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ABSTRACT 
This work presents a Lyapunov-based framework for safe reinforcement learning (RL) applied to 
the control of an unstable reactor. The proposed method imposes stability constraints on the value 
and Q-functions through a Lyapunov candidate function defined as the negative of these func-
tions, L(s)=−V(s) and L(s,a)=−Q(s,a). Constraints enforce positivity of the Lyapunov candidate 
function and non-positive time derivatives, promoting monotonic behavior aligned with Lyapunov 
stability conditions. The framework was tested on both on-policy (PPO) and off-policy (SAC, TD3, 
and DDPG) RL algorithms, with performance evaluated against their baseline versions and a non-
linear Model Predictive Controller (NMPC). Results showed that stability constraints significantly 
improved control performance across all tested algorithms, yielding consistently higher cumulative 
rewards, reduced overshoot, and decreased variability. Derivative-based constraints successfully 
mitigated abrupt changes and oscillatory behavior in the Q and value functions, especially evident 
in PPO, DDPG, and TD3. This work demonstrates that Lyapunov-based constraints are an effective 
tool for improving the safety and stability of RL algorithms in safety-critical applications. The pro-
posed approach avoids the complexity of auxiliary optimization and offers a computationally effi-
cient solution for enhancing the safety and stability of RL algorithms in safety-critical control ap-
plications. 
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INTRODUCTION 
Reinforcement Learning (RL) has shown great po-

tential for solving complex control tasks. However, its ap-
plication in safety-critical systems, such as unstable re-
actors, remains limited due to the absence of closed-loop 
stability guarantees and inherent mechanisms for enforc-
ing hard constraints, unlike traditional Model Predictive 
Control (MPC) formulations [1]. These limitations pose 
significant challenges in process control, where stability 
and constraint satisfaction are of prime importance.  

Safe RL aims to address these challenges by incor-
porating mechanisms that enforce stability and safety 
constraints during both training and deployment. Unlike 
conventional control methods, which explicitly encode 
these properties, RL optimizes policies directly from data, 
often without structured guarantees of stability, particu-
larly in model-free RL approaches. To overcome these 

challenges, this work introduces a Lyapunov-based 
framework to enforce closed-loop stability by directly 
constraining the value function, without relying on explicit 
system models. 

It is important to distinguish between safety con-
straint enforcement, which ensures the system operates 
within predefined safety bounds, and closed-loop stabil-
ity guarantees, which ensure that the system converges 
to a stable/stabilized operating point over time. While 
both aspects are critical for safe control, our approach 
focuses on the latter by leveraging Lyapunov functions 
to directly enforce stability during policy learning. 

Lyapunov functions provide a mathematical frame-
work for enforcing stability by ensuring that the system's 
"energy" decreases over time. However, designing such 
functions for RL controllers is challenging and often re-
quires detailed system-specific knowledge [2]. For in-
stance, Brunke et al. [3] emphasized the importance of 
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developing RL algorithms that maintain safety during 
training and deployment, especially in uncertain environ-
ments where modelling errors or disturbances can com-
promise stability. Moreover, Gu et al. [4] highlighted that 
constructing Lyapunov constraints that remain valid 
across varying conditions remains an open challenge, 
particularly in high-dimensional and stochastic settings. 

Recent advancements in safe RL have highlighted 
the potential of integrating stability guarantees directly 
into the learning process. For example, methods leverag-
ing Lyapunov functions [5] define invariant state domains 
that ensure stability under neural network control poli-
cies. This approach provides a framework for guarantee-
ing system convergence to an equilibrium point while 
managing nonlinearities and disturbances. Similarly, Osi-
nenko et al. [6] proposed an RL framework incorporating 
Lyapunov-like constraints, which utilize a control Lya-
punov function (CLF) as a basis to establish semi-global 
stability guarantees through an online sample-and-hold 
optimization scheme, demonstrating its efficacy in main-
taining closed-loop stability during learning. Another no-
table advancement involves using control invariant sets 
(CIS) [7], which streamline training by embedding stabil-
ity guarantees into the learning process through invariant 
set constraints. 

Despite these advancements, significant gaps re-
main. Lyapunov-based methods often require identifying 
suitable Lyapunov functions or barrier functions, which 
can be computationally expensive and challenging for 
highly nonlinear systems. Furthermore, these ap-
proaches frequently rely on predefined invariant domains 
or approximations that may lack generalization across di-
verse operational conditions. CIS-based methods, while 
efficient in improving sample efficiency and providing ro-
bust stability guarantees, require precise state reset 
mechanisms and careful integration of invariant con-
straints into both offline and online phases, which may 
not always translate effectively to complex control envi-
ronments. 

Building on these foundations, this work introduces 
a Lyapunov-based framework that simplifies the en-
forcement of closed-loop stability by directly constrain-
ing the value function. Unlike existing methods that rely 
on auxiliary cost objectives, this approach integrates sta-
bility constraints into the reinforcement learning process, 
reducing computational overhead and improving scala-
bility.  

Conventional RL implementations typically fall into 
two main categories: on-policy and off-policy algorithms. 
On-policy methods, such as Proximal Policy Optimization 
(PPO), update the policy using data sampled sequentially 
from the current policy, allowing for consistent tracking 
of changes in the value function over time. This sequen-
tial sampling simplifies the computation of time deriva-
tives, making on-policy algorithms more stable under 

policy updates. However, these methods require signifi-
cant amounts of data due to the need for fresh samples 
in each update cycle. Conversely, off-policy methods, 
such as Soft Actor-Critic (SAC), Twin Delayed Deep De-
terministic Policy Gradient (TD3), and Deep Deterministic 
Policy Gradient (DDPG), use experience replay buffers 
that enable random sampling of past experiences. This 
improves sample efficiency but complicates the estima-
tion of time derivatives due to the lack of temporal order-
ing in the samples, making the learning process more 
prone to instability. 

This work proposes to enforce closed-loop stability 
across on-policy and off-policy RL algorithms using Lya-
punov-based constraints. Specifically, the Lyapunov 
candidate functions were defined explicitly as the nega-
tives of the value (on-policy) and Q-functions (off-pol-
icy), L(s) = −V(s) and L(s,a) = −Q(s,a). Stability is en-
forced by penalizing positive values of the original func-
tions, thus ensuring V(s), Q(s,a) < 0. Additionally, penal-
ties on time derivatives encourage monotonic increases 
in these original functions, which translates directly to 
monotonic decreases in the Lyapunov functions, satisfy-
ing the Lyapunov stability condition (dL/dt≤0). These 
constraints promote that the resulting learned policies 
consistently meet stability requirements. The main con-
tributions of this work are as follows: 

 A unified Lyapunov-based stability constraint 
framework applicable to both on-policy and off-
policy RL algorithms. 

 A comparative analysis of time derivative-based 
and positivity constraints and their impact on 
training stability. 

 An evaluation of the proposed approach to control 
an unstable reactor, demonstrating improved 
safety and performance compared to baseline 
methods. 

The remainder of this paper is structured as follows: 
Section 2 presents the framework and implementation 
details. Section 3 provides experimental results and dis-
cussion. Section 4 concludes with a summary and future 
research directions. 

METHODOLOGY 

Framework and Environment Design 
This work utilizes PC-Gym [8], an open-source 

framework for developing RL environments in chemical 
process control systems, for implementing the environ-
ment. PC-Gym provides robust tools for simulating pro-
cess control problems, including customizable con-
straints, disturbance generation, and reward function de-
sign. It offers compatibility with RL algorithms like PPO, 
SAC, DDPG, and TD3, enabling standardized 
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benchmarking for process systems engineering prob-
lems. 

The environment was constructed to simulate the 
dynamics of a Continuous Stirred Tank Reactor (CSTR), a 
nonlinear system often used as a benchmark in process 
systems engineering due to its complex dynamics and 
control challenges. The CSTR involves an irreversible re-
action that converts species A into species B, with cool-
ing provided by water circulating through a coiled tube. 
Two coupled nonlinear ordinary differential equations 
govern the dynamics: 

𝑑𝑑CA
𝑑𝑑𝑑𝑑

= 𝑞𝑞
𝑉𝑉

(CA,f − CA) − 𝑘𝑘CA𝑒𝑒
−𝐸𝐸𝐴𝐴
𝑅𝑅T             (1) 

𝑑𝑑T
𝑑𝑑𝑑𝑑

= 𝑞𝑞
𝑉𝑉

(Tf − T) − ∆𝐻𝐻𝑅𝑅
𝜌𝜌𝐶𝐶𝑝𝑝

𝑘𝑘CA𝑒𝑒
−𝐸𝐸𝐴𝐴
𝑅𝑅T + 𝑈𝑈𝑈𝑈

𝜌𝜌𝐶𝐶𝑝𝑝𝑉𝑉
(Tc − T)      (2) 

Here, CA and T represent the concentration of reac-
tant A and reactor temperature, respectively, while Tc is 
the cooling water temperature, serving as the control in-
put. Additional model parameters include feed concen-
tration (CA,f), feed temperature (Tf), volumetric flow rate 
(q), reactor volume (V), reaction rate constant (k), activa-
tion energy (EA), universal gas constant (R), reaction en-
thalpy (∆HR), fluid density (ρ), heat capacity (Cp), and 
heat transfer coefficient-area product (UA). The nonline-
arities, particularly the exponential dependence of reac-
tion rate on temperature, pose significant control chal-
lenges, including potential instability and multiple steady 
states. Simulation parameters and constraints were de-
signed to realistically represent process control chal-
lenges: 

Action Space: The manipulated variable Tc was de-
fined as a continuous range between 250 K and 350 K, 
normalized to [0, 1] during training. 

Observation Space: The state variables CA, T, and 
setpoint temperature TSP were normalized to [0,1] based 
on their physical bounds ([0.0, 200 K, 300 K] to [1.0, 600 
K, 400 K]). Additionally, Gaussian measurement noise 
proportional to 0.1% of each observed state value was 
introduced during training. 

Reward Function: Negative squared error between 
normalized T and TSP. 

Dynamic Setpoint Strategy: The setpoint dynami-
cally transitioned midway through the episode to evalu-
ate the RL algorithms' adaptability. 

Disturbance Generation: Time-indexed disturb-
ances in feed concentration (CA,f) and inlet temperature 
(Tf) were dynamically generated to emulate real-world 
variability. These disturbances were sampled from pre-
defined bounds and applied over multiple episodes to 
test robustness. 

The implementation includes a steady-state solver 
to initialize the system state variables, ensuring valid ini-
tial conditions under varying disturbances. The reward 
function was designed so that the difference between 

the normalized reactor temperature and the setpoint 
temperature was squared and scaled, ensuring that the 
reward signal directly incentivized accurate tracking of 
the setpoint while maintaining interpretability. 

The setpoint strategy was implemented dynami-
cally, splitting the episode into two phases. During the 
first half of each episode, the setpoint was initialized to 
the steady-state temperature derived from the system’s 
initial conditions. In the second half, the setpoint transi-
tioned to a fixed value (e.g., 340 K). This approach tests 
the RL agent’s ability to adapt to changing operational 
goals while maintaining system stability. 

Safe RL Implementation 
The proposed stability enforcement mechanism is 

inspired by Lyapunov principles, focusing explicitly on 
the positive definiteness and monotonic decrease condi-
tions required for stability. Given our reward function de-
fined as the negative squared difference between the 
current state and desired setpoint, we define Lyapunov 
candidate functions as L(s) = −V(s) and L(s,a) = −Q(s,a) 
to maintain a consistent formulation where L > 0 and 
dL/dt ≤ 0 indicate stable behavior. The stability con-
straints, consistently applied across PPO, SAC, DDPG, 
and TD3 algorithms, are: 

Positive Definiteness Constraint: Penalizing posi-
tive values of the original value/Q-functions (V, Q) to pro-
mote them remains negative, thereby enforcing L > 0. 

Time Derivative Constraint: Penalizing decreases 
in the original value/Q-functions between consecutive 
time steps, ensuring their monotonic increase. This pro-
motes a non-positive time derivative (dL/dt ≤ 0), satisfy-
ing the Lyapunov stability criteria. 

These constraints were applied dynamically during 
training, with penalties weighted by hyperparameters 
𝜆𝜆𝑝𝑝𝑝𝑝𝑝𝑝 (positive definiteness) and 𝜆𝜆𝑑𝑑𝑑𝑑𝑑𝑑 (time derivative con-
straint) —additionally, the algorithms logged mean values 
and time derivatives of value/Q functions for interpreta-
bility and transparency. 

Safe RL Algorithm Implementations 

1. DDPG and TD3:  
These off-policy methods relied on replay buffers 

for experience sampling. The critic loss incorporated sta-
bility constraints as follows: 

critic_loss = MSE_loss(curr_Q, target_Q) + 𝜆𝜆𝑝𝑝𝑝𝑝𝑝𝑝 ⋅
max(0, curr_Q) + 𝜆𝜆𝑑𝑑𝑑𝑑𝑑𝑑 ⋅ max(0, prev_Q − curr_Q)      (3) 

where 𝜆𝜆𝑝𝑝𝑝𝑝𝑝𝑝 and 𝜆𝜆𝑑𝑑𝑑𝑑𝑑𝑑 are penalty weights. Here: 
curr_Q: The instantaneous Q-values estimated by 

the critic for the current batch of samples. 
prev_Q: The Q-values for the same batch are com-

puted during the previous gradient step in the current 
training iteration. 

TD3 further used twin critics and applied constraints 
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to the minimum of the critics’ Q-values for robustness. 
Noise models for exploration were algorithm-specific: 

DDPG: Ornstein-Uhlenbeck noise was used, intro-
ducing temporal correlations in action exploration. 

TD3: Normal noise was employed along with target 
policy noise and noise clipping for stable updates. 

2. SAC: 
The entropy-regularized objective was preserved in 

the SAC implementation to balance exploration and ex-
ploitation while incorporating stability constraints into the 
Q-function updates. The critic loss was computed as: 

critic_loss = 0.5∑ MSE_loss(curr_Qi, target_Q) + 𝜆𝜆𝑝𝑝𝑝𝑝𝑝𝑝 ⋅𝑖𝑖

max(0, curr_Q) + 𝜆𝜆𝑑𝑑𝑑𝑑𝑑𝑑 ⋅ max(0, prev_Q − curr_Q)         (4) 

where 𝑖𝑖 indexes over multiple critics. 
The actor loss was computed using the minimum Q-

value across critics and included the entropy regulariza-
tion term: 

actor_loss = 𝔼𝔼[𝛼𝛼 log 𝜋𝜋(𝑎𝑎|𝑠𝑠) − minQ(s, a)]      (5) 

where 𝛼𝛼 is the entropy coefficient, and 𝜋𝜋(𝑎𝑎|𝑠𝑠)) is the sto-
chastic policy. This promotes safe exploration while op-
timizing the policy. 

3. PPO: 
PPO, an on-policy method, inherently stabilizes 

training using a clipped surrogate objective. Additional 
constraints on the value function 𝑉𝑉(𝑠𝑠) were introduced: 

loss = policy_loss + 𝛽𝛽𝑣𝑣𝑣𝑣  ⋅ value_loss + λ𝑒𝑒𝑒𝑒𝑒𝑒 ⋅ entropy_loss +
𝜆𝜆𝑝𝑝𝑝𝑝𝑝𝑝 ⋅ max(0, −V(s)) + 𝜆𝜆𝑑𝑑𝑑𝑑𝑑𝑑 ⋅ max(0, V(s) − prev_V)      (6) 

where 𝛽𝛽𝑣𝑣𝑣𝑣 and λ𝑒𝑒𝑒𝑒𝑒𝑒 are coefficients for the value and en-
tropy losses. Value functions were dynamically moni-
tored for compliance with these constraints. 

Hyperparameter Optimization 
This work employed Optuna [9], a hyperparameter 

optimization framework, to tune both common and algo-
rithm-specific hyperparameters across all reinforcement 
learning (RL) algorithms. Optuna utilizes the Tree-struc-
tured Parzen Estimator (TPE) as its default optimization 
algorithm, enabling efficient exploration of the hyperpa-
rameter space. 

A unified approach was used for tuning common hy-
perparameters across all algorithms, including: 

 Learning rate (𝛼𝛼), 

 Discount factor (𝛾𝛾), 

 Replay buffer size (off-policy only), 

 Batch size, 

 Start step for training, 

 Target network update factor (𝜏𝜏). 

Algorithm-specific optimizations included: 
DDPG: Ornstein-Uhlenbeck action noise parameters 

(𝜇𝜇, 𝜎𝜎, 𝜃𝜃, 𝑑𝑑𝑑𝑑). 
TD3: Target policy noise parameters (𝜎𝜎, noise clip). 
PPO: Epoch count, Generalized Advantage Estima-

tion (GAE) parameters (𝜆𝜆), clip range, and entropy coeffi-
cient. 

SAC: Entropy coefficient and seed for reproducibil-
ity. 

For all Safe RL implementations, additional stability-
specific hyperparameters were tuned: 

 𝜆𝜆𝑝𝑝𝑝𝑝𝑝𝑝: Weight for the positive definiteness penalty. 

 𝜆𝜆𝑑𝑑𝑑𝑑𝑑𝑑: Weight for the time derivative penalty. 

Evaluation 
To establish a performance benchmark, the baseline 

RL cases and a nonlinear Model Predictive Controller 
(NMPC) were implemented [8]. This controller leveraged 
full knowledge of the system dynamics and perfect state 
estimation to solve the optimal control problem at each 
time step. The NMPC formulation incorporated features 
absent in the RL-based controllers, such as state tracking 
and normalized control effort terms for consistent scaling 
across variables. Additionally, the system dynamics were 
discretized using orthogonal collocation to achieve high 
accuracy. This oracle served as the performance ceiling, 
representing near-optimal control strategies under per-
fect conditions, allowing us to quantitatively assess the 
efficacy of the RL algorithms. 

Each RL policy (PPO, SAC, DDPG, and TD3) was 
evaluated across 20 episodes, each initialized with iden-
tical initial conditions and setpoint profiles that differed 
from those encountered during training. The primary var-
iation among these episodes was introduced through 
progressively increasing levels of state measurement 
noise, linearly scaled from 0.0% to 0.5%. Performance 
metrics, including cumulative rewards and control effort, 
were collected to assess each policy's robustness to 
measurement noise. The collected data were aggregated 
to compute median cumulative rewards and mean 
value/Q functions. Since the reward was defined as the 
negative squared difference between the controlled 
states and setpoints, it offers a meaningful comparison 
to the NMPC oracle. Additionally, the evaluation tracked 
the evolution of the value/Q functions and their time de-
rivatives for each policy. Reward distributions were visu-
alized using histograms computed from cumulative re-
wards across evaluation episodes. 

RESULTS AND DISCUSSION 
Figures 1 and 2 present the median performance of 

RL algorithms (SAC, PPO, DDPG, and TD3) compared to 
the NMPC oracle across 20 unseen evaluation episodes. 
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Figure 1 corresponds to the algorithms without stability 
constraints, while Figure 2 shows their performance un-
der stability constraints. 

 
Figure 1. Performance of RL algorithms without stability 
constraints compared to the NMPC oracle (shaded areas: 
min-max, solid lines: median). Plots show (top) reactor 
temperature (T) and (bottom) control input Tc. 

 
Figure 2. Performance of RL algorithms with stability 
constraints compared to the NMPC oracle (shaded areas: 
min-max, solid lines: median). Plots show (top) reactor 
temperature (T) and (bottom) control input Tc. 

Under the baseline scenario (Figure 1), PPO and SAC 
exhibit significant overshoot and oscillations in reactor 
temperature following the setpoint change at 15 min, with 
PPO showing the largest transient deviation, indicating 
less stability. Coolant temperature (Tc) shows significant 

fluctuations, particularly for PPO. 
In contrast, the safe RL scenario (Figure 2) demon-

strates improved stability across all RL algorithms tested. 
Overshoot and variability are significantly reduced, while 
manipulated variable responses (Tc) also present smaller 
transient fluctuations, especially PPO. 

The reward distribution (Figure 3) highlights the 
performance differences between safe and baseline RL 
algorithms. The safe RL strategies (SAC, PPO, and DDPG) 
generally achieve cumulative rewards that are more con-
centrated and shifted towards higher values compared to 
their baseline counterparts. Baseline methods such as 
SAC and DDPG display wider distributions with lower re-
ward values, indicating greater variability and less con-
sistent performance. 

 
Figure 3. Distribution of cumulative rewards comparing 
baseline and safe RL strategies (SAC, PPO, DDPG, and 
TD3). 

Figure 4. Comparison of time derivatives of Q-function 
(SAC, DDPG, TD3) or value function (PPO) for baseline 
and safe RL implementations. 

Figure 4 shows the time derivatives of the Q/value 
functions for SAC, TD3, DDPG, and PPO, comparing 
baseline and safe implementations. Standard deviations 
are omitted for clarity. Safe PPO exhibits the most signif-
icant reduction in fluctuations, with near-zero oscilla-
tions. Safe implementations for DDPG and TD3 demon-
strate reduced spikes, indicating improved stability. 
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However, safe PPO and SAC display larger transition 
spikes, likely due to value/Q function penalization on the 
setpoint change. 

The spikes during setpoint transitions could be sof-
tened by "freezing" or temporarily relaxing constraint 
penalties during these events. Increasing training epi-
sodes or fine-tuning constraints may also further en-
hance stability across all algorithms. 

CONCLUSION 
This work introduced a Lyapunov-based framework 

for stabilizing RL algorithms by directly constraining value 
and Q-functions. The proposed approach significantly 
improved the control performance of an unstable reactor 
when compared to baseline methods. Results demon-
strated consistently higher cumulative rewards across all 
tested algorithms, indicating a reduction in setpoint 
tracking errors. Furthermore, safe RL substantially re-
duced overshoot and control variability, especially in 
SAC, PPO, and DDPG. 

Time derivative-based penalties were critical for 
achieving monotonic decreases in the defined Lyapunov 
functions (L=−V and L=−Q), thereby promoting Lyapunov 
stability criteria. This improvement was particularly evi-
dent in DDPG and TD3, with reduced transient spikes. In 
contrast, PPO showed the lowest overall oscillations but 
still displayed higher transient spikes, which could be due 
to the value function penalization on the setpoint change. 

The results demonstrate that the proposed Lya-
punov-based framework effectively enhances stability in 
RL-based control of unstable systems. Future work 
should explore dynamic penalty tuning, mechanisms to 
reduce transient spikes during disturbances (e.g., freez-
ing penalties), and application to more complex environ-
ments to broaden its applicability. 
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