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ABSTRACT

In process systems engineering (PSE), obtaining accurate process models for optimization can be
expensive and time-consuming. Black-box Bayesian Optimization (BO) with Gaussian process (GP)
surrogates offers a promising approach. However, full black-box optimization neglects valuable
prior knowledge, which could otherwise improve the optimization process. This work explores
methods of integrating prior knowledge in the form of low-fidelity data into BO by evaluating these
methods on synthetic multi-fidelity test functions. Our results highlight possibilities for improved
convergence of the BO optimization. However, our work further highlights potential pitfalls of
these multi-fidelity models, such as bias, convergence to local optima, and overfitting on low-
fidelity data. Hence, leveraging low-fidelity data in multi-fidelity models can improve BO conver-
gence, but there are instances where the algorithms are more susceptible to failure.

Keywords: Process Design, Optimization, Machine Learning, Numerical Methods

INTRODUCTION

Process models are not always available and can be
prohibitively expensive to obtain for model-based opti-
mization. Hence, the process systems engineering (PSE)
community has gained an interest in Bayesian Optimiza-
tion (BO). BO uses Gaussian process (GP) surrogate
models as a probabilistic approximation of objective
functions. The BO algorithm iteratively queries the black-
box objective with experimental conditions obtained from
optimizing over the so-called acquisition function [1]. Alt-
hough BO is generally known as sample-efficient, treat-
ing chemical engineering design problems as fully black-
box problems can still be prohibitively expensive, partic-
ularly for high-cost technical-scale experiments with
many degrees of freedom (DoF). At the same time, the
past 150 years of chemical engineering research provide
extensive knowledge, modeling, and databases that are
neglected by black-box algorithms such as BO. Hence,
we investigate different possibilities of including such
prior knowledge in the BO algorithm.

Other works from the PSE community investigate
options to combine BO with known model equations, e.qg.,
in compositions of GPs with mechanistic equations [2, 3].
In this work, however, we consider the case of available
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data, e.g., from low-cost simulations, approximate mod-
els, or similar processes.

One widely known option to include such prior
knowledge in BO is prior mean modeling [4], where the
user complements the BO algorithm with an initial guess,
i.e., a prior mean. Such prior means may be derived from
a scientist’s intuition or fitted to available lower-fidelity
data. A similar yet structurally different alternative are
multi-fidelity GPs designed to handle lower-fidelity data
[5]. These multi-fidelity models enhance the model's pre-
dictive capabilities by transferring knowledge from low-
fidelity observations to the high-fidelity regime. Promi-
nent methods are multi-task and multi-fidelity GPs utiliz-
ing special kernels to model the relations between differ-
ent fidelities or the recursive GP model introduced by
Kennedy and O’'Hagen [6, 7].

In this work, we compare the usage of different
multi-fidelity and prior mean modeling techniques for BO
design problems. We focus on improving BO conver-
gence in the high-fidelity regime, utilizing low-fidelity
data as a supplementary source of information. Our anal-
ysis shows that utilizing lower-fidelity data in BO can
generally improve the convergence of the BO optimiza-
tion. However, our analysis also highlights some potential
pitfalls and causes for failure, such as convergence to
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local optima, overfitting, and model training errors. For
this conference proceeding, we restrict our analysis to
established multi-fidelity test functions, e.g., Forrester,
Rosenbrock, and Rastrigin test functions.

BAYESIAN OPTIMIZATION

Black-box optimization refers to optimization prob-
lems where the objective function f(x) lacks an analytical
expression or is expensive to evaluate. The general form
of a black-box optimization problem is:

min f (x) (1)

Here, x is the vector of DoF from a feasible domain X <
RY, and f(x) is the objective function to be minimized. BO
is a widely adopted approach for solving such problems,
leveraging probabilistic surrogate models to approximate
the objective function, enabling efficient exploration and
exploitation of the search space while keeping the num-
ber of evaluations low.

GPs are a popular choice for the probabilistic surro-
gate model for BO due to their data efficiency and inher-
ent uncertainty quantification. GPs are an extension of a
multivariate normal distribution to infinite dimensions,
i.e., continuous functions, with the prior distribution p(f)
of the objective function f defined as:

p(f) = W (100, k(x x) = GP(u(), k(x,X)) (2)

Here, u(x) is the mean function representing the ex-
pected value of the objective function f, and k(x,x’) is
the covariance function describing the relation between
two arbitrary vectors x and x’. The joint distribution of the
prior belief f and exact observations y is Gaussian:

k(x,x") kxX)T >' 3)

p(f.y) = 97’([”;(:)] ' [k(X,x) K(X,X)

The vector of means of the observations, m, is typically
set directly to the observations. For the case of exact ob-
servations, this simplifies to y = {f(x;)}\.,, where N de-
notes the number of observations. The matrix X = {x;}},
represents the corresponding set of data points in the in-
put dimension and K(X, X) corresponds to the covariance
matrix evaluated at these data points, using a kernel
function k(:,). Conditioning the GP prior p(f) on the
noise-free observation data D = {x;, f(x;)}, yields the
posterior p(f|D), which is also Gaussian:

p(f1D) = GP(f; up (X), kp (x, X)) (4)
The posterior mean and covariance functions read:

up(X) = u(x) + K(xX)K X X) ™ (m - u(X)) (5)

kp(x,x") = k(x,x") — k(x, X)K (X, X)"1k(X,x) (6)

Since the surrogate model is probabilistic, it allows
the user to formulate an expression of a preference over
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the uncertain outcomes, also known as an acquisition
function a : X - R. Thus, the inference of the next obser-
vation location £ boils down to maximizing the acquisition
function:
R € argmax a(x, D) (7)
XeEX

One of the most common acquisition functions is the
expected improvement acquisition function, which is de-
fined as:

E[y*(x) = ]Ef(x) [max(O, f(x) - y*)] ] (8)

where the incumbent y* = maxy is the best function value
observed so far [8].

Bayesian optimization with available lower-
fidelity data

In many chemical engineering problems, data often
comes from simulations or experiments that can be per-
formed at varying levels of detail, precision, or cost.
These levels of detail are commonly referred to as fideli-
ties. Each level of fidelity can be represented by a differ-
ent function f;(x), where t = 1, ..., T indicates the fidelity
level, with t = T representing the highest fidelity. Each fi-
delity level provides a set of data points, D, =
{(xi, f:(x))}, where x; represents DoF and f;(x,) the
corresponding function evaluations, with N, denoting the
number of observations in the t-th fidelity.

The goal of multi-fidelity optimization is to efficiently
determine the optimal choice of the DoF x* that minimizes
the highest-fidelity function f;(x). This is achieved by
leveraging data from the lower-fidelity levels {D,}7-1,
which are typically less expensive to compute, to inform
and reduce the need for evaluations of fr(x). The chal-
lenge lies in effectively combining information from these
fidelities to balance accuracy and computational effi-
ciency.

While multi-fidelity optimization often incorporates
a cost-aware perspective, assigning evaluation costs to
fidelities and using a joint acquisition function to minimize
expected cost, this work focuses solely on the highest-
fidelity function. Here, lower-fidelity data is used to en-
hance the predictive model of f(x), improving accuracy
and reducing the number of high-cost evaluations re-
quired.

Prior mean modeling

The prior mean function u(x) of a GP is typically as-
sumed to be either zero or a constant value in order to
avoid any unwanted bias on our decisions caused by
spurious structure in the prior process [1, 9]. By specify-
ing the prior mean function pu(x) of the prior belief of the
objective function p(f), high-level information about the
objective function can incorporated into the BO process.
The GP posterior of the objective function p(f|D) is then
updated by the available data but still inherits the
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previously encoded knowledge.

A practical approach to integrating low-fidelity data
into the prior mean of a Gaussian process involves train-
ing a regression model on the low-fidelity dataset. The
resulting model is then utilized as the prior mean function
for the Gaussian process. In this study, we consider a
fifth-order polynomial regression with L2 regularization
and a neural network. For the polynomial regression
model, the prior mean of the GP is defined as:

u(®) = )W (9)

Here ®(x) represents the feature matrix, and w the re-
spective weights of the polynomial regression model. The
prior mean of the neural network is defined as:

u(x) = NN(x) (10)
Here, NN(x) represents the neural network.

Recursive co-kriging model

The recursive co-kriging model, commonly referred
to as the auto-regressive (AR1) model, was first intro-
duced by Kennedy and O’'Hagen [6] and further elabo-
rated upon by Gartiet [7]. This model is widely used for
multi-fidelity modeling and leverages an auto-regressive
structure to represent dependencies across fidelity lev-
els. It assumes a Markov property, wherein each fidelity
level is dependent only on the immediately preceding
level. The general formulation of the AR1 model for T fi-
delity levels can be expressed as:

i) =p-1fe-1X) +6,(x), t=2,..,T (1)

Here, f;(x) represents the GP associated with the t-th fi-
delity level, while f;_,(x) is the GP conditioned on the
data from the preceding fidelity level. The parameter p,_;
serves as a scaling factor that quantifies the influence of
the (m — 1)-th fidelity level on the current fidelity level.
The term 6,(x) is a GP that models the residual errors be-
tween the high-fidelity data at the t-th level and the pre-
dictions provided by f;_; (x).

Due to the AR1 model's Markov property, the data
points at a given fidelity level only influence the predic-
tions of that level and all subsequent fidelity levels, but
not the preceding fidelity levels. Consequently, the model
is well-suited for datasets with such a hierarchical struc-
ture.

Multi-Fidelity Modeling

Unlike the recursive co-kriging model, which lever-
ages an auto-regressive structure to model the fidelity
relation sequentially, other multi-fidelity approaches
adopt a joint modeling framework. A key challenge in
such models lies in accurately defining and learning the
cross-covariance structure between tasks or fidelities,
which is critical for effective knowledge transfer.

Two notable examples of such an approach are the
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multi-task GP model formulation proposed by [10] and
the multi-fidelity GP model formulation proposed by [11].
The multi-task model captures these relationships using
a learnable inter-task covariance matrix. In contrast, the
multi-fidelity model by [11] represents fidelity as a con-
tinuous parameter and employs a covariance function to
describe inter-task dependencies. Both approaches rely
on decomposing the covariance between outputs into
components that reflect task/fidelity dependencies and
input space similarities. This can be formally expressed
as:

Kmuiei (%, £), (X, ) = ke (t,7) - ky(%,%") (12)
or equivalently in tensor form:
kmulti((x: t)! (X’! t’)) = Kt ® kX(XJX’) (13)

Here, t and t’ denote task or fidelity indices, k, represents
the covariance of tasks or fidelities, and k, encodes input
space similarity. The choice of representation depends
on whether tasks are treated as discrete entities, e.g., in
multi-task GPs, or part of a continuous fidelity spectrum,
e.g., in multi-fidelity GPs.

RESULTS AND DISCUSSION

The different multi-fidelity BO methods are evalu-
ated on optimization test problems, specifically on multi-
fidelity versions of the Forrester, the Rosenbrock, shifted
and rotated Rastrigin, and the Heterogeneous test func-
tions. Both the shifted and rotated Rastrigin and the Het-
erogeneous function are multi-modal functions, i.e.,
these functions exhibit multiple local optima. The key
characteristics are summarized in Table 1. For a detailed
explanation of the test function, the reader is referred to
the original source [12]. The different methods are com-
pared to a baseline, i.e., a standard GP conditioned only
on high-fidelity data. All evaluated methods are summa-
rized in Table 2.

Table 1: Evaluated multi-fidelity test functions [12].

# Function # Dimensions # Fidelities
1 Forrester 1 4
2 Rosenbrock 2 3
3 Rastrigin 2 3
4 Heterogeneous 1 2

Syst Control Trans 4:1294-1299 (2025)

The performance of the different methods is evalu-
ated on the success rate of optimization runs. We evalu-
ate the success of an optimization run using a conver-
gence score. The convergence score is defined as:

(bi — fmax=Yi (14)

fmax—Fmin

Here, finin and fi,q, are the minimum (optimum) and max-
imum function values in the search domain, respectively.
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Here, y; is the incumbent from the methods in the i-th
optimization step. The convergence score is then com-
pared to a required convergence score ¢ < 4. If the
required convergence score is reached, the optimization
run will be deemed successful. Note that we can define
the convergence score as we consider test functions
with known optima.

Table 2: Evaluated multi-fidelity modeling methods.

# Methods Description
1 Baseline GP conditioned on high-fidelity
data

2 Prior Mean
Polynomial

GP conditioned on high-fidelity

data and using a polynomial re-

gression model trained on low-

fidelity data.

GP conditioned on high-fidelity

data and using a neural network

regression model trained on

low-fidelity data.

4  Multi-Fidelity Multi-fidelity GP model as de-
GP scribed in [11], conditioned on

multi-fidelity data.

Multi-task GP model as de-

scribed in [10], conditioned on

multi-fidelity data.

Recursive Co-Kringing model as

described in [6], conditioned on

multi-fidelity data.

3 Prior Mean NN

5 Multi-Task GP

6 Recursive Co-
Kriging

All methods are run for a total number of 100 opti-
mization runs, with varying initial data and with a maxi-
mum budget of 100 optimization steps. We use 10 initial
data points per dimension for each low-fidelity function.
Additionally, one data point per dimension in the target
fidelity was considered as initial data. A small observation
noise covariance prevents numerical instability, assum-
ing exact observations otherwise. The logarithmic ex-
pected improvement is used as an acquisition function.
The logarithm of the expected improvement is maximized
to account for vanishing gradients in low-value regimes
[8].

Figure 1 shows the evaluation results for the conver-
gence score. Each subplot (1-4) corresponds to one op-
timization problem from Table 1, with the x-axis in loga-
rithmic scale representing the number of iterations and
the y-axis depicting the success rate, ranging from 0O to
100%. The success rate measures the proportion of the
total optimization runs that successfully reached the de-
sired performance threshold in each iteration step. The
markers indicate failed optimization runs.

The Baseline achieves 100% success after 15, 31,
33, and 79 iterations for problems 1-4, respectively. For
the Heterogeneous problem, 90% of runs converge by
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iteration 32, with a few requiring up to 79 iterations.

The Prior Mean Polynomial method slightly outper-
forms the Baseline for the Forrester problem, converging
1.5 iterations faster on average. It performs significantly
better in the Rosenbrock problem during the first 15 iter-
ations, achieving a 3.2 iteration faster average conver-
gence while matching the Baseline for full convergence.
Performance on the Rastrigin problem mirrors the Base-
line, but for the Heterogeneous optimization problem, it
falls short, with 32 runs failing to converge, achieving
only a final success rate of 68%.

The Prior Mean Neural Network underperforms
across all problems, with slower average convergence of
0.3, 2.9, 11.2, and 5.1 iterations, respectively, only con-
sidering successful runs. It fails to converge on three out
of four optimization problems, with two failed runs for the
Forrester problem, nine for the Rastrigin problem, and 34
for the Heterogeneous problem.

The Multi-Fidelity GP method encounters issues in
the Forrester problem, with 23 runs failing due to model
fitting errors (77% success rate). For successful runs,
convergence is slower by 2.4 iterations. Meanwhile, the
Multi-fidelity GP generally achieves faster convergence
for problems 2-4, with average improvements of 4.6, 2.8,
and 7.8 iterations, respectively. Nevertheless, one opti-
mization trial in the Heterogeneous problem does not
converge within the given iteration limit.

The Multi-Task GP excels in the Forrester problem,
achieving 99% convergence within six iterations and full
convergence in 11, outperforming the Baseline by 6.5 it-
erations on average. In the Rosenbrock problem, despite
five model fitting errors lowering the success rate to 95%,
successful runs converge 13.8 iterations faster. For the
Rastrigin problem, 60% of runs converge within 21 itera-
tions, averaging 3.5 iterations faster, but failed runs re-
sult in an overall slowdown of 2.1 iterations. In the Heter-
ogeneous problem, the method achieves 75% success
with an average speedup of 3.0 iterations, though eight
runs fail to converge.

The Recursive Co-Kriging model demonstrates sig-
nificantly faster convergence compared to the Baseline
for the Forrester, Rosenbrock, and Heterogeneous prob-
lems, with average improvements of 5.8, 10.1, and 8.6 it-
erations. In the Rastrigin problem, 70% of runs converge
4.7 iterations faster, but the remainder either match or
lag behind the Baseline, resulting in a marginal 0.3 itera-
tion faster average overall.

The Prior Mean Polynomial regression model
demonstrates that prior mean information can enhance
convergence to the optimal solution, particularly for the
Forrester and Rosenbrock optimization problems, where
it outperforms the baseline. However, as seen in the Het-
erogeneous problem, the prior mean can also mislead the
optimization. When convergence failed, excessive sam-
pling at domain boundaries occurred, likely due to
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Figure 1: Success rate of the different multi-fidelity methods evaluated on the Forrester, Rosenbrock, Rastrigin
and Heterogeneous multi-fidelity test problems (1-4). The success rate is plotted against the number of iterations
for each method. The methods compared are: Baseline, Prior Mean Polynomial, Prior Mean NN, Multi-Task GP,
Multi-Fidelity GP, and Recursive Co-Kriging. Markers indicate failed optimization runs.

unfavorable prior mean predictions leading to large 4. Both the Multi-Task GP and the Multi-Fidelity GP tend
lengthscale parameters, reduced predictive variance, to fail to converge during model training. This is likely due
and repeated boundary selections. In these instances, a to their higher number of hyperparameters which com-
near-linear structure of the polynomial regression prior  plicates model training. Additionally, the Multi-Fidelity GP
biases the first BO step toward the domain boundary. A method assumes an ordering of the fidelity functions as

visualization of one of these instances can be seeninFig-  the model assumes that the fidelity of the function is
ure 2. High regularization penalties further reinforce this monotonic in the parameter [11]. If such a structure is not
tendency. given, the model can fail during training due to an ill-con-

The cause of failure for the Neural Network regres- ditioned covariance matrix. In summary, all multi-fidelity
sion model on the Heterogeneous test problem is similar  methods are prone to biases from poorly distributed ini-
to that of the Polynomial regression model. For the Ros- tial low-fidelity samples, with the Multi-Fidelity GP being
enbrock test function, overfitting to the different fidelity =~ the most resilient. Among the considered methods, the
observations contributes to the method's poor perfor- Recursive Co-Kriging model is the most promising, con-
mance. For the Rastrigin test problem, the lower-fidelity sistently outperforming the Baseline on average across
functions penalize the region around the optimum, lead- all optimization problems.

ing to repeated observations in areas of local optima.

Similar behavior is observed in the Multi-Task GP CONCLUSION
and Recursive Co-Kriging methods, for which the Multi-
Task GP seems to generally struggle with the multi-modal
test problems 3-4. The Multi-Fidelity GP method, on the
other hand, outperforms the Baseline on test problems 2-

This paper evaluates several common multi-fidelity
modeling methods using multi-fidelity test functions and
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Figure 2. Failed optimization run of the Prior Mean
method on the Heterogeneous test function showing the
posterior GP prediction, conditioned on data points D,,
using low-fidelity data D; to train the polynomial
regression mean u(x), with the 95% confidence interval
of the posterior GP indicated as Cl.

identifies key pitfalls associated with these approaches.
A fundamental limitation of all evaluated methods is their
purely data-driven nature, making their performance
highly dependent on data quality. If the available low-fi-
delity data is unfavorably distributed or biased, the opti-
mization process may get misguided. This is especially
evident for the prior mean modeling method, which, while
being an easy-to-implement and potentially effective
strategy, showed poor performance when using a Neural
Network prior mean. The Neural Network severely over-
fitted the available data, encoding misleading information
that negatively impacted optimization performance.
Therefore, careful consideration is necessary when se-
lecting and designing a prior mean model.

The more advanced multi-fidelity modeling methods
may offer enhanced capability but are not exempt from
the issue of misleading prior information, especially in the
case of multi-modal objective functions. Among the eval-
uated methods, the Recursive Co-Kriging model demon-
strated the most consistent performance, outperforming
the baseline across all test problems, while the Multi-Fi-
delity GP proved the most resilient to the issue of mis-
leading biases. To fully leverage the potential of multi-
fidelity modeling, robust model fitting algorithms should
be employed to improve reliability.

Finally, this study focuses on low-dimensional test
functions. While the presented methods can be applied
to high-dimensional problems, appropriate data scaling
becomes crucial as dimensionality increases. Bayesian
optimization often struggles in higher dimensions, but
techniques like TURBO have been shown to improve per-
formance [13].
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