevel structure is simplified into a single-level 
optimization model. A case study based on a two-echelon supply chain demonstrates the effec-
tiveness of the approach, with solutions comparable to traditional bilevel optimization methods. 
The results suggest that neural network embeddings offer a promising alternative for tackling 
complex bilevel problems even when discrete decisions are involved and unveil the trade-off be-
tween prediction accuracy and computational demands. This methodology provides a versatile 
and efficient framework for solving mixed-integer bilevel optimization problems across diverse 
domains. 

Keywords: Bilevel Optimization, Neural Network Embeddings, Supply Chain Planning, Surrogate Modelling, 
MILP reformulation

INTRODUCTION 
Many problems relevant to process engineering in-

volve multiple stakeholders with conflicting interests and 
whose individual decisions are affected by each other’s 
actions. Such hierarchical decision-making processes 
can be effectively modelled as bilevel optimization prob-
lems, where upper-level problems are constrained by in-
ner optimization problems.  

The nested structure of these models makes bilevel 
optimization one of the most complex branches of math-
ematical programming. Specifically, the development of 
solution algorithms is particularly difficult as it depends 
on the nature of the inner optimization problem and the 
interaction between both levels. This complexity is fur-
ther amplified when the problems involve mixed-integer 
variables, leading to mixed-integer bilevel problems 
(MIBPs). 

From Moore and Bard’s foundational studies on 

mixed-integer bilevel problems [1], significant progress 
has been made under the assumption of linearity. In gen-
eral, the methods to solve mixed integer linear bilevel 
problems (MILBPs) typically begin with a high-point re-
laxation—optimizing the upper-level objective while con-
sidering both levels' constraints—and systematically ex-
plore the feasible region to identify optimal solutions. 
Strategies such as branch-and-bound, branch-and-cut, 
Benders decomposition, parametric integer program-
ming, or their combinations have been effectively applied 
[2]. While these methods often converge to exact solu-
tions for MILBP, solving mixed-integer nonlinear bilevel 
problems (MINLBPs) remains more challenging, with 
most algorithms achieving only ε-optimal solutions. 
 Given the inherent difficulties of MIBPs, data-driven 
alternatives have gained considerable attention over the 
recent years. Despite the evident advantages of sophis-
ticated methods such as reinforcement learning (RL), 
which has demonstrated considerable potential and in 
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the field of game theory [3,4], neural network embed-
dings remain a powerful and flexible alternative to con-
ventional methods [5,6,7].  

Our proposed approach builds on the idea of using 
fully connected deep neural networks to approximate the 
follower’s optimal response. When the network induces 
non-linearity via piecewise linear activation functions, it 
can be formulated as mixed-integer linear constraints 
and embedded into the leader’s optimization problem. 
We illustrate the capabilities of the methodology in the 
optimization of a simplified supply chain, which highlights 
the potential advantages of this approach and reveals its 
remaining challenges.  

MATHEMATICAL FRAMEWORK 
In this study, we focus on mixed-integer bilevel due 

to its countless applications in process engineering in ar-
eas such as supply chain management and energy sys-
tems. The leader’s problem, defined in Eq. 1, aims to op-
timize the function 𝐹𝐹(𝑥𝑥𝐿𝐿,𝑦𝑦𝐿𝐿 , 𝑥𝑥𝐹𝐹 ,𝑦𝑦𝐹𝐹) subject to constraints 
𝐺𝐺(𝑥𝑥𝐿𝐿,𝑦𝑦𝐿𝐿 ,𝑥𝑥𝐹𝐹 ,𝑦𝑦𝐹𝐹). Here, 𝑥𝑥𝐿𝐿 ∈ ℝ𝑞𝑞𝐿𝐿 and 𝑦𝑦𝐿𝐿 ∈ ℤ𝑝𝑝𝐿𝐿 represent the 
leader’s continuous and integer decision variables, while 
𝑥𝑥𝐹𝐹 ∈ ℝ𝑞𝑞𝐹𝐹 and 𝑦𝑦𝐹𝐹 ∈ ℤ𝑝𝑝𝐹𝐹 denote the follower’s continuous 
and integer decision variables, respectively. 

min 𝐹𝐹(𝑥𝑥𝐿𝐿,𝑦𝑦𝐿𝐿 ,𝑥𝑥𝐹𝐹 ,𝑦𝑦𝐹𝐹)
𝑠𝑠. 𝑡𝑡. , 𝐺𝐺(𝑥𝑥𝐿𝐿 ,𝑦𝑦𝐿𝐿, 𝑥𝑥𝐹𝐹 ,𝑦𝑦𝐹𝐹) ≤ 0

(𝑥𝑥𝐹𝐹 ,𝑦𝑦𝐹𝐹) ∈ 𝜓𝜓(𝑥𝑥𝐿𝐿,𝑦𝑦𝐿𝐿)
𝑥𝑥𝐿𝐿 ∈ ℝ𝑞𝑞𝐿𝐿

𝑦𝑦𝐿𝐿 ∈ ℤ𝑝𝑝𝐿𝐿

        (1) 

The function 𝜓𝜓(𝑥𝑥𝐿𝐿 ,𝑦𝑦𝐿𝐿) corresponds to the paramet-
ric solution of the follower’s optimization problem, which 
is presented in Eq. 2. This hierarchical structure intro-
duces significant computational challenges, as the leader 
must anticipate the follower’s optimal response while 
solving their own problem. Analogously, the leader’s de-
cisions influence the follower’s objective 𝑓𝑓(𝑥𝑥𝐿𝐿,𝑦𝑦𝐿𝐿 , 𝑥𝑥𝐹𝐹 ,𝑦𝑦𝐹𝐹) 
and feasible set, defined by constraints 𝑔𝑔(𝑥𝑥𝐿𝐿,𝑦𝑦𝐿𝐿 ,𝑥𝑥𝐹𝐹 ,𝑦𝑦𝐹𝐹).  

𝜓𝜓(𝑥𝑥𝐿𝐿,𝑦𝑦𝐿𝐿) = argmin 𝑓𝑓(𝑥𝑥𝐹𝐹 ,𝑦𝑦𝐹𝐹 ,𝑥𝑥𝐿𝐿 ,𝑦𝑦𝐿𝐿)
𝑠𝑠. 𝑡𝑡. , 𝑔𝑔(𝑥𝑥𝐹𝐹 ,𝑦𝑦𝐹𝐹 , 𝑥𝑥𝐿𝐿,𝑦𝑦𝐿𝐿) ≤ 0

𝑥𝑥𝐹𝐹 ∈ ℝ𝑞𝑞𝐹𝐹

𝑦𝑦𝐹𝐹 ∈ ℤ𝑝𝑝𝐹𝐹
      (2) 

METHODOLOGY 
Our approach is grounded in the work developed by 

Dumouchelle et al. (2022) [8], which utilized neural net-
work embeddings to tackle two-stage stochastic pro-
gramming problems. The proposed workflow, outlined in 
Figure 1, involves the following steps. 

1. Identification of the linking variables 
As starting point, the bilevel model must be 

formulated and its structure must be carefully analysed 

to understand the interaction between both levels. This 
inspection is essential to identify linking variables that 
connect the upper and lower levels and contain the infor-
mation exchanged between the players.  

Linking variables play a key role in this work, since 
they constitute the inputs and outputs of the neural net-
work used to approximate the optimal response of the 
follower. Notably, not all of the leader’s variables neces-
sarily influence the follower’s decisions, and vice-versa. 
Identifying this subset helps reducing the dimensionality 
of the input and output spaces, simplifying the network 
architecture. Therefore, the linking variables will be a 
subset of the leader’s decision variables (𝑥𝑥𝑐𝑐𝐿𝐿,𝑦𝑦𝑐𝑐𝐿𝐿) ⊆
(𝑥𝑥𝐿𝐿,𝑦𝑦𝐿𝐿). 

Although in general both leader’s continuous and 
discrete decisions impact the follower’s solution, we ex-
clusively contemplate lower-level problems parametrized 
by continuous leader’s decisions (i.e., 𝜓𝜓(𝑥𝑥𝑐𝑐𝐿𝐿)), since train-
ing neural networks with endogenous integer variables is 
out of the scope of this study.  

 

Figure 1: Overview of the proposed methodology 
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2. Generation of training data 
The neural network is trained in a supervised man-

ner. Thus, a set of input-output pairs is required so that it 
learns the mapping 𝜓𝜓 from 𝑥𝑥𝑐𝑐𝐿𝐿 ↦ (𝑥𝑥𝐹𝐹 ,𝑦𝑦𝐹𝐹). Such dataset is 
generated through an iterative procedure. 

First, a set of feasible solutions of the upper-level 
problem is randomly sampled using strategies such as 
Latin Hypercube Sampling. Both the sampling method 
and the number of data points must ensure a representa-
tive coverage of the feasible region in problem 1. Then, 
for each sampled leader’s solution, the corresponding la-
bel is computed by solving the lower-level problem in Eq. 
2, where the leader’s variables function as parameters. 

3. Training of the neural network 
A fully connected neural network (𝑥𝑥𝐹𝐹 ,𝑦𝑦𝐹𝐹) = 𝒩𝒩(𝑥𝑥𝐿𝐿; θ) 

is trained to predict the optimal follower’s decisions as a 
function of the leader’s decisions. Here, coefficients θ 
represent the weights and biases of the network that 
must be optimized during training. Rectified Linear Unit 
(ReLU) activations introduce non-linearity to the outputs 
of each neuron in hidden layers, whereas linear transfor-
mations are applied in the output layer. 

The prepared dataset is divided into training (70%), 
validation (20%) and test (10%) subsets. The training set 
is used to fit model weights, the validation set for archi-
tecture selection and hyperparameter tuning, and the 
test set to evaluate model performance.  

4. Neural network as MILP 
Mathematically, the output of a ReLU-activated 

neuron 𝑗𝑗 in layer 𝑚𝑚 can be written as 

ℎ𝑗𝑗𝑚𝑚 = max�0,∑ 𝑤𝑤𝑖𝑖𝑖𝑖𝑚𝑚−1ℎ𝑖𝑖𝑚𝑚−1 + 𝑏𝑏𝑗𝑗𝑚𝑚−1𝑛𝑛𝑚𝑚−1
𝑖𝑖=1 �       (3) 

where 𝑤𝑤𝑖𝑖𝑖𝑖𝑚𝑚 is the element of matrix 𝑊𝑊𝑚𝑚 at the 𝑖𝑖-th row and 
𝑗𝑗-th column and 𝑏𝑏𝑗𝑗𝑚𝑚 is the 𝑗𝑗-th element of vector 𝑏𝑏𝑚𝑚, being 
𝑊𝑊𝑚𝑚 and 𝑏𝑏𝑚𝑚 the weights and biases associated with layer 
𝑚𝑚, respectively. 

Since the expression in Eq. 3 merely describes a 
piecewise linear function, the forward propagation step 
of a neural network with ReLU activations can be mod-
elled as a set of linear constraints. Though different re-
formulation alternatives have been proposed in the liter-
ature, they all involve the introduction of binary variables 
to indicate which region of the ReLU function is active [9]. 
Following the extended Big-M reformulation proposed by 
Serra et al. (2017) [10], a representation of an 𝑙𝑙-layered 
feed-forward neural network is shown in Eq. 4, where 𝑛𝑛𝑚𝑚 
identifies the number of neurons in a given layer 𝑚𝑚. 

∑ 𝑤𝑤𝑖𝑖𝑖𝑖0 𝑥𝑥𝐿𝐿 +𝑛𝑛0
𝑖𝑖=1 𝑏𝑏𝑗𝑗0 = ℎ�𝑗𝑗1 − ℎ�𝑗𝑗1 ∀ 𝑗𝑗 ∈ {1, … , 𝑛𝑛0}

∑ 𝑤𝑤𝑖𝑖𝑖𝑖𝑚𝑚−1ℎ�𝑗𝑗𝑚𝑚−1 +𝑛𝑛𝑚𝑚−1
𝑖𝑖=1 𝑏𝑏𝑗𝑗𝑚𝑚−1 = ℎ�𝑗𝑗𝑚𝑚 − ℎ�𝑗𝑗𝑚𝑚

∀ 𝑗𝑗 ∈ {1, … , 𝑛𝑛𝑚𝑚},
𝑚𝑚 ∈ {2, … , 𝑙𝑙 − 1}

∑ 𝑤𝑤𝑖𝑖𝑖𝑖𝑙𝑙 ℎ�𝑗𝑗𝑙𝑙 +𝑛𝑛𝑙𝑙
𝑖𝑖=1 𝑏𝑏𝑗𝑗𝑙𝑙 = 𝛽𝛽𝑗𝑗 ∀ 𝑗𝑗 ∈ {1, … , 𝑛𝑛𝑙𝑙}

ℎ�𝑗𝑗𝑚𝑚 ≤ 𝑀𝑀+
𝑗𝑗
𝑚𝑚𝑧𝑧𝑗𝑗𝑚𝑚

∀ 𝑗𝑗 ∈ {1, … , 𝑛𝑛𝑚𝑚},
𝑚𝑚 ∈ {1, … , 𝑙𝑙 − 1}

ℎ�𝑗𝑗𝑚𝑚 ≤ 𝑀𝑀−
𝑗𝑗
𝑚𝑚�1 − 𝑧𝑧𝑗𝑗𝑚𝑚�

∀ 𝑗𝑗 ∈ {1, … , 𝑛𝑛𝑚𝑚},
𝑚𝑚 ∈ {1, … , 𝑙𝑙 − 1}

ℎ�𝑗𝑗𝑚𝑚, ℎ�𝑗𝑗𝑚𝑚 ≥ 0 ∀ 𝑗𝑗 ∈ {1, … , 𝑛𝑛𝑚𝑚},
𝑚𝑚 ∈ {1, … , 𝑙𝑙 − 1}

𝑧𝑧𝑗𝑗𝑚𝑚 ∈ {0,1} ∀ 𝑗𝑗 ∈ {1, … , 𝑛𝑛𝑚𝑚},
𝑚𝑚 ∈ {1, … , 𝑙𝑙 − 1}

   (4) 

Note that the pair �ℎ�𝑗𝑗𝑚𝑚, ℎ�𝑗𝑗𝑚𝑚� is complementary, mean-
ing that only one can be non-zero, and only the non-neg-
ative counterpart ℎ�𝑗𝑗𝑚𝑚 of the weighted sum is propagated 
through the network. This exclusive disjunction is en-
forced by binary variables 𝑧𝑧𝑗𝑗𝑚𝑚. The outputs of the neural 
network are denoted as 𝛽𝛽𝑗𝑗.  

In addition, Big-M coefficients 𝑀𝑀+ and 𝑀𝑀− must be 
carefully chosen to ensure tight linear programming (LP) 
relaxations. For this purpose, we adopt the propagation 
rule introduced by Serra et al. [10].  

5. Single-level reformulation 
Replacing the inner optimization problem by the 

MILP representation of the surrogate model of 𝜓𝜓(𝑥𝑥𝐿𝐿) 
transforms the original bilevel problem in Eq. 1 into a sin-
gle-level model, which can be directly handled by state-
of-the art optimization solvers. The proposed single-level 
reformulation is presented in Eq. 5. 

min 𝐹𝐹(𝑥𝑥𝐿𝐿,𝑦𝑦𝐿𝐿 ,𝑥𝑥𝐹𝐹 ,𝑦𝑦𝐹𝐹)
𝑠𝑠. 𝑡𝑡. , 𝐺𝐺(𝑥𝑥𝐿𝐿 ,𝑦𝑦𝐿𝐿, 𝑥𝑥𝐹𝐹 ,𝑦𝑦𝐹𝐹) ≤ 0

Equations in 4
Linking block
𝑥𝑥𝐿𝐿 ∈ ℝ𝑞𝑞𝐿𝐿

𝑦𝑦𝐿𝐿 ∈ ℤ𝑝𝑝𝐿𝐿

        (5) 

The Linking block refers to the set of constraints that 
map 𝛽𝛽 ↦ (𝑥𝑥𝐹𝐹 ,𝑦𝑦𝐹𝐹), being therefore case-dependent. 

RESULTS AND DISCUSSION 
To illustrate the application of the proposed meth-

odology, we consider the simplified two-echelon supply 
chain in Figure 2, adapted from Yue and You (2017) [11]. 

 
Figure 2: Supply chain superstructure 
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In this Stackelberg game with a single leader and a 
single follower, both participants aim at maximizing their 
own profits. The optimization problems for the upper and 
lower levels are formulated below. 

 Upper-Level Problem (Leader): 

max sales𝐿𝐿 − costs𝐿𝐿
𝑠𝑠. 𝑡𝑡. sales𝐿𝐿 =  𝑝𝑝𝐵𝐵𝐿𝐿𝑋𝑋𝑃𝑃1 + 𝑝𝑝𝐶𝐶𝐿𝐿𝑋𝑋𝑃𝑃2 + 𝑝𝑝𝐸𝐸𝐿𝐿�𝑋𝑋𝑄𝑄1 + 𝑋𝑋𝑄𝑄2�

costs𝐿𝐿 = ∑ (𝑝𝑝𝐴𝐴𝐿𝐿 + 𝑣𝑣𝑖𝑖)𝑋𝑋𝑖𝑖 + 𝑓𝑓𝑖𝑖𝑌𝑌𝑖𝑖𝑖𝑖∈𝐼𝐼𝐿𝐿

∑ 𝑋𝑋𝑖𝑖 ≤ 𝐶𝐶𝐿𝐿𝑖𝑖∈𝐼𝐼𝐿𝐿

∑ 𝑌𝑌𝑖𝑖 ≤ 1𝑖𝑖𝑖𝑖∈𝐼𝐼𝐿𝐿

𝑋𝑋𝑖𝑖 ≥ 𝐶𝐶𝐿𝐿𝑌𝑌𝑖𝑖                  ∀ 𝑖𝑖 ∈ 𝐼𝐼𝐿𝐿

𝑋𝑋𝑖𝑖 ∈ ℝ+,𝑌𝑌𝑖𝑖 ∈ {0,1} ∀ 𝑖𝑖 ∈ 𝐼𝐼𝐿𝐿

𝐼𝐼𝐿𝐿 = {𝑃𝑃1,𝑃𝑃2}
�𝑋𝑋𝑄𝑄1,𝑋𝑋𝑄𝑄2,𝑋𝑋𝑄𝑄3,𝑌𝑌𝑄𝑄1,𝑌𝑌𝑄𝑄2,𝑌𝑌𝑄𝑄3� = 𝜓𝜓(𝑋𝑋𝑃𝑃1,𝑋𝑋𝑃𝑃2)

      (6)  

 Lower-Level Problem (Follower): 

𝜓𝜓(𝑋𝑋𝑃𝑃1,𝑋𝑋𝑃𝑃2) = 
       max sales𝐹𝐹 − costs𝐹𝐹
       𝑠𝑠. 𝑡𝑡. sales𝐹𝐹 = 𝑝𝑝𝐷𝐷𝐹𝐹𝑋𝑋𝑄𝑄1 + 𝑝𝑝𝐸𝐸𝑅𝑅�𝑋𝑋𝑄𝑄2 + 𝑋𝑋𝑄𝑄3�

costs𝐹𝐹 = 𝑝𝑝𝐵𝐵𝐹𝐹𝑋𝑋𝑃𝑃1 + 𝑝𝑝𝐶𝐶𝐹𝐹𝑋𝑋𝑃𝑃2 + ∑ 𝑣𝑣𝑖𝑖𝑋𝑋𝑖𝑖 + 𝑓𝑓𝑖𝑖𝑌𝑌𝑖𝑖𝑖𝑖∈𝐼𝐼𝐹𝐹

∑ 𝑋𝑋𝑖𝑖 ≤ 𝐶𝐶𝐹𝐹𝑖𝑖∈𝐼𝐼𝐹𝐹

∑ 𝑌𝑌𝑖𝑖 ≤ 1𝑖𝑖𝑖𝑖∈𝐼𝐼𝐹𝐹

𝑋𝑋𝑖𝑖 ≥ 𝐶𝐶𝐹𝐹𝑌𝑌𝑖𝑖                  ∀ 𝑖𝑖 ∈ 𝐼𝐼𝐹𝐹

𝑋𝑋𝑖𝑖 ∈ ℝ+,𝑌𝑌𝑖𝑖 ∈ {0,1} ∀ 𝑖𝑖 ∈ 𝐼𝐼𝐹𝐹

𝐼𝐼𝐹𝐹 = {𝑄𝑄1,𝑄𝑄2,𝑄𝑄3}

 (7) 

To approximate the solution of problem 7, a neural 
network was trained to predict the follower’s optimal 
real-valued decisions 𝑋𝑋𝑖𝑖∈𝐼𝐼𝐹𝐹, while binary variables 𝑌𝑌𝑖𝑖∈𝐼𝐼𝐹𝐹 
are subsequently inferred from the network’s predictions. 
In the above formulations, the parameters 𝐶𝐶𝐿𝐿 and 𝐶𝐶𝐹𝐹 rep-
resent the productive capacity of the leader and the fol-
lower, respectively. Similarly, 𝑝𝑝𝑠𝑠𝐿𝐿 and 𝑝𝑝𝑠𝑠𝐹𝐹 refer to the selling 
or purchase price of species 𝑠𝑠, depending on the player. 

a)  b)  

c)  d)  

Figure 3: Observations versus predictions for the network outputs across training and testing datasets. Subplots 
(a), (b), and (c) show the predicted versus observed values for 𝑋𝑋𝑄𝑄1, 𝑋𝑋𝑄𝑄2 and 𝑋𝑋𝑄𝑄3, respectively, with the dashed line 
representing the ideal 𝑦𝑦 = 𝑥𝑥 relationship. Subplot (d) provides a 3D visualization of the network outputs (𝑋𝑋𝑄𝑄1, 𝑋𝑋𝑄𝑄2 
and 𝑋𝑋𝑄𝑄3) as a function of the inputs (𝑋𝑋𝑃𝑃1 and 𝑋𝑋𝑃𝑃2).  
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A dataset containing 5000 points was generated by 
solving problem 7 for different combinations of (𝑋𝑋𝑃𝑃1,𝑋𝑋𝑃𝑃2). 
CPLEX was used as optimization algorithm and the data 
generation time rose to 964 s.  

Different network architectures (e.g., varying the 
number of layers and neurons per layer) were consid-
ered. First, we employed Hyperband search to explore 
the predefined hyperparameter space and select the 
best architecture. The learning rate was further opti-
mized using the learning rate range test [12]. The network 
with the optimal hyperparameter configuration was fi-
nally trained for 200 epochs on a combined training and 
validation set using Adam optimizer. Its performance was 
then assessed both on the train and test sets, reporting 
the corresponding mean absolute error (MAE) in Table 1. 
All models were implemented and trained using Tensor-
Flow 2.16.1.  

The results, as shown in Table 1, indicate low MAE 
scores, proving the suitability of the neural network as an 
accurate surrogate for the optimal lower-level solution. 
The accuracy of the network outputs, as indicated by the 
low MAE scores, is further validated by the observation-
versus-prediction plots in Figure 3. Subplots a–c illus-
trate that the predictions closely align with the labels 
across both training and testing datasets, as the points 
cluster tightly around the diagonal line. Minor deviations 
are observed only in regions where the original function 
exhibits discontinuities, consistent with the patterns seen 
in the 3D representation in Figure 3d. Such sharp transi-
tions are inherently challenging for neural networks—or 
most regression models—to predict, since they are well-
suited for capturing differentiable patterns. In this case, 
these mispredictions are localized and do not compro-
mise the method's overall effectiveness, as the model 
properly captures the underlying system’s behaviour.  

Nevertheless, its performance could be improved by 
either exposing the network to more data during training 
or adopting more complex network architectures, which, 
however, are more prone to overfitting. The former ap-
proach would increase the data generation time, which is 
already the bottleneck of the process. In contrast, the lat-
ter would negatively impact the convergence rate of the 
single-level model due to the expansion in size of the 
neural network embedding. Hence, there is a clear trade-
off between prediction accuracy and computational de-
mand. 

Table 1: Neural network configuration and performance  

Neurons per layer [16,16,16] 
Learning rate 2 · 10−3 
Batch size 32 
Optimizer Adam 
MAE 0.052 (train) 0.054 (test) 
Training time (s) 43.4 

Table 2: Results comparison 

 NN solution KKT solution  
Profit Leader (MU/h)   
Profit Follower (MU/h)   
𝑋𝑋𝑃𝑃1 (ton/d)   
𝑋𝑋𝑃𝑃2 (ton/d)   
𝑋𝑋𝑄𝑄1 (ton/d)   
𝑋𝑋𝑄𝑄2 (ton/d)   
𝑋𝑋𝑄𝑄3 (ton/d)   
Solving time (s)   

The single-level reformulation of the original prob-
lem, based on the neural surrogate, is given in Eq. 8. 

max sales𝐿𝐿 − costs𝐿𝐿
𝑠𝑠. 𝑡𝑡. sales𝐿𝐿 =  𝑝𝑝𝐵𝐵𝐿𝐿𝑋𝑋𝑃𝑃1 + 𝑝𝑝𝐶𝐶𝐿𝐿𝑋𝑋𝑃𝑃2 + 𝑝𝑝𝐸𝐸𝐿𝐿�𝑋𝑋𝑄𝑄1 + 𝑋𝑋𝑄𝑄2�

costs𝐿𝐿 = ∑ (𝑝𝑝𝐴𝐴𝐿𝐿 + 𝑣𝑣𝑖𝑖)𝑋𝑋𝑖𝑖 + 𝑓𝑓𝑖𝑖𝑌𝑌𝑖𝑖𝑖𝑖∈𝐼𝐼𝐿𝐿

∑ 𝑋𝑋𝑖𝑖 ≤ 𝐶𝐶𝐿𝐿𝑖𝑖∈𝐼𝐼𝐿𝐿

∑ 𝑌𝑌𝑖𝑖 ≤ 1𝑖𝑖𝑖𝑖∈𝐼𝐼𝐿𝐿

∑ 𝑤𝑤𝑖𝑖𝑖𝑖0 Xi +𝑖𝑖∈𝐼𝐼𝐿𝐿 𝑏𝑏𝑗𝑗0 = ℎ�𝑗𝑗1 − ℎ�𝑗𝑗1 ∀ 𝑗𝑗 ∈ {1, … ,16}
∑ 𝑤𝑤𝑖𝑖𝑖𝑖1 ℎ�𝑗𝑗1 +16
𝑖𝑖=1 𝑏𝑏𝑗𝑗1 = ℎ�𝑗𝑗2 − ℎ�𝑗𝑗2 ∀ 𝑗𝑗 ∈ {1, … ,16}

∑ 𝑤𝑤𝑖𝑖𝑖𝑖2 ℎ�𝑗𝑗2 +16
𝑖𝑖=1 𝑏𝑏𝑗𝑗2 = ℎ�𝑗𝑗3 − ℎ�𝑗𝑗3 ∀ 𝑗𝑗 ∈ {1, … ,16}

∑ 𝑤𝑤𝑖𝑖𝑖𝑖3 ℎ�𝑗𝑗3 +16
𝑖𝑖=1 𝑏𝑏𝑗𝑗3 = 𝛽𝛽𝑗𝑗 ∀ 𝑗𝑗 ∈ {1,2,3}

ℎ�𝑗𝑗𝑚𝑚 ≤ 𝑀𝑀+
𝑗𝑗
𝑚𝑚𝑧𝑧𝑗𝑗𝑚𝑚 ∀ 𝑗𝑗 ∈ {1, … , 𝑛𝑛𝑚𝑚},𝑚𝑚 ∈ {1,2,3}

ℎ�𝑗𝑗𝑚𝑚 ≤ 𝑀𝑀−
𝑗𝑗
𝑚𝑚�1 − 𝑧𝑧𝑗𝑗𝑚𝑚� ∀𝑗𝑗 ∈ {1, … , 𝑛𝑛𝑚𝑚},𝑚𝑚 ∈ {1,2,3}

ℎ�𝑗𝑗𝑚𝑚, ℎ�𝑗𝑗𝑚𝑚 ≥ 0 ∀ 𝑗𝑗 ∈ {1, … , 𝑛𝑛𝑚𝑚},𝑚𝑚 ∈ {1,2,3}
𝑧𝑧𝑗𝑗𝑚𝑚 ∈ {0,1} ∀ 𝑗𝑗 ∈ {1, … , 𝑛𝑛𝑚𝑚},𝑚𝑚 ∈ {1,2,3}

⎣
⎢
⎢
⎢
⎡

𝒀𝒀𝑸𝑸𝑸𝑸
𝛽𝛽𝑖𝑖 ≥ 𝜀𝜀

𝛽𝛽𝑖𝑖 − 𝜀𝜀 ≤ 𝑋𝑋𝑄𝑄𝑄𝑄 ≤ 𝛽𝛽𝑖𝑖 + 𝜀𝜀
0 ≤ 𝑋𝑋𝑄𝑄𝑄𝑄 ≤ 𝐶𝐶𝐿𝐿 ⎦

⎥
⎥
⎥
⎤
⊻ �

¬𝒀𝒀𝑸𝑸𝑸𝑸
𝛽𝛽𝑖𝑖 ≤ 𝜀𝜀
𝑋𝑋𝑄𝑄𝑄𝑄 = 0

� 𝑖𝑖 = {1,2,3}

𝑋𝑋𝑖𝑖 ≥ 𝐶𝐶𝐿𝐿𝑌𝑌𝑖𝑖                  ∀ 𝑖𝑖 ∈ 𝐼𝐼𝐿𝐿

𝑋𝑋𝑖𝑖 ∈ ℝ+,𝑌𝑌𝑖𝑖 ∈ {0,1} ∀ 𝑖𝑖 ∈ 𝐼𝐼𝐿𝐿

𝐼𝐼𝐿𝐿 = {𝑃𝑃1,𝑃𝑃2}

(8) 

The Big-M reformulation applied to the disjunction 
in Eq. 8 results in a set of linear constraints that constitute 
the so-called Linking block in Eq. 5. These equations are 
designed to mitigate the neural network approximation 
error and ensures that non-selected production schemes 
of the follower have a production rate of exactly 0. In this 
context, the parameter 𝜀𝜀 acts as a tolerance threshold 
that accounts for the prediction error of the neural net-
work. Specifically, it limits an allowable margin around the 
predicted values that guarantees consistency between 
the network’s outputs and the logical conditions of the 
optimization problem. 

For comparison purposes, the original model is 
solved by applying a direct reformulation using Karush-
Kuhn-Tucker (KKT) conditions for all feasible combina-
tions of binary variables. Both models were implemented 
in Pyomo 6.8.2, using CPLEX 22.1.1.0 as MILP solver and 
reach identical results, as Table 2 summarizes, due to the 
effect of linking constraints.  

Since the objective of this work was to demonstrate 
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the effectiveness and reliability of the proposed method-
ology in solving mixed-integer bilevel instances, the se-
lected case study was not complex enough to evaluate 
the potential advantages of the methodology in terms of 
solution speed compared to traditional approaches. Con-
sequently, future research will focus on exploring the 
benefits of neural network embeddings in large-scale 
models. 

CONCLUSION 
This contribution presents a metamodeling ap-

proach to mixed integer bilevel optimization, where the 
inner-level problem is parametrized by continuous deci-
sions of the leader. In this study, the lower level is by-
passed using a neural network that approximates the op-
timal follower’s response to the leader’s decisions. By 
employing Rectified Linear Unit activations, the neural 
network can be reformulated as a set of mixed integer 
linear constraints that are integrated into the leader’s 
problem as a single-level reformulation. Additional con-
straints are introduced to map the network outputs to the 
corresponding follower decision variables and to infer 
their discrete behaviour where needed.  

The approach was showcased on a two-echelon 
supply chain case study, achieving solutions whose qual-
ity is comparable to traditional bilevel optimization meth-
ods. These results suggest that further effort to improve 
the use neural network embeddings in mixed-integer bi-
level optimization tasks could lead to significant ad-
vantages, especially when applied to larger-scale in-
stances. Future research should primarily focus on ensur-
ing prediction accuracy, which remains a critical chal-
lenge of the proposed methodology, while carefully bal-
ancing model complexity, computational resources and 
reliability to enhance its competitiveness in terms of 
computational efficiency. 
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