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ABSTRACT

Real-time optimization (RTO) is a model-based technique that drives plants to optimal operating
conditions. Modifier Adaptation (MA) is a class of methods that adjusts the optimization problem
using gradient information. This enables the plant to reach the optimum operating point or batch
trajectory without the need of a precise model which reduces the necessary modeling efforts.
However, computing the gradients of the cost function or of the plant outputs with respect to the
inputs online is a challenging task. Modifier Adaptation with Quadratic Approximation (MAWQA)
integrates MA with Quadratic Approximation (QA), which helps mitigate the challenges of estimat-
ing gradients from noisy measurements by utilizing historical operating data. However, the distri-
bution of these past operating points significantly affects the effectiveness of the MAWQA strat-
egy. To address this issue in this contribution, new methods to compute probing points which lead
to fast convergence to the optimum are proposed. The effectiveness of these methods is validated

using the Williams-Otto reactor benchmark.
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INTRODUCTION

In recent years, the field of real-time optimization
(RTO) has gained significant attention. This is due to the
increasing pressure to operate processing plants opti-
mally from both economic and emissions perspectives. A
key challenge in RTO is ensuring that plant models are
accurate enough to determine feasible and optimal oper-
ating inputs or batch trajectories. While re-estimating
model parameters online can enhance the performance
when the plant model is structurally correct, Modifier Ad-
aptation (MA) addresses both parametric and structural
plant-model mismatch without updating the model [1, 2].
This iterative method adjusts the gradients of the cost
function and the constraints based on measurement in-
formation, so that the first-order optimality conditions are
satisfied upon convergence.

In this contribution, we investigate Modifier Adapta-
tion with Quadratic Approximation (MAWQA). This algo-
rithm combines MA with a Quadratic Approximation (QA)
approach that was adapted from derivative-free optimi-
zation, thereby alleviating the problem of estimating the
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gradients from noisy measurements [3]. However, the
distribution of the points that are used for the approxi-
mation significantly influences the QA. If the prior oper-
ating data points are not well-distributed, the optimiza-
tion process may become trapped in a region away from
the true optimum. In such cases, additional trials are nec-
essary. For gradients computed via finite differences, it
was proposed in [1] to solve an optimization problem to
determine a trial input that improves the geometry of the
set of past data points. While this strategy is effective for
simplex gradients, it is less suited for QA.

In this paper, we discuss different methods to com-
pute additional probing points, which improve the quality
of the fitted quadratic surrogate model. The first method
extends the approach introduced in [3] in which the input
is computed by averaging with distant points. The sec-
ond method uses the perturbation method from [1] to im-
prove the distribution by solving an optimization problem.
This method is then modified such that it is better suited
for QA. By solving an optimization problem, it is ensured
that the data matrix used in the QA is invertible and well-
conditioned. This is based on optimizing the condition
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number, which is a computationally expensive problem.
This motivates the next approach, which simplifies the
computations by using LU decomposition of the data ma-
trix and transforming the polynomial basis such that the
additional input can be computed by solving a scalar
quadratic optimization problem [4]. Finally, we extend
this approach to a completely model-free optimization by
introducing well distributed trial points to compute an in-
itial QA, followed by the application of the MAWQA algo-
rithm. We compare these methods using the Williams-
Otto reactor benchmark.

MODIFIER ADAPTATION

We consider a real process with the objective func-
tion J,(w), where u is a vector of n,, inputs of the station-
ary or periodic operation of the plant. The operation is
subject to n, constraints G,(u). The optimal set of inputs
u,, is defined by (1).

u, = argmin, J,(w) s.t. Go(uw) < 0. €))

However, in practice, the mappings J,(w) and G,(u)
are not exactly known. We assume that an approximation
of these mapping is available, and we denote these mod-
els by J,,(w) and G,,(u). The optimum of the optimization
model u;, due to plant-model mismatch is not equal to
the actual optimum uy. In MA, the optimization problem
is adapted with modifiers to ensure that the KKT condi-
tions of the plant are satisfied upon convergence [1, 2].
The inputs u.q, in the k™ iteration that result from the
adapted model are computed from (2), where u, is the
input applied at iteration k.

Ugq| k = argminy, (]m(u) +e + (lIJ;{)T (u - uk)>' (2a)
s.t.Gp(uw) + €f + (w,f)T(u - u,) <0. (2b)

el, ¢, Wl , and y¢ represent the cost function and
constraints modifiers. The modifiers can be computed
using at least n;: = n, + 1 measurements. To reduce the
impact of the estimation errors in the gradients of the ac-
tual plant, the inputs can be filtered by

Ugg+1 = K- Uaaqes1 + U — K) - g, 3)

where K is a gain matrix [2]. The computation of the gra-
dients in the MA algorithm is based on finite difference
approximations using the past data points [1]. The deci-
sion to apply additional perturbations is based on the
value of the condition number of past data points. Should
the condition number drop below a certain threshold, a
probing input is computed from (4).

u, = argmax,cond(S; 1), (4a)

s.t. Gp(uw) +ef + (l,b,f)T (u—uy) <0, (4b)
T

‘Sk = [uk - Uu,..,u;, — uk_nu] . (4C)
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Modifier adaptation with quadratic
approximation (MAWQA)

MAWQA combines MA with elements from deriva-
tive-free optimization (DFO) [4]. In the MAWQA frame-
work, when enough data points are available, the modifi-
ers in equation (2) are calculated by analytically differen-
tiating the fitted quadratic functions corresponding to the
measurements of J, and G, and evaluating them at w.
This works well if the regression set is well-poised. Pois-
edness refers to the quality of the regression set in terms
of its ability to accurately represent the underlying func-
tion [4]. To achieve a well-poised regression set, a
screening algorithm is employed. The regression set U,
should include well-distributed distant data points U,
which serve as anchors, alongside neighboring points
U’ near the current best iterate uj, within a radius of A,
which reduces the effects of the measurement noise [3].
The regression set contains n,, data points, each data
point is an n, input vector u; U, = {u, UL, UL} The
quadratic polynomial used for this fit is defined by

P B) = c+ I (bu(®) + I B (au®du()), ©)

where B =[c, by, ...,bn,, al,lv---:anu,nu]T and u(i) denotes
the i*" element in the vector u. The polynomial basis,
which correspond to the polynomials in (5), is defined by

r(u) = {1' u(l)' ) u(nu)' u(1)2' u(l) u(z)r tty
u(ny — Du(ny), u(n,)?}. (6)

To fit the cost function J,(u), at least ny:=[B] =
(ny + 1)(n, + 2)/2 observations of the function must be
available, which are in stored in U, in the MAWQA algo-
rithm. To determine the values of g, the linear system of
equations (7) is solved if n,, =n, and in least squares
sense if n, >ng .

[ A(Up) (W) r"q(ullk)][ﬁl] Jo(Usie)
G(U_zuc) 1"2('_”2|k) . an(ﬂf‘zw) /’22|= /p('lfzm)
i) B ol
M @), U =], (Uy) ™

The notation U;;, means the data point with index j in the
regression set U in the k" iteration. The constraints are
also fitted in the same way as the cost function. To en-
sure the adequacy of the fitted model, the method pro-
posed in [5] can be employed when fitting the parame-
ters B. This involves employing the General Quadratic
Convex Under-estimator (GQCU) to ensure that the fitted
surrogate model remains convex by enforcing the Hes-
sian matrix to be positive semi-definite. Since the fitted
model is only a local approximation of the original func-
tion around uy,, a trust region is employed while searching
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for uy,,. In the MAWQA algorithm, the trust region de-
pends on the regression set U;.

Ugerr: = argming Jp(w), (8a)
s.t.Gy(w) < 0, (8b)
(u— )" cov(Uy) (u—1w) < y?, (8c)

where J, and G4 are the fitted quadratic functions of J,
and G,. A tuning factor, denoted by y, is used to scale the
trust-region. The quality of the surrogate model is com-
pared to that of the adapted process model. MAWQA
solves either (2a,b) with (8c) or (8a — ¢) depending on
which model predicts the last J, and G, better [3].

Algorithm 1. MAWQA

on various criteria, such as prioritizing the best cost, or
selecting the furthest point from u;, first, or ensuring a
good geometric distribution.

Algorithm 2. Averaging with distant points

Select u; and compute u, from (9).
If G4 (u,) < 0then u,,, = u, otherwise choose a differ-
ent u;.

Step 1. Collect n, measurements by applying feasible
and well distributed data points.

Step 2. Apply MA until n, measurements are collected.
If cond(S;1) <€, compute uy,4 from (4).

Step 3. Construct the regression set U, and compute
U4 from (2) or (8).

Step 4. If uy,, lies near uy; llug— ugll <A, whereAis a
tuning parameter, then apply an explorative input
u,.1 = U,, to improve the quadratic models.

Step 5. Apply u,,, to the plant and check the improve-
ment in the cost function.

Step 6. Successful iteration: If J,(u.;) < Jp(up), and
Gp(ui41) < 0thensetuy,; = uy,,, andincrease k by
one then return to Step 3.

Step 7. Otherwise Add u,,, to the regression set U, and
return to Step 3.

In [3], itis suggested to compute u, by applying two
steps. First a data point is chosen from the distant points
that are included in the regression set.

w; € Uy, llu;— uill = 24, 9a)
u, = (u; +up)/2. (9b)

This approach has the same goal as the criticality
step of the derivative free algorithm introduced in [4],
which is a model improvement step. Experience however
shows that this step often is inefficient in this form. In ad-
dition, MAWQA also relies on the explorative nature of the
algorithm, that leads to improving the poisedness [6].

PERTURBATION METHODS FOR MAWQA

In this section, we investigate four different options
to improve the poisedness of the data points that are vis-
ited by the MAWQA algorithm. This improves the quality
of the locally fitted quadratic models.

Method I: Averaging with Distant Points

Here the original approach is adjusted to ensure that
u, adheres to the estimated process constraints. The in-
itial input u; for starting Algorithm 2 can be chosen based
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Method II: Simplex Gradients

The second method is the same as the perturbation
method used in [1]. This means solving (10) and replacing
u, by u,.

(10a)
(10b)

u, = argmaxy,egcond(S; 1),
s.t. G¢|k(u) <0,
where B is a sphere with radius r.

Method lll: QA Matrix Conditioning

In the context of the MAWQA, it is crucial for the ma-
trix M from (7) to be well conditioned to avoid numerical
instability and unreliable results. It is established in [4]
that well-poisedness is related to the condition number
of the matrix M (I'(w),U;), where Uy :=U,—uj is a
shifted version of U, with respect to u;. In Method IIl, the
condition number of M (I'(w),U,) is optimized for the
given set U, augmented with u,, the additional pertur-
bation input.

u,, = argmin,cgcond (M(F(u), {Uy, (u— uZ)})).
s.t. G¢|k(u) <0, (11)

where B is a sphere with radius r. The optimization prob-
lem computes a probing input u,, that improves the pois-
edness of U, and the surrogate quadratic model quality.

Method IV: Pivot Polynomials

This method simplifies the computations by avoid-
ing the need to solve the complex optimization problem
(11). It is a variant of the algorithms introduced in [4,
Chapter 6]. The algorithm performs an LU decomposition
of M (I'(u), Uy ) through Gaussian elimination. The matrix
M (r(u),U,) is factored into a lower triangular matrix L
and an upper triangular matrix U; M (I'(w), U, ) =L-U. To
enhance the numerical stability during this decomposi-
tion, pivoting is employed. Pivoting involves the selection
of pivot elements prior to executing the Gaussian elimi-
nation process, thereby mitigating risks associated with
division by small numbers and minimizing numerical inac-
curacies. The algorithm decomposes M (I'(w),U,) into L
and U such that L contains ones along its diagonal, while
U contains pivot values along the diagonal. The symbolic
functions yielding these pivot values are the output of the
algorithm, these functions are referred to as the pivot
polynomials @(u). By this operation we obtain symbolic
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functions in the diagonal of the computed upper triangu-
lar matrix. The condition nhumber of the upper triangular
matrix is improved by maximizing |®;(w)|, the i*"* polyno-
mial in the set @(u). The condition number of the matrix
M (r(w),U,) is improved indirectly by optimizing the piv-
ots of the matrix U. In Algorithm 3 presented below, we
differentiate between &;(U;;.), which is a numerical sca-
lar value that is computed from the jt* data point in U,
and &;(u) which is a symbolic function of u (see Steps e-
f). The algorithm starts under the assumption that U, is
initiated with u;, as its first element; U, = uj,. In the it
iteration, the data point ’le|k that maximizes the pivot pol-
ynomial &; is identified in Step b. The data points ﬂj|k and
‘12,-|k are then swapped in U, in Step c. Afterwards Gauss-
ian elimination is applied to all subsequent rows to update
the pivot polynomials as shown in the loop Steps e-f. The
algorithm starts with the basis @(u) = I'(w) and progres-
sively updates its entries using the row operations de-
rived from Gaussian elimination.

Algorithm 3. Perturbation using pivot polynomials

Model-Free Optimization (MFO)

As Algorithm 3 does not require ng initial points, it
can be used to formulate a completely model-free itera-
tive optimization algorithm. First n, data points are gen-
erated using Algorithm 3 and then iterative quadratic op-
timization is applied.

Algorithm 4. Model-free optimization

Require: Uy; |Uy| = ny, = 1, up,v > 0 a tuning factor.
Initialization: set @ (u) = I'(uw).

LU decomposition using Gaussian elimination:
Stepa.Fori=1,..,min (m,n,)

Stepb. findj = argglj;i)ﬂtpi(ﬂ”kﬂ

Require: ug , A, vand y.

Stepi. Apply Algorithm 3. until n, points are available.
Select the admissible point with the best objective
value uj, as the first entry of U,.

Stepii. Once n, points are available, the optimization
problem (8) is solved to compute the uy,;.

Stepiii. If uy,, lies near u}; |luy,;—u,ll < A, then apply
Algorithm 3.

Stepiv. Apply u,,, to the plant.

Step V. If J, (ws1) < Jp(i), Gp(tisr) <0,

Successful iteration: then set uy,; = uy,;, and
increase k by one then return to Stepii.
Unsuccessful iteration: Otherwise add u;,; to
the regression set U, and return to Stepii.

Stepc. If |#;(,)| > v then swap the data points U
and U, in the regression set Uy,

Step d. Else compute the u;,, using (12) and terminate.

Stepe. Forl=i+1,..,ng

Stepf. ®,(w) — &,(u) — ‘Dl(qfi'k) @;(w).

D;(Te)
ug = argmaxyep |P; (W), (12a)

s.t. Gp(u) < 0, (12b)

where B is a sphere with radius r.

In scenarios where p < n,, the regression set Uy is
completed by solving (12). To ensure numerical stability,
a threshold v is selected to mitigate the risk of division by
small numbers in Step f. In instances where a data point
cannot be identified such that |®;(T;)| > v, the algo-
rithm computes a new input using (12). The algorithm
continues until it computes the final pivot polynomial,
then (12) is solved, to compute u;. The algorithm can be
started with just one data point or less than n, data
points, however the constraint (12b) must be replaced by
(2b) or (4b) depending on availability of data points.

As in the case of Method lll, we apply Algorithm 3 in
Steps 2 and 4 of the MAWQA algorithm. The optimization
problem (12) is significantly less computationally de-
manding than solving (10) or (11) because it solely in-
volves optimizing a second-order polynomial.
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At each iteration, the first element of U, can change,
which updates the center in Algorithm 3, resulting in ex-
ploration of the surrounding of current best iterate u;,.

RESULTS

In this section, we perform a comparative numerical
study of the proposed methods for the generation of
probing points. For this purpose, we have selected the
Williams-Otto plant, which serves as a benchmark prob-
lem for evaluating RTO schemes [3, 7]. The variable def-
initions and parameter values originate from [7]. The core
is a CSTR with chemical reactions:

k1 —6666.7
A+B>SC, k, = 1.66 X 105e@+27319

kZ —8333.3
C+B 3P+ E  ky=7212x 108e®+7319

k -11111
P+ C=G, ks = 2.675 X 1012¢(@+273.15)

where ky,k, and k; are the reaction constants of the
plant. Reactants A and B are continuously added to the
reactor with mass flow rates denoted as F, and Fz. The
primary objective is to synthesize the desired products P
and E, while C serves as an intermediate product and G
is considered an undesired byproduct. The reactor oper-
ates under isothermal, maintaining a constant tempera-
ture 6, with a constant mass holdup of 2105kg. F, is kept
at a constant value of 1.8275 kg/s, while Fz and the reac-
tor temperature are treated as decision variables; u =
[Fz 6]7. These decision variables are normalized by their
operating intervals (Fg: 3 -6 kg/s, 6:70 -100 C°). The main
goal of this operational setup is to maximize the profit,

1197



which results from calculating the differences in price be-
tween the products and the consumed reactants.

V(F,60) = 1143.38(F, + Fg) Xp + 2592 X; — 76.23 F,
— 11434 Fp,

where X, and Xy signify the mass fraction of products P
and E. V(Fg,0) is corrupted with noise, which follows a
Gaussian distribution with a standard deviation ¢. It is as-
sumed that the process is not well understood. The opti-
mization model contains only two reactions:

—8077.6
k, = 2.189 x 108e@+273.15),

—12438

k ~ _—12438
A+B+P 3G + E, k, = 431 x 1013e+27315),

ky
A+2B- P+E,

where &, and k, denote the reaction constants of the op-
timization model. The tuning parameters for the MAWQA
algorithm are set to 4 =r =0.1 and y = 3. We used the
furthest admissible point from uj, as u; in (9). As for the
matrix S, in (10), we used the most recent n,, data points
chosen by the screening algorithm to construct U,. In Al-
gorithm 3, the tuning parameter is chosen to be v = 0.25,
which is also used in the model-free optimization. Figures
1-5 demonstrate the results of applying the methods.
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Figure 1. Results of applying the MAWQA Algorithm with
Method | to the Williams-Otto reactor for ¢ = 0.5.
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Figure 2. Results of applying the MAWQA Algorithm with
Method Il to the Williams-Otto reactor for ¢ = 0.5.

All the methods succeeded in finding u; in a few itera-
tions with good accuracy. From the results, Method | ex-
hibits limitations in achieving good distribution of data
points near the optimum. This is mainly due to its reliance
on previously visited data points when calculating explor-
ative moves, leading to a concentration of points on one
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side of the optimum. As for the remaining methods, well
poisedness is reached at uy,.
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Figure 3. Results of applying the MAWQA Algorithm with
Method Il to the Williams-Otto reactor for g = 0.5.
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Figure 4. Results of applying the MAWQA Algorithm with
Method IV to the Williams-Otto reactor for ¢ = 0.5.
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Figure 5. Results of applying model-free optimization
(Algorithm 4) to the Williams-Otto reactor for ¢ = 0.5.

The proposed methods are compared against the
performance of the original MA without QA [1] for 3 dif-
ferent levels of noise. As there are no constraints in this
case study, Method | is the same as the method intro-
duced in [3]. Each method was tested with 200 simulation
runs. To avoid excessive probing, inputs that are at least
A/2 away from already visited data points are probed.
Three key performance indicators (KPIs) were calculated.

1. Optimum Proximity KPI: This KPI assesses the
distance between the uj, after 30 iterations and
uy.

2. Average steps KPI: This indicator provides the
average number of iterations needed to reach
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the vicinity of the plant optimum, defined as
| < 0.05.

3. Poisedness KPI: This KPI reflects the value of
the A- Poisedness after 30 iterations, following
the definition from [4]. A > ,ax max|?; ()|,

SlS‘I’LQ u

* *
up_uk

where #;(u) are the Lagrange polynomials associated
with U,. A lower value indicates a more favorable distri-
bution. The best achievable A-poisedness is 1.

Table 1: Results of the 200 simulation runs for ¢ = 0.5.

Method Opt. Proximity Av.steps Poisedness
MA [1] 0.0786 + 0.060 16.1+ 4.0 3.51
I 0.0164 £+ 0.010 10.0+ 1.6 5.07
Il 0.0201 £ 0.013 93+16 3.2
11 0.0130 £ 0.010 91+15 2.02
Y 0.0107 £ 0.009 98+ 1.6 1.75
MFO 0.0106 + 0.009 119+ 21 1.82

Table 2: Results of the 200 simulation runs for ¢ = 1.

Method Opt. Proximity Av.steps Poisedness
MA [1] 0.0891 + 0.059 1721+ 4.4 3.25
I 0.0264 + 0.017 109+28 531
Il 0.0260 + 0.016 10.5+ 3.6 295
I 0.0203 £ 0.016 103+ 2.4 1.98
v 0.0187 + 0.013 10.0+ 2.0 1.66
MFO 0.0193 £ 0.014 123+ 2.4 1.75

Table 3: Results of the 200 simulation runs for o = 2.

Method Opt. Proximity Av.steps Poisedness
MA [1] 0.1033 £ 0.066 19.0+ 6.1 2.81
I 0.0380 + 0.025 119+ 4.4 5.16
Il 0.0388 + 0.026 12.7+ 6.0 2.90
11 0.0330 + 0.024 119+ 4.4 1.99
v 0.0337 £ 0.021 11.4 + 3.7 1.81
MFO 0.0325 + 0.023 13.5+3.5 1.84

As the level of noise increases, both the accuracy
and speed of convergence of all methods to the optimum
decreases. The MA approach from [1] demonstrated the
lowest accuracy and the slowest convergence across all
levels of noise. This reduced accuracy can be attributed
to the noise interference, which causes the MA to oscil-
late around u;. However, this continuous oscillation con-
tributes to a good poisedness. Method | exhibited poor
poisedness in the three noise levels, followed by MA
without QA and Method II. This outcome aligns with our
expectations, as these methods do not adequately ad-
dress the poisedness required for QA. In contrast, Meth-
ods lll and IV demonstrated robust and similar poised-
ness across varying noise levels, with Method IV consist-
ently achieving slightly better results. Maintaining good
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poisedness improves the accuracy of the gradient esti-
mation, which is crucial for tackling more complex prob-
lems. MFO achieved a level of accuracy comparable to
Method IV, however with slightly more test points (20%
more) than the model-based methods. On the other
hand, the method does not need any plant model and is
purely based on data collected at the plant. Moreover,
the optimization problems (10) and (11) are significantly
more computationally demanding than the other meth-
ods. The average computation time for (10) was rec-
orded at 1.38s, while the average for (11) was 1.87s. Con-
versely, the optimization problem (12) has an average
computation time of 7ms, which is ~200 times faster than
solving (10), (11).

CONCLUSION

In this paper, we investigated improvements of the
MAWQA algorithm, with focus on the criticality step. Our
proposed methods improve the distribution of the data
points, which is vital for finding true plant optimum fast
and reliably. We demonstrated their potential using the
Williams-Otto reactor benchmark. The results show that
these methods significantly improve the poisedness of
the regression set, resulting in more reliable and accurate
gradient estimations, as well as increased robustness
against noise. Moreover, we presented an effective
model-free optimization strategy that converges to the
true plant optimum but requires more probing steps in the
initial phase. Future work will address cases with higher
dimensions of the input vector and complex constraints.
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