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ABSTRACT 
Intensified schemes, such as reactive distillation, have been proposed to produce silane (SiH4). 
Several studies have been carried out around this intensified scheme focusing directly on its im-
provement in energy or economic criteria. However, these mentioned criteria do not ensure that 
the scheme is also optimal from the control point of view. There is a direct compromise between 
the economic criterion and the control criterion. Thus, the best controllable scheme is not neces-
sarily the most economical and vice versa. Analyses have been proposed to evaluate the control-
lability of steady-state processes using open-loop with Singular Value Decomposition (SVD) under 
quantitative a criterion such as Aγ + γsm with simplified first-order transfer functions. This work 
considers four feasible designs with multiple reactive zones and evaluates their controllability from 
their open-loop dynamic responses obtained from Aspen Dynamics® by calculating the condition 
number for different frequency ranges analyzing qualitative aspects and the Aγ + γsm criterion 
evaluating the controllability of each scheme and the conditions of the simplification of their dy-
namic responses. For this, simplifications of first and second order transfer function models are 
compared with the models that robustly predict their behavior. The results of this study show that 
first order functions, despite their simplicity, can predict well the complex model of these distilla-
tion schemes. However, for low frequencies (i.e. ω < 10 rad/h) second order functions are better 
options because they capture the overshooting (damping) effect. The proposed methodology can 
be applied in global optimization with controllability as an additional criterion in the objective func-
tion.  
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INTRODUCTION 
Various energy alternatives to fossil fuels have been 

proposed; one option for generating electricity in homes 
and industries is silicon-based solar photovoltaics (PV). 
Huang et al., [1] proposed the production of silane (𝑆𝑆𝑆𝑆𝐻𝐻4) 
from the disproportionation process of trichlorosilane in 
a reactive distillation column (𝑅𝑅𝑅𝑅). The studies of Zang et 
al., [2] for this 𝑅𝑅𝑅𝑅 , based on parametric studies, found 
that partitioning the reactive zone into three reactive 
zones improves the energy consumption being lower 
than the energy consumption used in the scheme pro-
posed in the previous reference. Alcántara-Maciel et al., 

[3] took the three reactive zone scheme and optimized 
this problem through the Total Annual Cost (𝑇𝑇𝑇𝑇𝑇𝑇) minimi-
zation using dynamic boundaries allowing to analyze in a 
single optimization the three cases for reactive zones 
finding that the optimal scheme tends to be a single re-
active zone. 

The best solution evaluated under an economic cri-
terion does not ensure that it is the best design in terms 
of controllability. In a study carried out on a 𝑅𝑅𝑅𝑅 for silane 
production [4] the trade-off between economic and con-
trollability criteria was observed. Generally, the review of 
the process control is carried out after the optimization 
[5]. 
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Aspen Dynamics solves the MESH equation system 
in a dynamic state to provide responses to perturbations 
that occur on the system. They are represented in a 
transfer function matrix after an adjustment of known 
transfer functions to model their behavior. Eq. 1 shows 
the case of a binary distillation column where the reflux 
ratio and reboiler load are perturbed for two components. 

𝐺𝐺(𝑠𝑠) = �
𝑔𝑔𝐶𝐶1,𝑅𝑅𝑅𝑅(𝑠𝑠) 𝑔𝑔𝐶𝐶1,𝑄𝑄𝐻𝐻(𝑠𝑠)
𝑔𝑔𝐶𝐶2,𝑅𝑅𝑅𝑅(𝑠𝑠) 𝑔𝑔𝐶𝐶2,𝑄𝑄𝐻𝐻(𝑠𝑠)� (1) 

 Where 𝐶𝐶1 and 𝐶𝐶2 refer to component 1 and 2 respec-
tively, 𝑅𝑅𝑅𝑅  to the reflux ratio perturbation and 𝑄𝑄𝐻𝐻  to the 
reboiler duty perturbation. A small perturbation was per-
formed (≈ ±0.5%). The SVD technique has been used to 
evaluate the dynamic controllability of industrial pro-
cesses [6,7] and particularly for distillation columns [8]. 
The systems controllability can be known by calculating 
their maximum (𝜎𝜎∗) and minimum (𝜎𝜎∗) singular values.  

The calculation of the SVD is carried out with Eq. 2, 
where 𝔸𝔸 ∈  ℝ 𝑟𝑟

𝑚𝑚×𝑛𝑛 is the matrix finding singular values, in 
this case 𝐺𝐺(𝑠𝑠) in the frequency domain (i.e., 𝑠𝑠 = 𝜔𝜔𝜔𝜔), 𝕌𝕌 ∈
ℝ 𝑟𝑟
𝑚𝑚×𝑛𝑛  and 𝕍𝕍 ∈ ℝ 𝑟𝑟

𝑚𝑚×𝑛𝑛  are orthogonal matrices and Σ  is a 
matrix where the diagonal have the singular values [7]. 

𝔸𝔸 = 𝕌𝕌Σ𝕍𝕍𝑇𝑇  

Σ = diag(𝜎𝜎∗,⋯ ,𝜎𝜎∗) 
(2) 

A large value of the 𝜎𝜎∗ suggests good invertibility of 
the system, while a small value of the 𝜎𝜎∗ suggests bad in-
vertibility of the system [6,9]. For a distillation column, 
the 𝜎𝜎∗ corresponds to the change in the composition or 
temperature of the products depending on the setting of 
a vapor or liquid valve; a large value of 𝜎𝜎∗ implies that the 
composition or temperature of products can be con-
trolled with a change in that liquid or vapor flow. If 𝜎𝜎∗ is 
small, it is related to a change in the vapor or liquid valve, 
it means that a small change in that flow does not have a 
large effect on the compositions or temperatures of the 
products. A measure that relates the 𝜎𝜎∗ and 𝜎𝜎∗ is the con-
dition number (𝛾𝛾∗) shown in Eq. 3 

𝛾𝛾∗ = 𝜎𝜎∗ 𝜎𝜎∗⁄  (3) 

𝛾𝛾∗ indicate the sensitivity of the system to small changes 
or perturbations in its inputs and gives information of the 
system from four aspects [10]: 

 Sensitivity: A large 𝛾𝛾∗ indicates that the system is 
sensitive to small perturbations in the inputs. It will 
be impractical or impossible to satisfy the entire 
set of control objectives (regardless of the control 
strategy used). 

 Controllability: If 𝛾𝛾∗ is low (close to 1), the system 
is well conditioned, and the inputs uniformly affect 
the outputs. A high 𝛾𝛾∗ indicates that the system is 
poorly conditioned (some variables are easily 

controlled, others cannot even be influenced). 

 Stability: A large 𝛾𝛾∗ can be related to the instability 
of the system and an unpredictable behavior. A 
low 𝛾𝛾∗ indicates that the system is stable and 
predictable to variations in the inputs. 

 Dimensions and optimal control: If 𝛾𝛾∗ is large it 
may be an indication that the system is 
considering variables that do not significantly 
affect the system. A small 𝛾𝛾∗ allows for simpler 
controllers to be designed [11]. 

Evaluating the 𝛾𝛾∗ over a range of frequencies allows 
identifying critical ranges where the system may become 
more unstable or where a more robust control needs to 
be designed to handle certain input frequencies. It is rec-
ommended to do this type of analysis for frequency 
ranges of 0 < 𝜔𝜔 ≤ 100 𝑟𝑟𝑟𝑟𝑟𝑟 ℎ⁄ , larger ranges are physically 
meaningless [12].  

The criterion to determine if a scheme is better or 
worse in terms of controllability with the described tech-
nique has been defined qualitatively by comparing the 𝛾𝛾∗ 
vs frequency graphs resulting from applying the SVD 
technique [5,8,13]. Cabrera Ruiz et al. [14] propose the 
following: “it can be inferred that the best solution will 
have the minimum area below 𝛾𝛾∗  in the frequency do-
main. That area of the condition number can be used as 
the controllability index 𝐴𝐴𝛾𝛾 ”. However, 𝛾𝛾∗  values some-
times show sharp peaks in some frequency ranges, such 
a rapid change of these values is not suitable from the 
control and stability point of view (model singularities). 
Cabrera Ruiz et al. [15] complements the criterion 𝐴𝐴𝛾𝛾 
adding the term 𝛾𝛾𝑠𝑠𝑠𝑠 that allows to quantify the presence 
of such peaks in the area under the curve of 𝛾𝛾∗evaluated 
in the frequency range. 

𝛾𝛾𝑠𝑠𝑠𝑠  acts as a "punishment" factor, since the pres-
ence of peaks in the curve will increase the total value of 
the area. The complete criterion 𝐴𝐴𝛾𝛾 + 𝛾𝛾𝑠𝑠𝑠𝑠  that qualita-
tively evaluates the controllability of an open-loop analy-
sis via the SVD technique is the Eq. 4 

𝐴𝐴𝛾𝛾 + 𝛾𝛾𝑠𝑠𝑠𝑠 =
∫ log(𝛾𝛾∗)log 𝑏𝑏
log 𝑎𝑎 𝑑𝑑(log𝜔𝜔)

log 𝑏𝑏 − log 𝑎𝑎  

+� ∆𝑙𝑙𝑙𝑙𝑙𝑙(𝜔𝜔) |𝛾𝛾𝑖𝑖+1′ − 𝛾𝛾𝑖𝑖′|
log𝑏𝑏

log𝑎𝑎
𝑑𝑑(log𝜔𝜔) 

 

Where: 

𝛾𝛾𝑖𝑖+1′ − 𝛾𝛾𝑖𝑖′ =
𝑙𝑙𝑙𝑙𝑙𝑙[𝛾𝛾∗(𝜔𝜔𝑖𝑖+1)] − 𝑙𝑙𝑙𝑙𝑙𝑙[𝛾𝛾∗(𝜔𝜔𝑖𝑖)]

𝑙𝑙𝑙𝑙𝑙𝑙(𝜔𝜔𝑖𝑖+1) − 𝑙𝑙𝑙𝑙𝑙𝑙(𝜔𝜔𝑖𝑖)
 

−
𝑙𝑙𝑙𝑙𝑙𝑙[𝛾𝛾∗(𝜔𝜔𝑖𝑖)] − 𝑙𝑙𝑙𝑙𝑙𝑙[𝛾𝛾∗(𝜔𝜔𝑖𝑖−1)]

𝑙𝑙𝑙𝑙𝑙𝑙(𝜔𝜔𝑖𝑖) − 𝑙𝑙𝑙𝑙𝑙𝑙(𝜔𝜔𝑖𝑖−1)  

(4) 

where the logarithm of the 𝛾𝛾∗ values for the frequency 𝜔𝜔 
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is taken by numerically integrating the data resulting from 
the SVD analysis to calculate the area. 𝑏𝑏 is the upper limit 
and 𝑎𝑎 is the lower limit of the evaluated frequency range.  

Eq. 4 has been used to evaluate the controllability of 
an open-loop system in steady state via multi-objective 
optimization by approximating first-order transfer func-
tions [4,15,16]. It has been shown that for some intensi-
fied schemes this approximation works well for frequen-
cies lower than 100 𝑟𝑟𝑟𝑟𝑟𝑟 ℎ⁄  [14,15]. However, this has not 
been tested for reactive distillation schemes with multi-
ple reactive zones. 

In this work, three designs are taken of a previous 
multi-objective optimization where the objective func-
tions are the 𝑇𝑇𝑇𝑇𝑇𝑇 and the 𝑄𝑄𝐻𝐻, and the solution of Zang et 
al. [2] is also taken considering three reactive zones. 
These designs were evaluated with the criterion 𝐴𝐴𝛾𝛾 +
𝛾𝛾𝑠𝑠𝑠𝑠 of Eq. 4 for the adjustment of transfer function matri-
ces 𝐺𝐺(𝑠𝑠)  in four ways: best possible fit using the most 
suitable transfer function for each scheme (i.e., Robust 
fit), approximation using only first order transfer 

functions (FO), using only second order transfer func-
tions with dumpling (SO), using only second order trans-
fer functions without dumpling (SOL). The robust fit (RF) 
was done by adjusting dynamic responses to not only 
first or second order functions, but to other functions 
such as first and second order in competence, death time, 
etc. prioritizing that overshoot and damping effects are 
depicted by the functions while minimizing the error in 
Eq. 5. The Robust fit adjustment considered first order 
with and without deadtime 𝜃𝜃  (𝜃𝜃 > 0  and 𝜃𝜃 = 0 , respec-
tively), second order with 0 < 𝜁𝜁 < 1  with and without 
dead time and second order with 𝜁𝜁 = 1 with and without 
deadtime. 

METHODOLOGY 

Case Study 
The processes described in Figure 1 were simulated 

using Aspen Plus V12® software and the Peng-Robinson 

 
Figure 1: a) Reference design, b) Design with minimum 𝑇𝑇𝑇𝑇𝑇𝑇, c) Design with minimum 𝑄𝑄𝐻𝐻, d) Design with 50/50 
balance for 𝑇𝑇𝑇𝑇𝑇𝑇 and 𝑄𝑄𝐻𝐻 and e) Positive perturbation response of 𝑆𝑆𝑆𝑆𝐻𝐻4 of Design A for 𝑅𝑅𝑅𝑅 considering different fit. 
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thermodynamic model was used. Figure 1a corresponds 
to the design proposed by Zang et al. [2] (Reference De-
sign), Figure 1b is the design with the minimum 𝑇𝑇𝑇𝑇𝑇𝑇 (De-
sign A), Figure 1c is the design with the minimum 𝑄𝑄𝐻𝐻 (De-
sign B) and Figure 1d is the design that has a 50/50 bal-
ance between 𝑇𝑇𝑇𝑇𝑇𝑇  and 𝑄𝑄𝐻𝐻  [17]. Figure 1e, shows a dy-
namic response using Aspen Dynamics V12® with a 
+0.5% disturbance in the reflux flow. The solid blue line 
represents the response obtained from Aspen dynamics, 
the FO adjustment corresponds to the yellow dotted line, 
the SO adjustment corresponds to the green dotted line, 
and the Robust fit adjustment corresponds to the red 
dotted line. 

Dynamic Responses: Model Adjustment 
For the FO, SO, and SOL adjustments, all the trans-

fer functions in the matrix 𝐺𝐺(𝑠𝑠) are the same type, while 
for the Robust fit adjustment, the transfer functions of the 
matrix 𝐺𝐺(𝑠𝑠) can be of different type. 

To fit all the models, a minimization of the error 𝜀𝜀 
between the Aspen Dynamics responses 𝑋𝑋𝑖𝑖  (simulation 
data) in the time domain and 𝑌𝑌𝑖𝑖  (adjusted response) as 
shown in Eq. 5.  

min 𝜀𝜀 = min�|𝑋𝑋𝑖𝑖 − 𝑌𝑌𝑖𝑖|
𝑖𝑖

 

𝑠𝑠. 𝑡𝑡.    𝜃𝜃 ≥ 0,   𝜏𝜏 > 0,   0 < 𝜁𝜁 ≤ 1 
(5) 

 It is worth mentioning that minimizing Eq. 5 can fail 
to reach the damping/overshooting values, which can be 
misleading in the sense of having a low error value but 
not completely representing the trajectory of the disturb-
ance response. The transfer functions shown in Figure 1e 
are presented below: Eq. 6, 7 and 8 for first order, second 
order and robust fit respectively. 

𝑔𝑔𝑆𝑆𝑆𝑆𝐻𝐻4,𝑅𝑅𝑅𝑅(𝑠𝑠) =
0.5748

1 + 0.0564 𝑠𝑠 
(6) 

𝑔𝑔𝑆𝑆𝑆𝑆𝐻𝐻4,𝑅𝑅𝑅𝑅(𝑠𝑠)

=
0.5748

3.6000𝑥𝑥10−3 𝑠𝑠2 + 0.0804 𝑠𝑠 + 1 
(7) 

𝑔𝑔𝑆𝑆𝑆𝑆𝐻𝐻4,𝑅𝑅𝑅𝑅(𝑠𝑠) = −
0.2045

1 + 0.1715 𝑠𝑠 

+
0.7793

(1 + 0.0771 𝑠𝑠)(1 + 0.0144 𝑠𝑠) 
(8) 

 Figure 1e shows that the first and second orders 
have the same error (𝜀𝜀 = 0.012)  but the second order 
transfer function fits better the real trajectory of the dy-
namic response. It is imperative to review various types 
of simplified adjustments to determine their final impact 
on the application of the SVD and verify which is the best 
option. 

RESULTS AND DISCUSSION 

Tables 1, 2, 3 and 4 present the results of 𝐴𝐴𝛾𝛾 + 𝛾𝛾𝑠𝑠𝑠𝑠 
for each case. The area that comes closest to the robust 
fit is highlighted in bold. In addition, number 1 refers to 
the design with 𝜃𝜃 = 0 and 2 to 𝜃𝜃 > 0. 

Figure 2 shows the 𝛾𝛾∗ for the robust fit and its trans-
fer function matrix (shaded area), as well as the esti-
mates by the proposed models for each of the designs. 
Table 5 shows a summary of results. 

Table 1: Values of 𝐴𝐴𝛾𝛾 + 𝛾𝛾𝑠𝑠𝑠𝑠  for different frequencies 
(𝑟𝑟𝑟𝑟𝑟𝑟 ℎ⁄ ) for the reference design (Figure 1a). 

Model      

𝐹𝐹𝐹𝐹       
      

𝑆𝑆𝑆𝑆       
      

𝑆𝑆𝑆𝑆𝑆𝑆       
      

𝑅𝑅𝑅𝑅 -      

Table 2: Values of 𝐴𝐴𝛾𝛾 + 𝛾𝛾𝑠𝑠𝑠𝑠  for different frequencies 
(𝑟𝑟𝑟𝑟𝑟𝑟 ℎ⁄ ) for the Design A (Figure 1b). 

Model      

𝐹𝐹𝐹𝐹       
      

𝑆𝑆𝑆𝑆       
      

𝑆𝑆𝑆𝑆𝑆𝑆       
      

𝑅𝑅𝑅𝑅 -      

Table 3: Values of 𝐴𝐴𝛾𝛾 + 𝛾𝛾𝑠𝑠𝑠𝑠  for different frequencies 
(𝑟𝑟𝑟𝑟𝑟𝑟 ℎ⁄ ) for the Design B (Figure 1c). 

Model      

𝐹𝐹𝐹𝐹       
      

𝑆𝑆𝑆𝑆       
      

𝑆𝑆𝑆𝑆𝑆𝑆       
      

𝑅𝑅𝑅𝑅 -      

Table 4: Values of 𝐴𝐴𝛾𝛾 + 𝛾𝛾𝑠𝑠𝑠𝑠  for different frequencies 
(𝑟𝑟𝑟𝑟𝑟𝑟 ℎ⁄ ) for the Design C (Figure 1d). 

Model      

𝐹𝐹𝐹𝐹       
      

𝑆𝑆𝑆𝑆       
      

𝑆𝑆𝑆𝑆𝑆𝑆       
      

𝑅𝑅𝑅𝑅 -      



 

Velázquez et al. / LAPSE:2025.0328 Syst Control Trans 4:1095-1100 (2025) 1099  

Table 5: Summary of the frequency of occurrence of the 
best fit according to 𝐴𝐴𝛾𝛾 + 𝛾𝛾𝑠𝑠𝑠𝑠 of all designs and all models 
at different frequencies  

Model      Total 

𝐹𝐹𝐹𝐹 𝜃𝜃 = 0       
𝜃𝜃 > 0       

𝑆𝑆𝑆𝑆 𝜃𝜃 = 0       
𝜃𝜃 > 0       

𝑆𝑆𝑆𝑆𝑆𝑆 𝜃𝜃 = 0       
𝜃𝜃 > 0       

 
By comparing the results for RF at 100 𝑟𝑟𝑟𝑟𝑟𝑟 ℎ⁄  , the 

controllability improves in the following order: Reference 
design < Design A< Design B < Design C. In addition, De-
sign A and Design B have similar values. For FO-1 the or-
der is: Reference design < Design B < Design A < Design 
C. However, Design A and Design B are very similar. FO-

2 has the same order as RF. For the second order adjust-
ments (i.e., SO-1, SO-2, SOL-1, SOL-2): Reference design 
< Design B < Design A < Design C. However, the differ-
ence between Design A and Design B is higher than that 
for FO-1 

CONCLUSIONS 

For 100 𝑟𝑟𝑟𝑟𝑟𝑟 ℎ⁄  , the FO-2 adjustments showed the 
same order as in RF in terms of controllability. Therefore, 
first-order transfer functions can reliably be used as 
approximations to dynamic responses in stochastic 
optimization to assess design and controllability 
simultaneously. By increasing the complexity in 
adjustments by using second-order transfer functions, 
the order of controllability improvement differs from that 
in RF. Moreover, the controllability index difference 

 
Figure 2: Condition number (𝛾𝛾∗) for different frequencies and models for the response of a positive disturbance 
(±0.05) for a) Reference design, b) Design A, c) Design B and d) Design C. 



 

Velázquez et al. / LAPSE:2025.0328 Syst Control Trans 4:1095-1100 (2025) 1100  

between Design A and Design B was little (0.02) for FO-
1, but one order of magnitude for SO-1 (0.15), and SOL-1 
(0.2). Therefore, using more complex transfer functions 
can be counterproductive in assessing controllability 
properties.  
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