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ABSTRACT

Surrogate models are widely used to improve the tractability of process optimization. Some com-
monly used surrogate models are obtained via machine learning such as multi-layer perceptrons
(MLPs), Gaussian processes, and decision trees. Recently, a new class of machine learning models
named Kolmogorov Arnold Networks (KANs) have been proposed. Broadly, KANs are similar to
MLPs, yet they are based on the Kolmogorov representation theorem instead of the universal ap-
proximation theorem for the MLPs. Compared to MLPs, it was reported that KANs require signifi-
cantly fewer parameters to approximate a given input/output relationship. One of the bottlenecks
preventing the embedding of MLPs into optimization formulations is that MLPs with a high number
of parameters (larger width or depth) are more challenging to globally optimize. We investigate
whether the parameter efficiency of KANs relative to MLPs can be translated to computational
benefits when embedding them into optimization problems and solving them to global optimality.
We propose a Mixed-Integer Nonlinear Programming (MINLP) formulation of a KAN and test its
effectiveness using a case study on the optimization of an auto-thermal reforming process. We
observe that KANs are a promising alternative as surrogate models particularly for cases with low
number of inputs or outputs. For surrogate models with higher inputs or outputs, stronger formu-
lations must be developed to improve global optimization of models with KANs embedded.

Keywords: Surrogate modeling, Kolmogorov Arnold Networks, Deterministic Global Optimization, Mixed-Inte-

ger Nonlinear Programming

INTRODUCTION

Recent advances in machine learning have
paved the way for increased use of surrogate models for
mathematical optimization of chemical processes [1]. A
large plethora of machine learning models are used for
surrogate modeling and optimization, namely Gaussian
processes [2], support vector machines [3], decision
trees [4], and multi-layer perceptrons [5,6]. Among these
models, the use of multi-layer perceptrons is widespread
due to their ability to universally approximate any in-
put/output relationship given a nonlinear activation func-
tion and a sufficiently high number of neurons in the hid-
den layer [7].

The most commonly used activation functions
for multi-layer perceptrons are Rectified Linear Units
(ReLU) and hyperbolic tangent (tanh) functions.
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Schweidtmann and Mitsos [8] conducted an extensive
evaluation of the impact of varying architectures of multi-
layer perceptrons embedded into optimization formula-
tions on the computational effort required for determin-
istic global optimization. They reported that for multi-
layer perceptrons with tanh activation function, increas-
ing the size of the MLP makes them more challenging to
solve to global optimality [8]. More recently, in a similar
study conducted for MLPs with ReL.U activation function
solved using GUROBI [9], it was reported that GUROBI
(v10) struggles to solve modestly deep MLPs containing
six hidden layers with 500 neurons each [9].

Recently, a new class of machine learning mod-
els called Kolmogorov Arnold Networks (KANs) have
been proposed [10]. KANs are based on the Kolmogorov
representation theorem, which states that for a given
vector x, of n, variables, a continuous function f(xy) in a
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bounded domain X € R™ such that f: X — R can be ex-
pressed with 2n, + 1 additions of function @, which is a
finite composition of n, univariate functions ¢ [11].
Hence, a network based on the Kolmogorov representa-
tion theorem comprises an input layer, a single hidden
layer with 2n, + 1 neurons and an output layer. However,
these networks are unlearnable in practice since the 1D
functions ¢ may be non-smooth or fractal [10]. To over-
come this issue, Kolmogorov Arnold networks were pro-
posed, which is a generalization of the Kolmogorov rep-
resentation theorem to consider networks of arbitrary
depths and widths [10].

One of the advantages that KANs offer over MLPs is
that they require fewer parameters to approximate a
given input/output relationship relative to MLPs [10].
Hence, in this study, we aim to investigate whether this
parametric efficiency offered by KANs can be translated
into computational efficiency for deterministic global op-
timization of models with surrogate models embedded.
We propose a Mixed-Integer Nonlinear Programming
(MINLP) formulation of a KAN. We test the effectiveness
of the formulation by considering the case study on opti-
mization of the auto thermal reforming process [12]. Ad-
ditionally, we also compare the performance of KANs
with ReLU networks of varying architectures with deter-
ministic global MINLP solver SCIP (v9.2) [13].

BACKGROUND

For a Kolmogorov Arnold Network with L + 1 layers, in-
cluding the input and output layers, the number of neu-
rons in each layer is defined by the vector N :=[n,,
nyg,...,Ny,...,n.]. Here, n,y is the number of inputs, n; is the
number of neurons in the [** layer of the KAN and n, is
the number of neurons in the final layer L equivalent to
the number of outputs from the KAN, as shown in the di-
rected acyclic graph in Figure 1.
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Figure 1. Directed acyclic graph of a Kolmogorov Arnold
Network.

=R %

& -
L N o

For a KAN, as opposed to an MLP, the activation lies
on the edge connecting two neurons rather than on the
neuron itself [10]. Denoting a neuron in the [** layer as
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(1,i), where i represents the index of the neuron in the
layer [ and it can take values ranging from 1 to n;. The
activation (¢, ;;) connecting the neuron i in layer [ to neu-
ron j in layer I + 1 is a univariate function,

$ji(x), 1=0,..,L—1i=1,..,n,j=1,..., N4 M

Here, x;; represents the pre-activation value of the neu-
ron i in layer L. For the input layer, this corresponds to the
inputs to the network. Hence, the input to a neuron in the
layer [ + 1 is given by [10],

Xip1) = Lota bui(xi) J =104 (2)

Equation (2) can be equivalently represented as matrices,

( Xir1a )_ ("51) 3)
xl+1fnl+1 xl:nl

Compactly, Equation (3) can be expressed as,

$11,10) br1n, ()

Binn ) P ()

X141 = Py(xy) (4)

where, @ is the composition of univariate functions ¢.
Hence, the overall network can be represented as:

x;, = KAN(xg) == ®p_1(x1_1 (... (P1(x1(Po(x0)))))) ()

For a KAN, the activation functions (¢) are weighted
sums of a base activation function (b) and a spline func-
tion (s) expressed as [10],

Guji(xi) = wijibuyi(x) + wijosugi(a) (6)

where w/;; and wf;; are the weights of each activation,
and they are trainable parameters. This ensures that the
overall KAN activation (¢) is trainable, further distinguish-
ing it from an MLP, where the activation is fixed. Typi-
cally, the Sigmoid Linear Unit (siru) function is used as
the base activation function (b) in KANs [10],

byji(xy;) = silu(x;;) = i 7

1+e *Li

Finally, the spline activation function can be defined as
(10],

s1i(x10) = D526 ¢ jig Bujingr (i) (8)
Here, G represents the number of grid points used to
characterise the spline basis functions B of degree k.
cjig is the coefficient for each spline basis function

By jigk- Cljig iS also a trainable parameter. For further in-
formation on KANs, the reader is referred to [10].

METHODOLOGY

In this section, we propose a Mixed-Integer Nonlin-
ear Programming (MINLP) formulation to optimize over a
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trained KAN, provide details about the implementation of
the formulation, and the case study used to test the
MINLP formulation of a KAN.

Formulation

The presence of a spline function in the activation
makes each activation distinct. The spline basis functions
are determined as

1 tjig < % <tyjig+t

Bujigo(ai t) = {0 otherwise (©)
Byjiga(rs t) = —uuta_p oo (x5 t) +
Lj,i,g,d\*Liy - tLjigrd=tijig L,j,i,9,d—1\*Li»
t .. - X7
MBl,j_i_gH_d_l(xl,i; t),d =1,....k (10)

tjig+d+1~ tLjig+1

Here, tis a vector of G + 1 uniformly-spaced non-
decreasing points in the range [x{;,x[}], Byjig0 are ze-
roth-order spline basis functions and B, ;; 54 are higher-
order spline basis functions defined up to the degree k of
the spline.

A Mixed-Integer Quadratically Constrained Pro-
gramming (MIQCP) formulation has been proposed to
model spline functions described in Equations (7) - (9) by
Grimstad [14]. Herein, we adopt the proposed MIQCP for-
mulation in [14] in our formulation for KAN. We represent
the zeroth-order basis functions B, ;; 5, as binary varia-
bles. To ensure they are only activated for the case as
described in Equation (8), we introduce the following lin-
ear constraints (Equations (10) and (11)) into the formula-
tion:

(tujig — tujio)Brjigo T tujio < 9 =0,..,6+ (11)
2k—1

(trjig+1 — tujic+2i)Bujigo + tujio = X9 = (12)
0,..,G+2k—-1

To determine the higher-order spline basis functions
(Byjiga) for d =1,...,k, we include the quadratic Equa-
tion (9) forall g =0,..,G + 2k — 1 — d. Finally, we also in-
clude the partition of unity cuts [14] in our formulation as,

Zgigk_l_d Bl,j,i,g,d = l,d = 0,...,k (13)

Equations (10) — (13) allow for the calculation of k"-order
spline basis functions required to characterise the spline
function (s) in Equation (8), which is also included in the
formulation. The base activation function (b) is formu-
lated as described in Equation (7). Finally, the overall ac-
tivation is formulated as described in Equation (5). To
model the connections in the network as shown in Figure
1, Equation (14) is added to the formulation.

Xy = (B i) + ayji=1,.., n,j =
1,...,n4,andl=0,...,L—1 (14)
The presence of the term q; ; distinguishes Equation

(14) from Equation (1). While not necessary for a KAN,
bias term aq;; is included in the implementation for
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sparsity regularization and improved training perfor-
mance [10].

Therefore, the MINLP formulation of a KAN pre-
sented here consists of Equations (6) — (8), (10) — (14).
For a trained KAN embedded into an optimization formu-
lation wp;;, wi; cjig, and ay; are fixed parameters.
Hereafter, the overall formulation is denoted as TKAN. We
would like to remind readers that all equations in the for-
mulation are linear or quadratic except for Equation (7).
Using the siLu function as the base activation intro-
duces the nonlinearity into the formulation.

Case Study

We consider the case study of optimizing an au-
tothermal reforming process used in the documentation
of OMLT [15] and in a recent review article on optimiza-
tion formulations for trained machine learning models
[12]. The dataset comprises two inputs: Bypass fraction
(a) and natural gas steam ratio (SR). The bounds for «a
and SR are [0.1, 0.8] and [0.8, 1.2] respectively. There are
12 outputs in the dataset: the steam flowrate, the re-
former duty, and the composition of the outlet stream.
Outlet stream comprises 10 components. The reader is
referred to [15] for additional details about the case
study. For the optimization problem formulation, only two
outputs are of interest: the concentration of hydrogen in
the outlet stream (cy) and the concentration of nitrogen
in the outlet stream (cy). The objective of the problem is
to maximize ¢y while constraining ¢y to be lower than
0.34. Hence, the optimization problem with KAN embed-
ded is as follows:

max cy

a,SR

s.t. TKAN(a,SR) =0 (15)
cy <034

Similarly, the optimization problem with MLP embedded
is:

max cy

a,SR

s.t. MLP(a,SR) =0 (16)
cy < 0.34

Two different network architectures are considered: one
considering the two outputs present in the optimization
formulation as the two outputs from the network and an-
other with all twelve outputs in the dataset as the outputs
from the network.

Implementation

The proposed MINLP formulation has been imple-
mented using the Pyomo optimization framework [16].
Object-oriented programming framework is leveraged to
create separate classes for an activation and a layer, en-
abling a simple definition of a KAN using a Pyomo block.
For importing all the necessary parameters: w/;;, w;;;,
Cjigr tujigs and a;, @ method is written to export all
these parameters to a JSON file on reading a trained KAN
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model object. All KANs are trained using the pykan re-
pository (v0.0.2) [10]. For comparing the effectiveness of
a KAN with MLPs, MLPs with ReL.U activation are trained
using Tensorflow (v2.17.0) and imported into Pyomo us-
ing OMLT (v1.2.1) [15]. We consider MLPs with one, two
and three layers, each with 20 neurons for comparison.
We only consider the BigM formulation of ReLU MLPs for
investigation. For all instances, a time limit of 300 sec-
onds is imposed. Relative termination tolerance of 1.0E —
4 is used for all instances. All the instances are solved via
Pyomo/GAMS (v48.6) using SCIP (v9.2) on a Dell Latitude
7440 laptop with 13t generation Intel Core i7-1365U pro-
cessor @1.80 GHz with 16 GB of RAM running Windows
10.

RESULTS AND DISCUSSION

This section presents the results related to training
different networks and solving the optimization models
with the trained network embedded.

Training results

All networks are trained by splitting the dataset into
training and testing subsets in the proportion of 0.75 :
0.25 (train : test). Detailed discussions in relation to train-
ing times of different networks are not provided because
KANs require significantly more computational effort to
train relative to MLPs [10]. A similar observation is also
made in this study.

Both KANs are trained with one hidden layer com-
prising two neurons with six grid points (G = 6) using 125
training steps. For MLPs, the number of hidden layers
ranging from one to three, each with 20 neurons, is con-
sidered. Hundred epochs with default learning rate and
batch size are used to train all MLPs. Mean squared error
(MSE) on the training and test sets and the number of
parameters in the network are reported in Table 1.

In Table 1 for both cases of two and twelve outputs,
we observe the parameter efficiency of KANs over MLPs.
The KAN with 12 outputs (KAN12) has a training MSE of
5.11E-5, which is approximately half of the deepest ReL.U
MLP. Similarly, for the case with two outputs, KAN2 ex-
hibits orders of magnitude lower train MSE than any of
the ReLU MLPs trained. While we observe that the MSE
on the test set is comparable for all the networks trained,
the lower MSE on training sets indicates that KANs are
more accurate than MLPs though inconclusive. Finally, it
is important to point out that KANs have approximately
the same number of parameters as MLPs with one hidden
layer for both the cases of two and twelve outputs; they
exhibit significantly lower MSE values on the training set
than for any MLPs.

Karia et al. / LAPSE:2025.0372

Table 1. Details of training for different networks. The
network name is defined using the type of network (KAN
or MLP) followed by the number of outputs (2 or 12) from
the network. For MLPs, the number of hidden layers is
shown in parentheses. For example, the network with the
name ‘ReLU12(2)’ corresponds to a ReL.U MLP with twelve
outputs and two hidden layers.

Network Train MSE Test MSE # of

param.
ReLU12(1) 3.10E-4 4.30E-3 312
ReLU12(2) 1.08E-4 4.10E-3 732
ReLU12(3) 1.32E-4 3.80E-3 1152
KAN12 5.11E-5 4.21E-3 311
ReLU2(1) 1.25E-4 4.90E-3 102
ReLU2(2) 1.41E-4 4.60E-3 522
RelLU2(3) 5.05E-4 4.30E-3 942
KAN2 4.20E-8 4.73E-3 91

Syst Control Trans 4:1371-1376 (2025)

Optimization results

All trained networks are solved to global optimality
at the specified tolerance. For all the networks, the value
of the objective, i.e., the concentration of hydrogen in the
outlet stream (cy) is found to be approximately =~ 0.33.
The actual value of the global maximum is not known or
reported. Hence, the ability of a network to accurately
describe the global solution cannot be further evaluated.
We repeat the global optimization of all networks using
SCIP five times. The average wall time elapsed to achieve
convergence to global optimality over the five runs is re-
ported in Figure 2. Repeated runs are carried out to en-
sure higher confidence in the results since the wall time
needed to achieve global optimality is low ( < 10 seconds
for most cases).

On comparing the results between the two cases of
twelve outputs and two outputs in Figure 2, we observe
that reducing the number of outputs for MLPs has a minor
effect on the computational effort to prove global opti-
mality. For ReLU(2) and ReLU(3), there is a slight reduc-
tion in the average time taken to achieve convergence.
Whereas, for ReLU(1), this increases slightly by reducing
the number of outputs, albeit for both cases, the runtime
is still less than 1 second. On the other hand, for the KAN,
the runtime reduces by an order of magnitude. This ob-
servation can be explained by considering the nature of
a KAN. For a KAN, the activation lies on the edge con-
necting two neurons in the network. On reducing the
number of outputs from 12 to 2, the total number of acti-
vations in the network reduces from 28 to 8. Moreover,
considering each activation comprises the spline func-
tion, which introduces G + 2k binary variables (c.f. Equa-
tions (11) and (12)), reducing the number of activations in
the networks significantly reduces the computational ef-
fort required to optimize the trained KAN to global opti-
mality. We do not see the same for MLPs because, for an
MLP, the activation lies in the neuron itself.
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Runtime comparison of networks

10? { EE 12 outputs
@ 2 outputs

Average wall time (s)

RelU(1)

RelLU(2) RelLU(3) KAN
Networks

Figure 2. Comparison of runtimes among different
networks. The networks compared are 'RelLU(1),
'ReLU(2)', 'ReLU(3)', and 'KAN' corresponding to MLPs
with one, two, and three hidden layers and a Kolmogorov
Arnold Network, respectively. Two different cases of two
and twelve outputs are considered shown by shaded
orange bars and solid blue bars respectively.

Comparing KANs and MLPs, we observe that for the
case of 12 outputs, KAN requires an order of magnitude
higher computational effort to be solved to global opti-
mality using SCIP relative to MLPs. Hence, it is not com-
petitive with MLPs. However, when reducing the number
of outputs, the computational effort required for KAN is
comparable to that of MLPs with three hidden layers.
However, it requires more computational effort than
MLPs with one or two hidden layers. This behavior is ex-
plained by the fact that for a KAN, we solve an MINLP,
but for a ReLU modeled using the BigM formulation, a
Mixed-Integer Linear Programming (MILP) formulation is
solved. MILPs are relatively easier to solve than MINLPs.
Additionally, the algorithms to solve MILPs are more ad-
vanced than MINLPs.

For the case study considered, the MSE on the test
set are comparable for both MLPs and KANs. However,
KANs are expected to offer better generalization capa-
bilities compared to MLPs [10]. Considering that the com-
putational effort required to optimize KANs is comparable
to MLPs with three layers, a comprehensive evaluation
should be conducted with multiple other case studies to
thoroughly evaluate the potential of KANs as surrogate
models.

CONCLUSIONS

In this study, we presented a Mixed-Integer Nonlin-
ear Programming formulation for embedding Kolmogorov
Arnold Networks into optimization formulations. Using an
autothermal process optimization case study, we
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investigated the potential of using Kolmogorov Arnold
Networks as surrogate models for process optimization.
We observed that they are a promising alternative as sur-
rogate models, particularly when a low number of inputs
or outputs are involved.

For applications requiring a high number of inputs or
outputs, stronger formulations for KAN need to be devel-
oped to improve their computational tractability for de-
terministic global optimization. Alternatively, activation
functions such as ReL,U should be investigated as base
activation functions instead of sizu. Doing so would po-
tentially avoid the solution of an MINLP and a more trac-
table MIQCP would be solved instead. Finally, more ex-
tensive testing of the formulation with different case
studies to comprehensively evaluate the effectiveness of
KANS.

ACKNOWLEDGEMENTS

Financial support from Shell Global Solutions Interna-
tional B.V. is gratefully acknowledged.

REFERENCES

1. Misener R, Biegler L. Formulating data-driven
surrogate models for process optimization. Comput
Chem Eng. 2023 Nov 1;179:108411.

2. Schweidtmann AM, Bongartz D, Grothe D,
Kerkenhoff T, Lin X, Najman J, et al. Deterministic
global optimization with Gaussian processes
embedded. Math Program Comput [Internet]. 2021
Sep 1 [cited 2025 Jan 29];13(3):553-81. Available
from:
https://link.springer.com/article/10.1007/s12532-
021-00204-y

3. Schweidtmann AM, Weber JM, Wende C, Netze L,
Mitsos A. Obey validity limits of data-driven models
through topological data analysis and one-class
classification. Optimization and Engineering
[Internet]. 2022 Jun 1 [cited 2025 Jan
29];23(2):855-76. Available from:
https://link.springer.com/article/10.1007/s11081-
021-09608-0

4. Thebelt A, Kronqvist J, Mistry M, Lee RM,
Sudermann-Merx N, Misener R. ENTMOOT: A
framework for optimization over ensemble tree
models. Comput Chem Eng. 2021 Aug
1;151:107343.

5. Schweidtmann AM, Bongartz D, Mitsos A.
Optimization with Trained Machine Learning
Models Embedded. Encyclopedia of Optimization
[Internet]. 2023 [cited 2025 Jan 24];1-8. Available
from:
https://link.springer.com/referenceworkentry/10.10
07/978-3-030-54621-2_735-1

1375



10.

1.

12.

13.

14.

15.

Karia et al. / LAPSE:2025.0372

Schweidtmann AM, Esche E, Fischer A, Kloft M,
Repke JU, Sager S, et al. Machine Learning in
Chemical Engineering: A Perspective. Chemie
Ingenieur Technik [Internet]. 2021 Dec 1 [cited
2025 Jan 29];93(12):2029-39. Available from:

https://onlinelibrary.wiley.com/doi/full/10.1002/cite.

202100083
Hornik K, Stinchcombe M, White H. Multilayer

feedforward networks are universal approximators.

Neural Networks. 1989 Jan 1;2(5):359-66.
Schweidtmann AM, Mitsos A. Deterministic Global
Optimization with Artificial Neural Networks
Embedded. J Optim Theory Appl [Internet]. 2019
Mar 15 [cited 2025 Jan 24];180(3):925-48.
Available from:
https://link.springer.com/article/10.1007/s10957-
018-1396-0

Webinar: Using Trained Machine Learning
Predictors in Gurobi - YouTube [Internet]. [cited
2025 Jan 24]. Available from:
https://www.youtube.com/watch?v=jaux5004qHU
Liu Z, Wang Y, Vaidya S, Ruehle F, Halverson J,
Soljaci’c MS, et al. KAN: Kolmogorov-Arnold
Networks. 2024 Apr 30 [cited 2025 Jan 24];

Available from: https://arxiv.org/abs/2404.19756v4

Arnold VI. On the representation of functions of

several variables as a superposition of functions of

a smaller number of variables. Collected Works
[Internet]. 2009 [cited 2025 Jan 24];25-46.
Available from:
https://link.springer.com/chapter/10.1007/978-3-
642-01742-1_5

Lépez-Flores FJ, Ramirez-Marquez C, Ponce-

Ortega JM. Process Systems Engineering Tools for

Optimization of Trained Machine Learning Models:
Comparative and Perspective. Ind Eng Chem Res
[Internet]. 2024 Aug 14 [cited 2025 Jan
24]1;63(32):13966-79. Available from:

https://pubs.acs.org/doi/full/10.1021/acs.iecr.4c006

32

Bolusani S, Besangon M, Bestuzheva K, Chmiela A,
Dionisio J, Donkiewicz T, et al. The SCIP
Optimization Suite 9.0. 2024 Feb 27 [cited 2025
Jan 24]; Available from:
https://arxiv.org/abs/2402.17702v2

Grimstad B. A MIQCP formulation for B-spline
constraints. Optim Lett [Internet]. 2018;12(4):713-
25. Available from: https://doi.org/10.1007/s11590-
017-1190-1

Ceccon F, Jalving J, Haddad J, Thebelt A, Tsay C,
Laird CD, et al. OMLT: Optimization & Machine
Learning Toolkit. Journal of Machine Learning
Research [Internet]. 2022 [cited 2025 Jan
271;23(349):1-8. Available from:
http://jmir.org/papers/v23/22-0277.html

16. Bynum ML, Hackebeil GA, Hart WE, Laird CD,
Nicholson BL, Siirola JD, et al. Pyomo —
Optimization Modeling in Python. 2021 [cited 2025
Jan 27];67. Available from:
http://link.springer.com/10.1007/978-3-030-
68928-5

Syst Control Trans 4:1371-1376 (2025)

© 2025 by the authors. Licensed to PSEcommunity.org and PSE
Press. This is an open access article under the creative com-
mons CC-BY-SA licensing terms. Credit must be given to creator
and adaptations must be shared under the same terms. See
https://creativecommons.org/licenses/by-sa/4.0/

1376



