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ABSTRACT

Implementing Model Predictive Control (MPC) for large-scale nonlinear systems is often compu-
tationally challenging due to the intensive online optimization required. To address this, various
reduced-order linearization techniques have been developed. The Koopman operator linearizes a
nonlinear system by mapping it into an infinite-dimensional space of observables, enabling the
application of linear control strategies. While Artificial Neural Networks (ANNs) can approximate
the Koopman operator in a data-driven manner, training these networks becomes computationally
intensive for high-dimensional systems as the lifting into a higher-dimensional observable space
significantly increases data size and complexity. In this work, we propose a technique, combining
Proper Orthogonal Decomposition (POD) with an efficient ANN structure to reduce the training
time of ANN for large order systems. By first applying POD, we obtain a low order projection of the
system. Subsequently, we train the ANN with an efficient structure to approximate the Koopman
operator, significantly decreasing training time without sacrificing accuracy.

Keywords: Koopman operator, efficient training of NN, large-scale systems, nonlinear systems, model predic-

tive control, MPC, nonlinear control

TINTRODUCTION

Model predictive control (MPC) is a well-known
strategy for control of dynamical systems, offering key
advantages such as handling constraints and optimizing
the control input trajectory [1,2]. MPC of large order sys-
tems is challenging as the computational efforts required
for online optimization is significant. Model order reduc-
tion (MOR) methodologies such as Proper Orthogonal
Decomposition (POD), are generally exploited in such
cases to project the original system onto a lower dimen-
sional subspace, thereby reducing the computational
burden of MPC [3-7].

For large order non-linear systems, only MOR, may
still be insufficient, as the resulting nonlinear models re-
main challenging for optimization and stability analysis.
An alternative is to linearize the system in a suitably re-
duced space [8] . In recent years, the Koopman operator
framework has gained significant attention as a potential
route to enable linear MPC for otherwise nonlinear sys-
tems [9-13]. According to Koopman theory, a nonlinear
dynamical system can be represented as a linear system
https://doi.org/10.69997/sct.169758
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in an infinite-dimensional space of observables (i.e.,
functions of the state) [14]. In practice, a finite approxi-
mation of Koopman operator is necessary for its applica-
tion in MPC [9,15,16].

A commonly used data-driven method to approxi-
mate the Koopman operator is Extended Dynamic Mode
Decomposition (EDMD) [9]. In EDMD, the nonlinear state
is augmented with a set of manually chosen state func-
tions (observables). However, choosing the observables
manually may limit the accuracy of approximation [15]. To
address this, Artificial Neural Networks (ANNs) have
been explored as a means of automatically learning suit-
able observables from data, thus improving approxima-
tion [15-17]. To train the ANN, usually large data set is
required. Nevertheless, for large order systems the train-
ing of ANNs takes significant time.

While [15,17] use ANNs for Koopman approximation
to automate the selection of lifting functions, these ap-
proaches do not address the challenges associated with
training ANNs for high-dimensional systems. Recently,
[18] proposed a POD-based Koopman approximation
technique; however, their method does not incorporate
1251
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ANNs for Koopman approximation. In this work, we pro-
pose combining POD with ANN (PANN) for Koopman op-
erator approximation. First, we apply POD to snapshot
data to derive a low-dimensional state space in a purely
data-driven manner. Subsequently, we employ ANNs to
“lift” this low-dimensional state into a higher-dimensional
space of observables, where the dynamics can be repre-
sented in a linear form. This approach significantly re-
duces the training time compared to directly learning the
full-state observables, without sacrificing the accuracy
of the Koopman operator approximation.

2 PRELIMINARIES

2.1 Koopman operator

Koopman operator theory was proposed by Bernard
O. Koopman in 1931 [14]. The core idea is to embed the
non-linear dynamics into an infinite-dimensional space of
observables where the observables evolve linearly along
the trajectories of the original nonlinear dynamics.

Consider a discrete nonlinear system represented
by:

X1 = f(xr) (1)

where x; € R" is the state vector at the k" time step. Let
the system be lifted to the space of observables using a
transformation ¢: R*=> RV where N>>n. The Koopman
operator K acts on the on the lifted state ¥ (¥, = @(x))
such that:

D (xps1) = K P (x) (2)
Vi1 =K Py (3)

This framework can be applied to design a linear
MPC for a nonlinear dynamical system. Consider a con-
trolled dynamical system represented by:

Xiy1 = f (X ui) (4)

where u;, € R™. Exploiting the Koopman theory a linear
representation of the above system can be obtained as:

Yr1 =AYy + By, (5)

where A € R¥*N and B € R¥*™, The original state can be
reconstructed as:

X = Cyy, (6)

where ¢ € R™*N. Notably since u, has not been lifted and
X is assumed to be linear combination of ¥, linear con-
straints can be applied on both, facilitating linear MPC of
underlying nonlinear system.

Koopman matrices A and B can be obtained in a
data-driven manner using EDMD. Despite being a data
driven method, EDMD requires manual selection of ob-
servables which require prior understanding of the sys-
tem for good approximation accuracy [8]. Randomly
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chosen observables may limit the accuracy of approxi-
mation. Alternatively, ANNs can be used to approximate
the matrices A and B, eliminating the need for manual se-
lection of observables. Nevertheless, for large-scale
nonlinear systems, training ANNs is computationally in-
tensive. Additionally, lifting such systems to a higher-di-
mensional space of observables further increases the
computational burden associated with ANN training. To
reduce the computational burden of ANN training we first
reduce the dimensionality of the large-scale nonlinear
system using POD. Subsequently, the reduced-order var-
iables are lifted into a higher-dimensional observable
space.

2.2 Proper Orthogonal Decomposition (POD)

Proper Orthogonal Decomposition (POD) is an ef-
fective technique for systematically reducing the dimen-
sionality of large-scale systems, leveraging principles
from spectral theory. The key idea behind POD is the de-
composition of the solution space into a maximal invari-
ant subspace corresponding to dominant modes (i.e.,
large eigenvalues), and its orthogonal complement con-
taining less significant mode [4,19-21]. These dominant
modes capture most of the system’s energy or variance
and thus characterize the essential dynamics.

Formally, POD decomposes the state variables into
spatial and temporal components, where the spatial var-
iation is captured by eigenfunctions, and the temporal
variation is encapsulated by time-dependent coefficients
[4]. Notably, POD does not require an explicit analytical
form of the governing equations; it can be performed
solely on snapshot data arising from simulations or ex-
periments, making it a completely data driven method for
MOR.

3. METHODOLOGY

Figure 1 shows an overview of the proposed POD
and ANNs (PANN) framework for reduced order
Koopman operator approximation. The detailed steps are
as follows:

3.1 Snapshots collection

A high-fidelity simulation or experimental state
data for the nonlinear system across discrete time steps
is collected for appropriate range of parameters to form
the snapshot matrix S, where each column represents a
state vector x;.

S = {xl, ...,xM} (7)

S e R**M where M is the total number of snapshots.

3.2 POD based dimensionality reduction

POD provides basis function for dimensionality re-
duction. After obtaining POD modes, only dominant
modes are retained, yielding reduced order state z; € R"
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Figure 1: PANN framework for efficient approximation of Koopman operator for large-scale nonlinear systems.
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(r<<n). Following are the steps:

1. After creating the snapshot matrix S, center the
data by subtracting the mean state x, creating
matrix S'.

M

__12

x—M Xk
k=1

(8
2. Construct a correlation matrix D € RM*M
D=~5"¢ (9)
M

3. Eigenvalue decomposition is performed on cor-
relation matrix D

Dvi = /livi (10)

where 1; are the eigenvalues, ordered in de-
scending magnitude and v; are the correspond-
ing eigenvectors.

4. POD modes (¢ € R") are derived by projecting
the centered snapshot data onto the eigenvec-

tors v;.

1
_S"Ui

<Pi=\/}\—i

5. The number of retained modes r is determined
based on the cumulative energy criterion:

1)
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(12)

a is chosen such that the retained modes capture
most of the system’s dynamics.

3.3 ANN based Koopman operator approximation

The ANN architecture (Figure 1) is designed to effi-
ciently map the reduced-order state z; € R" into a
higher-dimensional observable space ¥, € R¥, where
N>>r. The architecture divided into 4 main sections:

1. Section1: The role of this section is to lift the re-
duced-order state z; to ¥y. It consists of an input
layer (with r neurons), multiple hidden layers with
ReLU activations, and an output layer (with N
neurons).

2. Section 2: This section captures Koopman ma-
trix A as described in equation 5. This NN layer
is a shallow linear layer with bias=0.

3. Section 3: This section captures Koopman ma-
trix B. This layer too is a linear layer with bias =0.

4. Section 4: This section reconstructs the original
high dimensional nonlinear state x; from the
lifted state v,.

The ANN is trained to minimize the error between
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the predicted and actual next-step observables, ensuring
that the lifted dynamics approximate the Koopman oper-
ator.

4. IMPLEMENTATION

We applied the PANN method to a nonlinear tubular
reactor system. The schematic of the tubular reactor [22]
is given in figure 2. There is an exothermic reaction(A->B)
going inside the reactor. To control the exit temperature
of the product (B), the wall of the reactor is divided into
three sections. The temperature of each section can be
controlled independently. The temperature and concen-
tration profile of the reactor exhibits a Hopf bifurcation
(sustained oscillations) at a recycle ratio rc = 0.5.

M/ \J i/\/\l B

A>B

e

Figure 2. Schematic of the tubular reactor.

The system is governed by the set of following PDEs
in terms of dimensionless variables:

dc 1 9% dc Da(l +¢) (aaT) 13
ot Phox2 ox oo TOSP\TT a3
T 1 0°T 6T+ Da(l + ¢ (aT)

ot Ppox?  ox | A TOEP I

+Buw — T) (14)
The boundary conditions are given as:

dc

& = _Pm[(l - rC)CO +r¢ c|x=1 - C | x=0] (15)

oT

& = _Ph[(l - TC)TO +r¢ T|x=1 -T | x=0] (16)
oT_oc_ 0 tx=1 17
ax ~ 0x ax= an

Here c is the dimensionless concentration, T the di-
mensionless temperature, and uw the dimensionless wall
temperature. The model parameters were as follows:
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Table 1: Parameter values for the tubular reactor system.

Parameter Value
Peclet number for mass transfer (Pm) 7
Peclet number for heat transfer (Pn) 7
Damkohler number (Da) 0.1
Activation energy () 10
Adiabatic temperature rise (c1) 2.5
Heat transfer coefficient (B) 2
Recycle ratio (rc) 0.5

The system was discretized into 15 nodes along the
length of the reactor resulting into total 30 state variables
with 3 manipulated variables. We generated 1000 trajec-
tories each with 300 time steps. The snapshots were
generated using randomized control inputs between 0.1
and 2. In the time interval between timesteps 10 and 150
we forced the control inputs to increase and between
timesteps 150 to 300 to decrease, using randomised val-
ues, to ensure a wide representation of system states.
For all the trajectories we used rc = 0.5.

A snapshot matrix S, of the system was obtained
and POD was performed to extract the reduced order ba-
sis as described in section 2. The reduced order state z,
was obtained.

z;, was lifted to ¢, using ANNs as depicted in figure
1. n=30 while N was chosen twice of input to the ANNs.
The dataset was split into training and validation (80%,
20%) to prevent overfitting. The number of hidden layers
in section 1 was 1. We employed the Adam optimizer for
ANN training, a widely used adaptive optimization algo-
rithm for faster and efficient ANN training. Unlike tradi-
tional stochastic gradient descent (SGD), which uses a
fixed learning rate throughout training, Adam dynamically
adjusts the learning rate.

5. RESULTS AND DISCUSSION

The spectrum of matrix D is depicted in Figure 3.
Only two eigenvalues corresponding to two eigenmodes
are significant. The rapid decay of singular values in the
POD process indicates a clear separation of scales within
the system, enabling the most significant modes to cap-
ture the primary dynamics.

Table 2: ANN vs PANN based Koopman operator approx-
imation

Method MSE Training time
ANN 1.5x 108 4 hrs
PANN 1.2x10% 12 min

Syst Control Trans 4:1251-1256 (2025)

Figure 4 depicts the energy (a) captured by the re-
tained modes (r). More than ninety-nine percent of the
energy is captured by retaining only two modes corre-
sponding to the two highest eigenvalues as depicted in
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Figure 4.

Koopman operator was first approximated using
standard ANNSs with full nonlinear state (x;, € R®*,n =30)
as input and lifted dimension as 2n. The PANN framework
was then applied with number of retained POD modes r
=2 and the lifted dimension as 2r.

Table 2 provides the comparison of performance of
both the methods. A significant speedup of the training
time was noted in PANN framework.

6. CONCLUSIONS AND FUTURE
DIRECTION

In this study, we proposed a hybrid framework,
termed PANN, that integrates POD with ANNs to effi-
ciently approximate the Koopman operator for large scale
nonlinear systems. The incorporation of model reduction
capabilities of POD significantly decreased the ANN
training time while improving the accuracy of the approx-
imation. We successfully demonstrated this framework
on a non-linear tubular reactor system. The standard
ANN for Koopman approximation took four hours to con-
verge with the full-dimensional system, whereas PANN
required only twelve minutes to train, owing to the pre-
model order reduction. In future work, we aim to further
reduce the training time by exploring different ANN ar-
chitectures and training methods.
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