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ABSTRACT 
The definition of strategies for operation of process networks is a key research focus in process 
systems engineering. This challenge is commonly formulated as a numerical constraint satisfaction 
problem, where most practical algorithms are limited to identifying inner approximations to the 
feasible operational envelope.  Sampling-based approaches so far have only been developed for 
formulations that required coordinated operation of the units within the network. We propose a 
decomposition approach that enables decentralized operation for acyclic muti-unit processes by 
sampling. Our methodology leverages problem structure to decompose unit-wise and deploys sur-
rogate models to couple the resultant subproblems. We demonstrate it on a serial, batch chemical 
reactor network. In future research, we will extend this framework to consider the presence of 
uncertain unit parameters robustly.  

Keywords: Process Operations, Machine Learning, Numerical Methods, Algorithms, Simulation 

INTRODUCTION 
Constraint Satisfaction and Process Operation 

Significant interest within the process systems en-
gineering community has been directed towards the nu-
merical solution of constraint satisfaction problems (CSP) 
to define process operational strategies. This is under-
pinned by decision problems such as the feasibility and 
flexibility index, introduced in the early 1980s [1]. In phar-
maceutical manufacturing, recent research has focused 
on design space characterization [2], as the multidimen-
sional combination and interaction of input variables 
(e.g., material attributes) and process parameters that 
have been demonstrated to provide assurance of quality. 
The design space can be understood as the feasible 
space (FS) of operational parameters that ensure the 
process’ defining constraints are satisfied.  

Most research to date has focused on characteriz-
ing the FS within single-unit systems, with comparatively 
less attention to multi-unit systems [3]. However, manu-
facturing processes are inherently integrated, making it 
essential to investigate the interactions between unit op-
erations. Typical approaches to identifying multi-unit FS 
are underpinned by mathematical programming and sam-
pling [1,3]. The former approach is computationally 

efficient but has limitations in its application. For exam-
ple, the problem formulation aims to identify a convex in-
ner approximation to the FS – itself generally nonconvex 
- and defines a multilevel program. Therefore, identifying 
global optima is a challenge and significantly conserva-
tive solutions can be returned. Instead sampling ap-
proaches may aim to build a discrete set of operational 
parameter values that provide an inner approximation to 
the FS. Given they rely only on model evaluations they 
are an approach particularly suited to characterizing non-
convex FS [2]. 

In the context of multi-unit systems, there are two 
strategies: centralized (CO) and decentralized (DO) op-
eration. These paradigms govern how decisions are 
made and how constraints are managed across intercon-
nected units within a network. Effective management of 
such systems requires careful consideration of these 
strategies, as each offers distinct advantages and trade-
offs. CO treats the system monolithically, with decisions 
made by a single entity that has complete visibility of the 
entire network. This approach enables the best coordi-
nation across units. For example, a CO can adjust up-
stream and downstream parameters jointly to meet con-
straints, ensuring that the system operates cohesively. 
However, it often requires complex communication 
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systems and can face bottlenecks when dealing with 
high-dimensional problems [5]. DO divides the system 
into smaller, autonomous units that make decisions lo-
cally. Each unit operates within its defined FS, inde-
pendently of upstream or downstream units. This implies 
the decentralized FS is a subset of the centralized one. 
This approach reduces the need for communication and 
enables robust operations, particularly in distributed sys-
tems where central coordination is impractical. This au-
tonomy enhances fault tolerance and scalability [5]. 
However, DO requires local FS to account for all possible 
interactions between adjacent units, which may lead to 
significantly reduced flexibility. 

Contributions 
Two major challenges exist in the identification of 

decentralized multi-unit FS through sampling. The first is 
the system dimensionality. Applying the logic of the curse 
of dimensionality, as the size of the process network 
grows, the volume of the search space increases expo-
nentially, which can imply a dramatic increase in compu-
tational expense. In this research, a decomposition strat-
egy is proposed that formulates a series of unit-wise 
problems, solved incrementally via sampling. In doing so, 
the approach exploits network structure, retaining the 
advantages of sampling solutions and mitigating the 
curse of dimensionality. The second challenge is ensur-
ing that the solution returned provides an FS of maximum 
volume. In the discussion below, we outline a methodol-
ogy that leverages this network structure to enhance 
sampling efficiency for identification of a solution set of 
maximum volume. The key contributions include: 

1. Developing a class of CSPs built upon a 
directed acyclic graph (DAG) structure 
representative of the process network to define 
a DO strategy. 

2. Introducing constraint propagation methods 
that work relative to a precedence order 
defined by the DAG structure of the CSP. 

3. Applying sampling-based solvers for constraint 
propagation to identify decentralized FS for 
multi-unit systems. 

4. Formulation of a log marginal likelihood 
maximisation to optimize the volume of FS 
solution returned. 

The paper is organised as follows. Section 2 intro-
duces the methodology, then Section 3 provides details 
of case study and results, and conclusions are provided 
in Section 4. Note that details of sampling approaches to 
solve relevant CSP are omitted for conciseness. For dis-
cussion the reader is directed to [2]. 

METHODOLOGY 

Problem Statement 
The problem setup assumes a network of intercon-

nected unit operations. This can be represented on a 
DAG, 𝒢𝒢 ≔ (𝒩𝒩,ℰ), where 𝒩𝒩 is the set of units, denoted as 
𝒩𝒩 ∶= {1, … ,𝑁𝑁}, and ℰ represents the edges, which denote 
the order of connection between units, with (𝑖𝑖, 𝑗𝑗) ∈ ℰ in-
dicating a connection from unit 𝑖𝑖 to unit 𝑗𝑗. The connectiv-
ity of the graph may also be expressed using an asym-
metric adjacency matrix 𝐴𝐴 ∈ {0,1}𝑁𝑁× 𝑁𝑁, where 𝐴𝐴𝑖𝑖,𝑗𝑗 = 1 indi-
cates a directed flow between unit 𝑖𝑖 and unit 𝑗𝑗. The fol-
lowing data and restrictions are assumed for simplicity of 
presentation: 

 A set of upstream units, 𝒩𝒩𝑖𝑖
𝑖𝑖𝑖𝑖 ⊂ 𝒩𝒩, with 

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐�𝒩𝒩𝑖𝑖
𝑖𝑖𝑖𝑖� ≤ 1, which provide feed streams to unit 

𝑖𝑖 ∈ 𝒩𝒩 .  

 A set of downstream units, 𝒩𝒩𝑖𝑖
𝑜𝑜𝑜𝑜𝑜𝑜 ⊂ 𝒩𝒩, with 

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝒩𝒩𝑖𝑖
𝑜𝑜𝑜𝑜𝑜𝑜) ≤ 1,  which receive product streams 

from unit 𝑖𝑖 ∈ 𝒩𝒩. 

 The attributes, 𝒖𝒖𝑖𝑖
𝑗𝑗 ∈ ℝ𝑛𝑛𝑢𝑢𝑖𝑖𝑖𝑖, of any feed stream 

connected to unit 𝑖𝑖 from upstream unit 𝑗𝑗 ∈  𝒩𝒩𝑖𝑖
𝑖𝑖𝑖𝑖. 

 The attributes, 𝒚𝒚𝑖𝑖𝑘𝑘 ∈ ℝ
𝑛𝑛𝑦𝑦𝑖𝑖𝑖𝑖, of any product stream 

from unit 𝑖𝑖 connected to downstream unit 𝑘𝑘 ∈
 𝒩𝒩𝑖𝑖

𝑜𝑜𝑜𝑜𝑜𝑜. 

 The properties of the product streams of unit 𝑖𝑖 
defined as, 

𝒚𝒚𝑖𝑖𝑘𝑘 = 𝑭𝑭𝑖𝑖𝑘𝑘  (𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖),      (1) 

where 𝒗𝒗𝑖𝑖 ∈ ℝ𝑛𝑛𝑣𝑣𝑖𝑖   are process parameters local to unit 
𝑖𝑖, and 𝒖𝒖𝑖𝑖 ≔ �𝒖𝒖𝑖𝑖

𝑗𝑗�
𝑗𝑗∈𝒩𝒩𝑖𝑖

𝑖𝑖𝑖𝑖 ∈ ℝ𝑛𝑛𝑢𝑢𝑖𝑖 denotes the concatenation of 

all inlet stream properties to unit 𝑖𝑖.  

 The connection between the stream properties at 
the outlet of unit 𝑖𝑖 and those at the inlet of the 
downstream unit 𝑘𝑘 ∈  𝒩𝒩𝑖𝑖

𝑜𝑜𝑜𝑜𝑜𝑜, related by, 

𝒖𝒖𝑘𝑘𝑖𝑖 =  𝐂𝐂𝑘𝑘𝑖𝑖 �𝒚𝒚𝑘𝑘𝑖𝑖 � .                    (2)  

 The inequality constraint functions imposed on 
each unit in the process train, expressed, 

𝐆𝐆𝑖𝑖(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖) ≔ 𝒈𝒈𝑖𝑖(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖 ,𝒚𝒚𝑖𝑖) ≼ 𝟎𝟎.    (3) 

Using the data associated with the setup, the cen-
tralized problem formulation is defined [3],  

𝕍𝕍CO: =

⎩
⎪
⎨

⎪
⎧

𝒗𝒗 ∈ 𝒦𝒦𝑣𝑣��

∀𝑖𝑖 ∈ 𝒩𝒩,∃ (𝒖𝒖𝑖𝑖 ,𝒚𝒚𝑖𝑖) ∈ ℝ𝑛𝑛𝑢𝑢𝑖𝑖 × ℝ𝑛𝑛𝑦𝑦𝑖𝑖 ∶
𝟎𝟎 ≽ 𝐆𝐆𝑖𝑖(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖)

𝒚𝒚𝑖𝑖𝑘𝑘 =  𝐅𝐅𝑖𝑖𝑘𝑘(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖),∀𝑘𝑘 ∈ 𝒩𝒩𝑖𝑖
𝑜𝑜𝑜𝑜𝑜𝑜

𝒖𝒖𝑘𝑘𝑖𝑖 =  𝐂𝐂𝑘𝑘𝑖𝑖 �𝒚𝒚𝑘𝑘𝑖𝑖 �,∀𝑘𝑘 ∈ 𝒩𝒩𝑖𝑖
𝑜𝑜𝑜𝑜𝑜𝑜

⎭
⎪
⎬

⎪
⎫

, (4) 

with 𝒦𝒦𝑣𝑣 ≔  ∏ 𝒦𝒦𝑣𝑣𝑖𝑖i∈𝒩𝒩 ⊂ ℝ𝑛𝑛𝑣𝑣 denoting a compact set de-
fined through prior knowledge. In [3], a solution approach 
is provided by approximately solving unit-wise subprob-
lems, 
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𝕍𝕍𝕌𝕌𝑖𝑖,𝐶𝐶𝐶𝐶: =

            

⎩
⎪⎪
⎨

⎪⎪
⎧

(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖) ∈ 𝒦𝒦𝑣𝑣𝑣𝑣𝑖𝑖

�

�

𝟎𝟎 ≽ 𝐆𝐆𝑖𝑖(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖)
∀𝑘𝑘 ∈ 𝒩𝒩𝑖𝑖

𝑜𝑜𝑜𝑜𝑜𝑜 ,∃(𝒗𝒗𝑘𝑘 ,𝒖𝒖𝑘𝑘) ∈ 𝕍𝕍𝕍𝕍𝑘𝑘,𝐶𝐶𝐶𝐶:

                𝒖𝒖𝑘𝑘𝑖𝑖 = 𝐂𝐂𝑘𝑘𝑖𝑖 �𝐅𝐅𝑖𝑖𝑘𝑘(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖)�

∀𝑗𝑗 ∈ 𝒩𝒩𝑖𝑖
𝑖𝑖𝑖𝑖,∃�𝒗𝒗𝑗𝑗 ,𝒖𝒖𝑗𝑗� ∈ 𝕍𝕍𝕍𝕍𝑗𝑗,𝐶𝐶𝐶𝐶:

                𝒖𝒖𝑖𝑖
𝑗𝑗 = 𝐂𝐂𝑖𝑖

𝑗𝑗 �𝐅𝐅𝑗𝑗𝑖𝑖�𝒗𝒗𝑗𝑗 ,𝒖𝒖𝑗𝑗�� ⎭
⎪⎪
⎬

⎪⎪
⎫

.     (5) 

An exact solution to these subproblems ensures 
that the unit-wise parameters, (𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖), i) satisfy con-
straints defined on the unit, ii) produce output stream 
properties that in turn provide feasible input stream prop-
erties to downstream units 𝑘𝑘 ∈ 𝒩𝒩𝑖𝑖

𝑜𝑜𝑜𝑜𝑜𝑜, and iii) all input var-
iables 𝒖𝒖𝑖𝑖 are produced as a result of feasible operation of 
upstream units 𝑗𝑗 ∈ 𝒩𝒩𝑖𝑖

𝑖𝑖𝑖𝑖.   
The decentralized FS is a subset, 𝕍𝕍𝐷𝐷𝐷𝐷 ⊆ 𝕍𝕍𝐶𝐶𝐶𝐶 , of the 

centralized. A decentralized unit-wise subproblem may 
also be defined,  
𝕍𝕍𝕌𝕌𝑖𝑖,𝐷𝐷𝐷𝐷: =

  

⎩
⎪⎪
⎨

⎪⎪
⎧

(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖) ∈ 𝒦𝒦𝑣𝑣𝑣𝑣𝑖𝑖

�

�

𝟎𝟎 ≽ 𝐆𝐆𝑖𝑖(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖)
∀𝑘𝑘 ∈ 𝒩𝒩𝑖𝑖

𝑜𝑜𝑜𝑜𝑜𝑜,∃(𝒗𝒗𝑘𝑘 ,𝒖𝒖𝑘𝑘) ∈ 𝕍𝕍𝕍𝕍𝑘𝑘,𝐷𝐷𝐷𝐷:

                𝒖𝒖𝑘𝑘𝑖𝑖 = 𝐂𝐂𝑘𝑘𝑖𝑖 �𝐅𝐅𝑖𝑖𝑘𝑘(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖)�

∀𝑗𝑗 ∈ 𝒩𝒩𝑖𝑖
𝑖𝑖𝑖𝑖,∀�𝒗𝒗𝑗𝑗 ,𝒖𝒖𝑗𝑗� ∈ 𝕍𝕍𝕍𝕍𝑗𝑗,𝐷𝐷𝐷𝐷:

                𝒖𝒖𝑖𝑖
𝑗𝑗 = 𝐂𝐂𝑖𝑖

𝑗𝑗 �𝐅𝐅𝑗𝑗𝑖𝑖�𝒗𝒗𝑗𝑗 ,𝒖𝒖𝑗𝑗�� ⎭
⎪⎪
⎬

⎪⎪
⎫

  .        (6) 

This subproblem (6) differs subtly from (5) and en-
sures that the unit-wise parameter values 𝒗𝒗𝑖𝑖, i) satisfy 
constraints defined on the unit, and ii) produce output 
stream properties that in turn provide feasible input 
stream properties to downstream units 𝑘𝑘 ∈ 𝒩𝒩𝑖𝑖

𝑜𝑜𝑜𝑜𝑜𝑜 for all in-
put variables values 𝒖𝒖𝑖𝑖 produced as a result of feasible 
operation of upstream units 𝑗𝑗 ∈ 𝒩𝒩𝑖𝑖

𝑖𝑖𝑖𝑖.  Solving these unit-
wise subproblems and taking the Cartesian product, 
𝕍𝕍𝐷𝐷𝐷𝐷 ≔ ∏ 𝕍𝕍𝑖𝑖,𝐷𝐷𝐷𝐷𝑖𝑖∈𝒩𝒩  of the projection of the sets, 𝕍𝕍𝕍𝕍𝑖𝑖,𝐷𝐷𝐷𝐷 onto 
the subspace of unit-wise process parameters, 𝕍𝕍𝑖𝑖,𝐷𝐷𝐷𝐷, 
yields the decentralized FS.  

In practice, solving (6) is challenged as solution to 
any given unit requires knowledge of the solution to all 
other unit subproblems, i.e. one must already know a so-
lution 𝕍𝕍𝐷𝐷𝐷𝐷. In the following, a sampling-based graph de-
composition methodology is proposed that aims to iden-
tify a solution that maximizes a measure of the volume of 
𝕍𝕍𝐷𝐷𝐷𝐷 with a minimum number of model evaluations.  

A Decomposition Approach  
 In this section, a sampling-based solution algo-

rithm that acts with respect to a precedence ordering de-
fined on the graph, 𝒢𝒢, is presented. The algorithm pro-
vides incremental solution of unit-wise subproblems 𝑖𝑖 ∈
𝒩𝒩, which provide approximations to, 

𝕍𝕍𝑖𝑖,𝐷𝐷𝐷𝐷: = � 𝒗𝒗𝑖𝑖 ∈ 𝓚𝓚𝑣𝑣𝒊𝒊 ∣∣
∣ ∀𝑘𝑘 ∈ 𝒩𝒩\{𝑖𝑖},∃𝒗𝒗𝑘𝑘 ∈ 𝒦𝒦𝑣𝑣𝑘𝑘 : �𝒗𝒗𝑗𝑗�𝑗𝑗∈𝒩𝒩 ∈ 𝕍𝕍𝐷𝐷𝐷𝐷  �, 

where 𝕍𝕍𝐷𝐷𝐷𝐷 ≔  ∏ 𝕍𝕍𝑖𝑖,𝐷𝐷𝐷𝐷𝑖𝑖∈𝒩𝒩 . Our main hypothesis is that a) 
solving this sequence of subproblems is more sample 

efficient than solving the problem directly, b) that doing 
so enables tuning of the solution set identified, and c) the 
solution yielded may be less conservative than other ap-
proaches by inheriting the advantages of sampling. 

Subproblem relaxations and propagations 
 In the following, two subproblem relaxations are 

presented that represent two separate steps of the 
methodology. The first is referred to as the backward 
propagation; and the second, the forward propagation. 
They are applied sequentially to approximate (6).  

The backward propagation has previously been pre-
sented in [3], and so its presentation is brief. The sub-
problem relaxation deletes constraints enforcing feasible 
operation upstream, 
𝕍𝕍𝕌𝕌𝑖𝑖,𝐷𝐷𝐷𝐷

(b) : =

     �(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖) ∈ 𝒦𝒦𝑣𝑣𝑣𝑣𝑖𝑖
(b)��

𝟎𝟎 ≽ 𝐆𝐆𝑖𝑖(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖)
∀𝑘𝑘 ∈ 𝒩𝒩𝑖𝑖

𝑜𝑜𝑜𝑜𝑜𝑜,∃(𝒗𝒗𝑘𝑘 ,𝒖𝒖𝑘𝑘) ∈ 𝕍𝕍𝕍𝕍𝑘𝑘,𝐷𝐷𝐷𝐷
(b) :

                𝒖𝒖𝑘𝑘𝑖𝑖 = 𝐂𝐂𝑘𝑘𝑖𝑖 �𝐅𝐅𝑖𝑖𝑘𝑘(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖)�
�     (7) 

with constraints only considering operational viabil-
ity of the unit and those downstream. The search space 
𝒦𝒦𝑣𝑣𝑣𝑣𝑖𝑖

(b) ≔ 𝒦𝒦𝑣𝑣𝑖𝑖 × 𝒦𝒦𝑢𝑢𝑖𝑖
(𝑏𝑏) is estimated via an initialization proce-

dure presented later in this paper. As discussed in [3], the 
relaxation admits an initial leaf unit problem that may be 
solved, given 𝒩𝒩𝑖𝑖

𝑜𝑜𝑜𝑜𝑜𝑜 = ∅. As a result, the solution is ac-
cording to the reverse of the precedence ordering. In 
principle the cartesian product set, 𝕍𝕍𝐷𝐷𝐷𝐷

(𝑏𝑏) = ∏ 𝕍𝕍𝑖𝑖,𝐷𝐷𝐷𝐷
(𝑏𝑏)

𝑖𝑖∈𝒩𝒩  
could be used as a search space reduction for identifica-
tion of (4) as discussed in [3]. 

Utilizing the intermediate results in estimation of 
𝕍𝕍𝕍𝕍𝑖𝑖,𝐷𝐷𝐷𝐷

(𝑏𝑏) , the forward propagation is defined, 
𝕍𝕍𝕌𝕌𝑖𝑖,𝐷𝐷𝐷𝐷

(f) : =

           

⎩
⎪⎪
⎨

⎪⎪
⎧

(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖) ∈ 𝕍𝕍𝕌𝕌𝑖𝑖,𝐷𝐷𝐷𝐷
(b)

�

�

𝟎𝟎 ≽ 𝐆𝐆𝑖𝑖(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖)
∀𝑘𝑘 ∈ 𝒩𝒩𝑖𝑖

𝑜𝑜𝑜𝑜𝑜𝑜,∃(𝒗𝒗𝑘𝑘 ,𝒖𝒖𝑘𝑘) ∈ 𝕍𝕍𝕍𝕍𝑘𝑘,𝐷𝐷𝐷𝐷
(b) :

                𝒖𝒖𝑘𝑘𝑖𝑖 = 𝐂𝐂𝑘𝑘𝑖𝑖 �𝐅𝐅𝑖𝑖𝑘𝑘(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖)�

∀𝑗𝑗 ∈ 𝒩𝒩𝑖𝑖
𝑖𝑖𝑖𝑖,∀�𝒗𝒗𝑗𝑗 ,𝒖𝒖𝑗𝑗� ∈ 𝕍𝕍𝕍𝕍𝑗𝑗,𝐷𝐷𝐷𝐷

(f) :

                𝒖𝒖𝑖𝑖
𝑗𝑗 = 𝐂𝐂𝑖𝑖

𝑗𝑗 �𝐅𝐅𝑗𝑗𝑖𝑖�𝒗𝒗𝑗𝑗 ,𝒖𝒖𝑗𝑗�� ⎭
⎪⎪
⎬

⎪⎪
⎫

. (8) 

In addition to the properties of (7), (8) enforces that 
the selection of 𝒗𝒗𝑖𝑖 be feasible given any unit input stream 
property from feasible upstream operation 𝑗𝑗 ∈ 𝒩𝒩𝑖𝑖

𝑖𝑖𝑖𝑖. In 
contrast to (7), however, these subproblems are solved 
according to the precedence ordering of 𝒢𝒢 proceeding 
from the root node forward. A solution may then be iden-
tified as 𝕍𝕍𝐷𝐷𝐷𝐷 = ∏ 𝕍𝕍𝑖𝑖,𝐷𝐷𝐷𝐷

(f)
𝑖𝑖∈𝒩𝒩 . 

Approximate solutions for general problems 
 Due to the general assumptions made in problem 

definition, identifying closed forms for these approxima-
tions is highly challenging. Instead, as in [3], adaptive 
sampling schemes are deployed to gain a discrete inner-

approximation 𝕍𝕍𝕍𝕍𝑖𝑖,𝐷𝐷𝐷𝐷
(𝑑𝑑)

⊂ 𝕍𝕍𝕌𝕌𝑖𝑖,𝐷𝐷𝐷𝐷
(𝑑𝑑)  ∀ 𝑑𝑑 ∈ {𝑏𝑏, 𝑓𝑓}. 
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Parameterizations may then be identified to tackle (7) 
and (8). 

Parameterizing the extended feasible space 

 As in [3] binary classifiers, 𝐆𝐆𝑖𝑖:ℝ𝑛𝑛𝑣𝑣𝑖𝑖 × ℝ𝑛𝑛𝑢𝑢𝑖𝑖 → ℝ  are 
learned to parameterize 𝕍𝕍𝕍𝕍𝑖𝑖,𝐷𝐷𝐷𝐷

(𝑑𝑑) , as follows, 

𝕍𝕍𝕌𝕌𝑖𝑖,𝐷𝐷𝐷𝐷
(d) ≈ �(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖) ∈ 𝒦𝒦𝑣𝑣𝑣𝑣𝑖𝑖

(d)�0 ≥ 𝐆𝐆�𝑖𝑖
(d)(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖)�, 

using training data generated in sampling the solution, 

𝕍𝕍𝕍𝕍𝑖𝑖,𝐷𝐷𝐷𝐷
(𝑑𝑑)

. Having detailed means to approximate the relax-
ations, discussion moves to outline a three-step solution 
methodology based on defining subproblems amenable 
to sampling solutions. 

Step 0: Initialization of the unit-wise search 
spaces 

First, estimate of 𝒦𝒦𝑢𝑢𝑖𝑖
(𝑏𝑏) ∀𝑖𝑖 ∈ 𝒩𝒩 is gained through a 

box-outer approximation to data generated from a sam-
pling-based initialization procedure. The data is gener-
ated by forward simulation of the process network under 
parameter values, 𝒗𝒗, sampled from 𝒦𝒦𝑣𝑣 according to a 
Latin hypercube design.  

Step 1: Backward Propagation  
Then, as in [3], approximation is made to (7). The 

existence conditions in (7) are recast as auxiliary optimi-
zation problems,  

𝕍𝕍𝕌𝕌𝑖𝑖,𝐷𝐷𝐷𝐷
(b) ≈ 

⎩
⎪
⎨

⎪
⎧

(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖) ∈ 𝒦𝒦𝑣𝑣𝑣𝑣𝑖𝑖
(b)
��

𝟎𝟎 ≽ 𝐆𝐆𝑖𝑖(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖)
∀𝑘𝑘 ∈ 𝒩𝒩𝑖𝑖

𝑜𝑜𝑜𝑜𝑜𝑜:   0 ≥ min
𝒗𝒗𝑘𝑘,𝒖𝒖𝑘𝑘

𝐆𝐆�𝑘𝑘
(b)(𝒗𝒗𝑘𝑘 ,𝒖𝒖𝑘𝑘)

                        𝑠𝑠. 𝑡𝑡.  𝒖𝒖𝑘𝑘𝑖𝑖 = 𝐂𝐂𝑘𝑘𝑖𝑖 �𝐅𝐅𝑖𝑖𝑘𝑘(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖)�⎭
⎪
⎬

⎪
⎫

. 

The solution set is sampled, 𝕍𝕍𝕍𝕍𝑖𝑖,𝐷𝐷𝐷𝐷
(𝑏𝑏)

⊂ 𝕍𝕍𝕌𝕌𝑖𝑖,𝐷𝐷𝐷𝐷
(𝑏𝑏) , through 

evaluation of the process model and constraints 𝐆𝐆𝑖𝑖(⋅) and 
solution of a box-constrained nonlinear program (NLP). It 
is worth noting that the equality constraint is reduced into 
the objective, as 𝒖𝒖𝑘𝑘𝑖𝑖  is provided through evaluation of the 
process model; additionally, the surrogate constraints 
𝐆𝐆�𝑘𝑘

(b)(⋅) are available from the solution of units 𝑘𝑘 ∈ 𝒩𝒩𝑖𝑖
𝑜𝑜𝑜𝑜𝑜𝑜. 

Step 2: Forward Propagation 
With the approximation to (7) completed, approxi-

mation to (8) is then made. The robustness conditions in 
(8) are recast as auxiliary optimization problems. Con-
veniently evaluation of the existence conditions and con-
straints in (8) is avoided via the approximation. This re-
moves the requirement for further process model evalu-
ations, and instead only relies on the solution to general 
NLP defined on surrogates, 

𝕍𝕍𝕌𝕌𝑖𝑖,𝐷𝐷𝐷𝐷
(f) ≈

⎩
⎪⎪
⎨

⎪⎪
⎧

(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖) ∈ 𝕍𝕍𝕌𝕌𝑖𝑖,𝐷𝐷𝐷𝐷
(b)

�

�
0 ≥ max

�𝒗𝒗𝑗𝑗,𝒖𝒖𝑗𝑗�∈𝕍𝕍𝕌𝕌𝑗𝑗,𝐷𝐷𝐷𝐷
(f)

𝐆𝐆�𝑖𝑖
(b)(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖) 

        𝑠𝑠. 𝑡𝑡.  𝒖𝒖𝑖𝑖
𝑗𝑗 = 𝑭𝑭𝑗𝑗→𝑖𝑖  �𝒗𝒗𝑗𝑗 ,𝒖𝒖𝑗𝑗�,∀𝑗𝑗 ∈ 𝒩𝒩𝑖𝑖

𝑖𝑖𝑖𝑖 
� (𝑖𝑖)

∀𝑗𝑗 ∈ 𝒩𝒩𝑖𝑖
𝑖𝑖𝑖𝑖:

0 ≥ min
�𝒗𝒗𝑗𝑗,𝒖𝒖𝑗𝑗�∈𝕍𝕍𝕌𝕌𝑗𝑗,𝐷𝐷𝐷𝐷

(b)
𝐆𝐆�𝑗𝑗

(b)�𝒗𝒗𝑗𝑗 ,𝒖𝒖𝑗𝑗� 

        𝑠𝑠. 𝑡𝑡.  𝒖𝒖𝑖𝑖
𝑗𝑗 = 𝑭𝑭𝑗𝑗→𝑖𝑖  �𝒗𝒗𝑗𝑗 ,𝒖𝒖𝑗𝑗�

� (𝑖𝑖𝑖𝑖)
⎭
⎪⎪
⎬

⎪⎪
⎫

where 𝑭𝑭𝑗𝑗→𝑖𝑖(⋅) ≈ 𝑪𝑪𝑖𝑖
𝑗𝑗 �𝐅𝐅𝑗𝑗𝑖𝑖(⋅)� is an ML regressor identified in 

the backward propagation. Within the formulation above, 
(i) enforces conditions on 𝒗𝒗𝑖𝑖 ∈ 𝕍𝕍𝑖𝑖,𝐷𝐷𝐷𝐷

(f)  with (ii) enforcing re-
strictions on 𝒖𝒖𝑖𝑖 ∈ 𝕌𝕌𝑖𝑖,𝐷𝐷𝐷𝐷

(f) , such that 𝕍𝕍𝕌𝕌𝑖𝑖,𝐷𝐷𝐷𝐷
(f) =  𝕍𝕍𝑖𝑖,𝐷𝐷𝐷𝐷

(f) × 𝕌𝕌𝑖𝑖,𝐷𝐷𝐷𝐷
(f) . 

Specifically, (i) ensures that the selection of 𝒗𝒗𝑖𝑖 satsfies 
constraints defined on the unit, and that outlet stream 
properties ensure feasibility downstream, no matter the 
operation of units upstream; whereas (ii) enables identi-
fication of the set of unit input stream properties arising 
from feasible operation upstream, identification of which 
is required for the purpose of decomposition. It is worth 
noting that the root node problems have no upstream 
units and so are only constituted by a modified variant of 
(i), 

𝕍𝕍𝕌𝕌𝑖𝑖,𝐷𝐷𝐷𝐷
(f) ≈ �(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖) ∈ 𝕍𝕍𝕌𝕌𝑖𝑖,𝐷𝐷𝐷𝐷

(b) �0 ≥ 𝐆𝐆�𝑖𝑖
(b)(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖)  �     ∀𝑖𝑖 ∈ 𝒩𝒩𝑟𝑟 

with 𝒩𝒩𝑟𝑟 = � 𝑖𝑖 ∈ 𝒩𝒩 ∣∣ 𝒩𝒩𝑖𝑖
𝑖𝑖𝑖𝑖 = ∅ �. As before solution sets 

are sampled 𝕍𝕍𝕍𝕍𝑖𝑖,𝐷𝐷𝐷𝐷
(𝑓𝑓)

⊂ 𝕍𝕍𝕌𝕌𝑖𝑖,𝐷𝐷𝐷𝐷
(𝑓𝑓) , and a solution returned as 

𝕍𝕍𝐷𝐷𝐷𝐷 ≈ ∏ 𝕍𝕍𝑖𝑖,𝐷𝐷𝐷𝐷
(𝑓𝑓)

𝑖𝑖∈𝒩𝒩 .  

Tuning step 2: A classifier backoff strategy 
In most cases, multiple solution sets, 𝕍𝕍𝐷𝐷𝐷𝐷,  exist, cor-

responding to different allocations of operational flexibil-
ity to each unit. Solving step 2 as defined provides 
greater operational flexibility to upstream units. To bal-
ance operational flexibility, we introduce tuning parame-
ters, 𝝐𝝐 ∈ ℝ+

𝑁𝑁, in the forward propagation – one for each 
unit, 

𝕍𝕍𝕌𝕌𝑖𝑖,𝐷𝐷𝐷𝐷
(f) (𝝐𝝐) ≈ 

⎩
⎪⎪
⎨

⎪⎪
⎧

(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖) ∈ 𝕍𝕍𝕌𝕌𝑖𝑖,𝐷𝐷𝐷𝐷
(b)

�

�
0 ≥ max

�𝒗𝒗𝑗𝑗,𝒖𝒖𝑗𝑗�∈𝕍𝕍𝕌𝕌𝑗𝑗,𝐷𝐷𝐷𝐷
(f) (𝝐𝝐)

𝐆𝐆�𝑖𝑖
(b)(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖) + 𝜖𝜖𝑖𝑖  

        𝑠𝑠. 𝑡𝑡.  𝒖𝒖𝑖𝑖
𝑗𝑗 = 𝑭𝑭𝑗𝑗→𝑖𝑖  �𝒗𝒗𝑗𝑗 ,𝒖𝒖𝑗𝑗�,∀𝑗𝑗 ∈ 𝒩𝒩𝑖𝑖

𝑖𝑖𝑖𝑖

∀𝑗𝑗 ∈ 𝒩𝒩𝑖𝑖
𝑖𝑖𝑖𝑖:

0 ≥ min
�𝒗𝒗𝑗𝑗,𝒖𝒖𝑗𝑗�∈𝕍𝕍𝕌𝕌𝑗𝑗,𝐷𝐷𝐷𝐷

(b)
𝐆𝐆�𝑗𝑗

(b)�𝒗𝒗𝑗𝑗 ,𝒖𝒖𝑗𝑗� + 𝜖𝜖𝑗𝑗  

        𝑠𝑠. 𝑡𝑡.  𝒖𝒖𝑖𝑖
𝑗𝑗 = 𝑭𝑭𝑗𝑗→𝑖𝑖  �𝒗𝒗𝑗𝑗 ,𝒖𝒖𝑗𝑗� ⎭

⎪⎪
⎬

⎪⎪
⎫

, 

with root node unit problems adjusted appropriately. 
This implies the solution set is dependent on the param-
eters, 𝕍𝕍𝐷𝐷𝐷𝐷(𝝐𝝐). In the following, we utilize an adaptive sam-
pling scheme, namely nested sampling as in [2] to pro-

vide a discrete inner approximation 𝕍𝕍𝕍𝕍𝑖𝑖,𝐷𝐷𝐷𝐷
(f)

(𝝐𝝐) ⊂ 𝕍𝕍𝕌𝕌𝑖𝑖,𝐷𝐷𝐷𝐷
(f) (𝝐𝝐). 

Nested sampling was initially proposed to estimate the 
marginal likelihood in Bayesian estimation problems. In 
the context of feasibility, the marginal likelihood has an 
interpretation as a measure of the volume of a set. Here, 
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we exploit this as means of defining an objective for tun-
ing the backoffs, 

min
𝛜𝛜
−∑ log𝑍𝑍𝑖𝑖(𝝐𝝐)𝑖𝑖∈𝒩𝒩        (9) 

where 𝑍𝑍𝑖𝑖(𝝐𝝐) = ∫ 𝑙𝑙𝑖𝑖  (𝒗𝒗𝑖𝑖 ,𝒖𝒖𝒊𝒊, 𝝐𝝐)𝑝𝑝(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖)𝑑𝑑(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖)(𝒗𝒗,𝒖𝒖)∈𝐾𝐾𝑣𝑣𝑢𝑢𝑖𝑖
 is 

the marginal likelihood associated with the solution to the 
unit 𝑖𝑖 subproblem, 𝕍𝕍𝕌𝕌𝑖𝑖,𝐷𝐷𝐷𝐷

(f) (𝝐𝝐). In implementation, 𝑙𝑙𝑖𝑖: 𝒦𝒦𝑣𝑣𝑣𝑣𝑖𝑖 ×
ℝ+
N → ℝ  is a continuous, non-negative monotonic ap-

proximation to the indicator function which assesses set-
membership. Here 𝑙𝑙𝑖𝑖(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖 ,𝝐𝝐) = ∏  𝑙𝑙𝑖𝑖,𝑙𝑙𝑙𝑙∈{𝑖𝑖}∪𝓝𝓝𝑖𝑖

𝑖𝑖𝑖𝑖 (𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖 , 𝜖𝜖𝑙𝑙), 

𝑙𝑙𝑖𝑖,𝑙𝑙(𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖 , 𝜖𝜖𝑙𝑙) = �
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(0) 𝒊𝒊𝒊𝒊 𝑧𝑧𝑖𝑖,𝑙𝑙∗ (𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖 , 𝜖𝜖𝑙𝑙) ≤ 0

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 �−𝑧𝑧𝑖𝑖,𝑙𝑙∗ (𝒗𝒗𝑖𝑖 ,𝒖𝒖𝑖𝑖 , 𝜖𝜖𝑙𝑙)� 𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐
 

with 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(⋅) indicating the univariate, scalar sig-
moid function, and 𝑧𝑧𝑖𝑖,𝑙𝑙∗ (𝒗𝒗𝑖𝑖,𝒖𝒖𝑖𝑖, 𝜖𝜖𝑙𝑙)  indicating the optimal ob-
jective value of the 𝑙𝑙𝑡𝑡ℎ auxiliary optimization problem, or 
the tightened constraint value in the case of the root-
node, in the approximate forward propagation, 𝕍𝕍𝕌𝕌𝑖𝑖,𝐷𝐷𝐷𝐷

(f) (𝝐𝝐). 
Given the use of 𝑙𝑙𝑖𝑖(⋅) and assessment of the unit-wise 
subproblems, 𝕍𝕍𝕌𝕌𝑖𝑖,𝐷𝐷𝐷𝐷

(𝑓𝑓) (𝝐𝝐), rather than the indicator function 
itself and the unit-wise projections, 𝕍𝕍𝑖𝑖,𝐷𝐷𝐷𝐷

(𝑓𝑓) (𝝐𝝐), this yields an 
approximation to a measure of the FS. 

CASE STUDY  
Problem formulation 

We demonstrate the decomposition approach on a 
batch chemical reactor network that consists of two 
batch reactors connected in series. The reaction mecha-
nism characterizing the reactors is the same, and is that 
described in [3], 

    2𝐴𝐴 →𝑘𝑘1 𝐵𝐵 →𝑘𝑘2 𝐶𝐶 

where component B is the desired product. The re-
actor dynamics are ODEs that describe the evolution of 
component molar concentrations in continuous time. The 
system adheres to Arrhenius kinetics, with 𝑘𝑘𝑟𝑟(𝑇𝑇), indicat-
ing the temperature (𝑇𝑇) dependent rate constant of re-
action step 𝑟𝑟 ∈ {1,2}. For the definition of these Arrhenius 
kinetics please refer to the Digital Supplementary. The 
volume of both reactors is assumed 𝑉𝑉 = 1 m3. Each ODE 
system is given by, 

 
𝑐̇𝑐𝐴𝐴,𝑗𝑗(𝑡𝑡) = −2𝑘𝑘1�𝑇𝑇𝑗𝑗�𝑐𝑐𝐴𝐴,𝑗𝑗(𝑡𝑡)2                        
𝑐̇𝑐𝐵𝐵,𝑗𝑗(𝑡𝑡) = k1�Tj�cA,j(t)2  −  k2�Tj�cB,j(t)
𝑐̇𝑐𝐶𝐶,𝑗𝑗(𝑡𝑡) = k2�Tj�cB,j(t)                                 

  

where 𝑐𝑐𝑖𝑖,𝑗𝑗(𝑡𝑡) (𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘 𝑚𝑚−3) describes the molar concentra-
tion of component 𝑖𝑖 in reactor 𝑗𝑗; and 𝑇𝑇𝑗𝑗, the temperature 
in reactor 𝑗𝑗. Each reactor is operated over a time horizon, 
𝑡𝑡 ∈  �0, 𝜏𝜏𝑗𝑗  �, where 𝜏𝜏𝑗𝑗 is the batch time. The initial concen-
tration of the first reactor is fixed, whereas the initial con-
centration of the second reactor is the first reactor’s 

composition at the end of operation, subject to separa-
tion of C, as presented in [3]. This separation is consid-
ered perfect and, therefore, is excluded from the FS iden-
tification. The critical operational parameters in the char-
acterization are the temperature and batch time of both 
reactors, such that  𝒗𝒗𝒋𝒋 = �𝑇𝑇𝑗𝑗 , 𝜏𝜏𝑗𝑗�

𝑇𝑇. Inequality constraints 
are imposed to ensure the molar impurity of component 
C at the end of the first operation and on that of compo-
nent B at the end of operating the second batch reactor: 

𝑐𝑐𝐶𝐶,1(𝜏𝜏2)
𝑐𝑐𝐴𝐴,1(𝜏𝜏2) +  𝑐𝑐𝐵𝐵,1(𝜏𝜏2) + 𝑐𝑐𝐶𝐶,1(𝜏𝜏2) ≤  𝑏𝑏1 

𝑐𝑐𝐵𝐵,2(𝜏𝜏2)
𝑐𝑐𝐴𝐴,2(𝜏𝜏2) +  𝑐𝑐𝐵𝐵,2(𝜏𝜏2) + 𝑐𝑐𝐶𝐶,2(𝜏𝜏2) ≥  𝑏𝑏2 

with 𝑏𝑏1 = 0.15 and 𝑏𝑏2 = 0.74. The search spaces 𝒦𝒦𝑣𝑣1 and 
𝒦𝒦𝑣𝑣2 are defined such that 𝜏𝜏𝑗𝑗 ∈ [250,800] (min) and 𝑇𝑇𝑗𝑗 ∈
[250,1000] (K).  

Implementation Details 
Full implementation details together with a descrip-

tion of the algorithm are available within Digital Supple-
mentary. The Nested Sampling algorithm was utilised to 
solve each unit level problem using the DEUS package 
[2]. Each unit level problem was considered solved when 

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 �𝕍𝕍𝕍𝕍𝑖𝑖
(𝑑𝑑)
� = 2000. Due to the nature of sampling algo-

rithms a high degree of parallelisation was leveraged.  
Initialization and then backward propagation steps 

were first applied, and neural network SoftMax binary 
classifiers and regressors with tanh activations were 
trained to high validation accuracy in solution to the unit 
level problems using the FLAX python package. Solution 
to the box-constrained NLP was provided by the L-
BFGS-B implementation in OPTAX. The tuning problem 
(9) was then solved using a Bayesian optimization strat-
egy. This consists of iteratively solving forward propaga-
tions using different values of 𝝐𝝐. The decision bounds, 𝝐𝝐 ∈
[0,0.5]2, were identified from knowledge of the range of 
the SoftMax binary classifier. An initial dataset was iden-
tified through a Latin hypercube space filling design on 
𝝐𝝐 ∈ [0,0.5]2 for 3 backoff values. In the forward propaga-
tions, the general NLP problems that couple the units 
were solved using IPOPT and formulated in CasADI. The 
ML surrogates were embedded using the CasADI 
callback feature, allowing JAX automatic differentiation 
routines to pass necessary Jacobian information. A 
Gaussian process model was built, exploited, and re-
trained to optimize (8) using the expected improvement 
acquisition function and a budget of 7 additional samples 
to the initial dataset.  

Results and Discussion 
The results of the Bayesian optimization strategy to 

approximately solve (9) is shown in Fig. 1. Specifically, 
Fig. 1 shows the improvement in objective per evaluation 
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of the forward propagation. The figure shows that in gen-
eral the objective is improved in each iteration highlight-
ing the approach’s utility in expanding the flexibility or 
volume of the decentralized FS. 

 
Figure 1: Tuning progress of the decentralized FS 
through Bayesian optimization. 

The decentralized FS with largest volume from the 
optimization was identified during the 10th sample. The 
unit-wise projections of the discrete set to approximate 
(8) are plotted in Fig. 2 in red scatter. Also plotted in Fig. 
2 are samples used to initialize the search spaces for the 
backward propagation (grey) and the centralized FS 
(blue). The latter was identified using the direct sampling 
method discussed in [3]. What is notable is that the de-
centralized FS is a proper subset of the centralized – 
yielding reduced flexibility. However, this is traded for a 
more robust operational strategy with lower capital over-
head for implementation of control. The quality of the de-
centralized FS was verified by performing 10000 forward 
process network evaluations using operational parame-
ters sampled from the approximation to 𝕍𝕍𝐷𝐷𝐷𝐷 – all of which 
yielded feasible operation. It should be emphasised that 
the approximation was identified using just 18092 evalu-
ations of the unit models in total. Given the identified de-
centralized FS, 𝕍𝕍𝐷𝐷𝐷𝐷 ⊂ 𝕍𝕍𝐷𝐷𝐷𝐷, is constituted by 4 × 106 pa-
rameter settings this is a significant sample efficiency.  

CONCLUSION 
In this research, a decomposition strategy has been 

presented to sample decentralized feasible spaces for 
multi-unit process networks. The methodology leverages 
DAG formulations of process networks, adaptive sam-
pling and machine learning surrogates to define con-
straint propagation methods that return inner-approxi-
mations to the feasible space efficiently. The methodol-
ogy was applied to a serial batch reactor network and 
demonstrated to be effective in identifying a subset of 

the centralized FS to enable decentralized operation. Fu-
ture work will consider robust formulations to account for 
uncertain model parameters. 

 

 
Figure 2: The optimized decentralized FS (red scatter), 
centralized FS projections (blue scatter), and samples 
used to initialise the search space (grey scatter). 

DIGITAL SUPPLEMENTARY MATERIAL 
Digital supplementary is provided by a Python soft-

ware package, 𝛍𝛍𝛍𝛍, available at: https://github.com/maw-
bray/mu.F.  The DEUS package for solving numerical con-
straint satisfaction problems through Nested Sampling is 
available at https://github.com/omega-icl/deus. 
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