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ABSTRACT

Traditional scheduling approaches often rely on simplified process representations to reduce com-
putational complexity, failing to capture the real-world dynamics where tasks often overlap, and
their timing depends on finer operational steps. To address these limitations, this paper proposes
a novel process representation that breaks down production tasks into smaller, more primitive
steps called operations. Unlike traditional methods, this approach provides a more granular depic-
tion of task timing and resource dependencies. Operations can define the start or end of other
tasks, utilize shared resources, and incorporate recipe constraints that mandate task sequencing.
The proposed representation is utilized to develop two MILP models to address the makespan and
the cycle time minimization problems. Finally, the efficiency and practical applicability of the de-
veloped models are showcased with a help of a case study from the pharmaceutical industry.
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INTRODUCTION

The highly competitive industrial landscape en-
forces companies to strive for profit maximization. In that
line, optimal production scheduling plays a significant
role in ensuring the efficient utilization of the available re-
sources and the increase of productivity. Effective
schedules allow companies to improve important Key
Performance Indicators (KPIs) like, customer satisfaction,
mitigation of overproduction and overall profitability
boost. However, the optimal production scheduling prob-
lem remains a significant challenge due to its high com-
binatorial complexity, arising from the dynamic and inter-
connected nature of modern manufacturing. More spe-
cifically, in chemical process production steps often
overlap and their exact timing and duration can be influ-
enced by dependencies between operations and shared
resources usage. These production details are often
overlooked in traditional process representations for pro-
duction scheduling, resulting in suboptimal solutions that
may not reflect real-world conditions.

A plethora of mathematical optimization models,
such as mixed-integer linear programming (MILP) has
been proposed to solve the optimal production
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scheduling problem [1]. Formulating the production
scheduling problem as an MILP model requires a coher-
ent representation of the production process. The most
used representations are the State-Task-Network (STN)
[2] and the Resource-Task-Network (RTN) [3]. These
were initially introduced for network production environ-
ments and were later extended to include sequential and
hybrid environments. Numerous extensions of the STN
and the RTN have been proposed by the scientific com-
munity, that e.g. include the structural aspects of the plan
[4] or consider routing limitations [5]. Recently, the Gen-
eral Material Task System (GMTS) representation has
been proposed for systems with multiple production en-
vironments and diverse types of processes [6]. However,
applying such methods in industrial practice is difficult.
Simplified process representations are often used to
make scheduling problems computationally feasible, but
they fail to capture the complexity and flexibility inherent
in production systems. Traditional approaches treat
batch processing stages as rigid blocks, with fixed prec-
edence constraints determining the order in which tasks
are executed. In a real production environment, the tasks
rarely follow strict sequential execution. On the contrary,
they often overlap, and their exact timing is driven by
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operations that are highly dependent on resource availa-
bility and inter-task dependencies. This mismatch be-
tween traditional scheduling models and real-world pro-
duction highlights the need for a more flexible and accu-
rate approach.

To address these limitations, this paper introduces
a novel process representation that captures the com-
plex interactions between tasks, their resource require-
ments, and timing uncertainties inherent in production
environments. Tasks are broken down into smaller pro-
cessing steps called procedures and operations, captur-
ing the interdependencies between tasks and their re-
source requirements. Operations are tied to recipe con-
straints that define strict sequencing rules, but timing
flexibility can be introduced using dummy operations
with variable durations. This approach allows the model
to handle timing uncertainties and resource-sharing sce-
narios more effectively, making it possible to generate
optimized schedules that closely reflect real-world pro-
duction realities. The proposed representation is incor-
porated into a MILP-based scheduling framework, im-
proving the accuracy and reliability of scheduling deci-
sions without significantly increasing computational
complexity. Two MILP models for makespan minimization
and cycle time minimization are developed with their ap-
plicability and efficiency demonstrated through case
study applications.

MATHEMATICAL FORMULATION

Process Representation

A batch process consists of processing tasks (pro-
cedures) each executed in some equipment unit. Within
a procedure, more primitive processing steps (opera-
tions) can be recognized. For example, a fermentation
procedure consists of a series of operations such as SIP,
loading of materials, heating, fermenting, transferring-
out the broth, CIP etc. With the exception of the main
equipment unit defined at the procedure level, all other
resources (materials, utilities, labor etc.) are consumed at
the operation level. Relative timing of all processing tasks
is also done at the operation level. This is an important
aspect of the proposed formulation which differentiates
it from established process representations. Moreover, it
offers an intuitive representation for process engineers,
as it aligns perfectly with how they conceptualize and
structure their process.

In batch processing, the set of all procedures com-
prises the process recipe for the production of a stable
product or intermediate. Unlike discrete manufacturing
industries, recipes in processing industries are, in gen-
eral, rigid structures with operations executed in se-
quence or in parallel with fixed timings. However, in many
cases, the execution of certain operations could be de-
layed if the required resources are not available. For
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example, a CIP operation can wait up to a certain time
(the dirty-hold time) if the required cleaning skid is not
available. This kind of flexibility in the execution of oper-
ations is introduced in the formulation in the form of flex-
ible shifts which denote the maximum possible delay
(positive for forward scheduling, negative for backward
scheduling). For consistency with the rest of the repre-
sentation, flexible shifts are modelled as “dummy” oper-
ations with variable duration.

Let M be the set of all operations in a recipe. Each
operation, m, in this set is given a triplet of variables for
its start (sm), duration (dm) and end (em) which we call
“timing elements”. Because of the way recipes are exe-
cuted, all these timing elements are interrelated (e.g. the
start of one operation coincides with the end of the pre-
vious). Figure 1 shows an example of the proposed rep-
resentation for a fermentation procedure. A dummy
“Flexible Delay” operation has been added to the list of
actual operations to represent the possible delay in the
execution of the CIP operation if needed. The duration of
this dummy operation is considered variable.

Fermentation

procedure I
i S1 €
Load d;
S2i €;
sIP [d, |

Ferment d;

Transfer-Out

Flexible Delay

CIp

Figure 1. Representation of a fermentation procedure.

Let V be the set of all timing elements in the recipe
ordered by dependency. Then, it is possible to construct
a lower-triangular matrix, o, whose entries represent the
coefficients in the dependency equations. In other words:

V=o-V+@+F )

In this equation, ¢ is a vector of constant values (e.g.
the fixed duration of certain operations) and F is a vector
of variable values (e.g. the duration of the dummy flexible
shift operations).

The actual execution of a recipe constitutes a batch.
When scheduling a batch, the objective is to find the ap-
propriate timing values for the execution of all processing
tasks and assign all needed resources. The set of pro-
cessing tasks does not necessarily coincide with the set
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of operations which give rise to the vector of timing ele-
ments, V, since, in scheduling, only tasks (procedures
and operations) that consume resources are of interest.
However, the timing of these tasks can be determined
with the help of the timing elements.

Let | be the set of all processing tasks that need to
be scheduled. If a task i represents a procedure, then its
start (L)) is the earliest start time of all contained opera-
tions, its end (Ci) is the latest end time of all contained
operations and its duration (Dur;) is the difference be-
tween the two:

L;<V, VielLneS,

C;=V, VielLn€E, (2)

Duri=Ci—Li Viel

where S;»are the indices n of vector V that the start
Li of a task i depends upon and E;, are the indices n of
vector V that define the end C; of a task i.

Let J be the set of available equipment to be used
for the execution of all tasks. Each task i (procedure or
operation) has a specific pool of candidate equipment to
be used for its execution. For this reason, a matrix IJ;; of
binary values is constructed with unary values in the per-
missible task-equipment pairs.

This framework can be extended to introduce
equipment-related durations of operations and also com-
patibility/connectivity constraints between all equipment.
For reasons of brevity, these extensions are not dis-
cussed in this paper.

MILP formulation

The proposed novel production process represen-
tation is integrated within a MILP model to address the
production scheduling optimization problem. The devel-
oped MILP model is based on the general precedence
framework, which utilizes binary sequencing variables to
indicate optimal task ordering and allows for a flexible
and efficient approach to manage complex scheduling
constraints. = It is important to note that the proposed
process representation is versatile enough to be inte-
grated with other MILP frameworks for optimal produc-
tion scheduling.

Given a number of batches B of processing tasks to
be processed in the available equipment J, the MILP
model generates an optimal production schedule. It
should be underlined that the set of processing tasks in-
clude all tasks (procedures and operations) that require
the use of a resource. Two binary variable sets are em-
ployed to describe the allocation Yi»;and sequencing de-
cisions Xip,ib. Moreover, continuous variables are intro-
duced to model all time-related decisions like start (L)
and completion (C;») of tasks, value of timing elements
(Vnb) and duration of flexible operation shifts (Fnp). All
constraints of the model are presented below.
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Allocation constraints

According to constraint set (3), exactly one equip-
ment j will process each batch b of task i. The subset IJ;;
represents the equipment capable of processing task i.

Zje]]i’jYi’b'jzlviel,bEB (3)

Timing constraints

In constraint sets (4), the value of timing elements
related to all tasks, that represent a procedure or an op-
eration (n ¢ Flex,) are calculated based on their relative
timings (onn). More specifically, the value of an entity n
in batch b equals the summation of all values of all other
entities n’ of batch b that entity n depends on. Respec-
tively, constraints (5) calculate the value of timing items
related to flexible operation shifts. The difference here is
that the duration is not known but it is rather an unknown
variable to be optimized. Constraints (6) ensure that the
start time of a task will be less than the value of all relative
start elements plus the start time of the batch. Similarly,
the completion times are calculated in the next constraint
set (7). Notice that the inequalities are required since in
the case of procedures a task may be comprised by nu-
merous operations and flexible shifts (n € Flex,). Finally,
constraints (8) and (9) denote that the batch b of a task i
will start and finish after the start and completion of the
previous batch b-1.

Vop = Zn<n(Onn - Vrp) VN & Flex,,b € B (4)

Vib = Z<n Onnr * Voup +Fnp Vn€Flex,,b€B  (5)

Lip <Vpp+Lyp ViElLbEBNES;, (6)
Cip 2Vup+Lyp ViELbEBNEE;, (7)
Lip=Lipy Vi€ELbEB (8)
Cip=Cip-1 Vi€ELbEB (9)

Sequencing constraints

Constraints (10) and (11) are complementary se-
quencing constraints that make use of a big-M parame-
ter. In particular, constraint set (10) ensures that if a
batch b of task i is processed before another batch b’ of
task i’ (Xipin'=1) and both of them are processed in the
same equipment (Yip;=Yip,;=1) then batch b’ of task i’
must start after the completion of batch b of task i. Re-
spectively, constraint set (11) considers the case where
batch b of task i is processed after another batch b’ of
task i’ (Xib,»'=0) in the same equipment. Finally, con-
straints (12) guarantee that batch b’ of task i will start af-
ter the completion of a batch b<b’ of the same task when
both are processed in the same equipment.

Lyp 2 Cip—M- (1 =Xipip)—M-2=Yp;=Yup ;)
vieli'el,b€B,b' €B,je (] nIJ,;)i<i (10)

Li,b = Cil,br -M 'Xi,b,il,br -M- (2 - Yi,b,j - Yil,br,j)
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viel,i'el,beB,b €B,je];nIJ,):i<i (11)

Lipr = Cip =M - (2 =Y —Yipj)
Viel,b€B,b' €B,j€l];j:b<b (12)

Objective function

The goal of the mathematical model is to optimize a
given objective that is meaningful to the problem under
study and can improve significant production KPIs. Some
typical examples are the minimization of production
makespan, changeover minimization, order earliness/tar-
diness minimization, profit maximization and changeover
minimization. In the context of this model the objective of
makespan minimization Cmax is considered.

Cmax = Ci,b Vi e I,b = |B| (13)

Extension for Periodic Production Scheduling

The proposed process representation is also utilized
to address the cycle time minimization problem in pro-
duction environments that follow a periodic scheduling
approach. Cyclic, and more specifically periodic, sched-
uling is a very popular production scheme in many indus-
tries due to its reduced shop floor nervousness and sim-
ple implementation. However, it poses some clear disad-
vantages mainly related to the tight timing constraints it
imposes, which typically negatively affect the production
makespan.

A cyclic schedule is characterized as a schedule
that is repeated following a specific timing and resource
allocation pattern. Timewise this pattern is specified by
the cycle time H. This means that if the first task i in batch
b starts at time Li», then the same task will start in the
subsequent batch at Li»+H. In traditional cyclic schedul-
ing, the resource allocation pattern is very limited, since
each task is processed by exactly one of the available
equipment throughout the schedule. As expected, this
significantly reduces flexibility and resource utilization,
potentially lower productivity. To address this issue the
concept of periodicity has been proposed [7].
For each task i, the periodicity mi denotes how often re-
source allocation decisions are repeated and
is equal to the size of the task’s equipment pool. For ex-
ample, if the equipment pool consists of J7 and J2, then
all even batches of task i {bs, bs, bs, ...} are processed by
J1 and all odd ones {bz, b4, bs, ...} by J2.

The mathematical formulation developed to tackle
this optimization problem is based on the presented de-
tailed process representation and the MILP model intro-
duced in the previous section. However, this needs to be
modified to properly address the specifics of the cycle
time minimization problem. This also showcases the gen-
eral applicability of the proposed framework and its abil-
ity to optimally deal with a wide range of production
scheduling problems.

The following constraints (3') - (7)) need to be
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adapted to the current optimization problem:

ZjEI]i'jyi,b,jzl ViEI,bEB:b<TL’L- (3’)

Vop = va<n(an'nr . Vn"b) vn ¢ Flex,,b € B:b <m, (4)

Vap = Zn'<n(an’n' Vi) + Fup Vn € Flex,, b €
B:b <m, (5

Li,bSVn'b‘l‘(b—l)'H ViEI,bEB,nESi,n (6’)
Cipm = Vap+(—1)-H Viel,b€Bn€E, (7)

Notice that in this case only the batches specified
by the periodicity parameter are considered since the al-
location decisions are repeated in the cyclic schedule.
Since a cyclic scheduling approach is considered, con-
straints (4) - (7) need to be updated so that the required
timing pattern is imposed. More specifically, constraint
sets (4') and (5') are only considered for a subset of the
total number of batches, which is defined by the perio-
dicity parameter. Notice that the periodicity of a timing
element 1, is equal to the periodicity of the associated
task m;. Constraints (6’) ensure that the start time of a task
will be less than the value of all relative start elements
plus the required cycle time. Similarly, the completion
times are calculated in the constraint set (7).

Cyclic heuristic constraints

The constraints described in this subsection are re-
sponsible for generating a cyclic rather than a typical
production schedule. They ensure a periodic pattern both
regarding the timing and the allocation decisions, that is
specified by the cycle time and the periodicity parameter.

Lip+H=1L;py1Viel:i=1b€B:b <|B| (14)
Yi'b_H-[i'j=Yi’b'le.EI,bEB,jE]:bS(lBl—ﬂfi) (15)

Vn,b+nn= n’valEN,bEB:bS (|B|—7l'n) (16)
Fn,b+nn = n'an € N,b EB:b < (lBl - Tl.'n) (17)
Li,b+1‘[i > Ci'bVi € I,b €EB:b < (|B| - T[i) (18)

Constraint set (14) guarantees that the first task i of
batch b+1 must start at exactly H time units after the start
of the same task in the previous batch b. It's important to
emphasize that this constraint is only valid for the first
task of each batch, thus increasing the timing flexibility
for the rest of the tasks. The following constraint sets (15)
- (18) are tightening constraints that take advantage of
the schedule’s cyclic nature to improve the model’'s com-
putational efficiency. In particular, constraints (15) im-
pose that the equipment allocation decisions are re-
peated for every m; batches. For example, let us assume
that task /7 of batch B7is processed in equipment J7, and
the periodicity of I7Tis 3, then constraint (15) will guaran-
tee that batch B4 of 17 will be processed in equipment J1.
Similarly, constraints (16) and (17) impose the timing con-
straints of the schedule’s cyclic nature utilizing the
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periodicity parameter associated with each entity . Fi-
nally, constraint set (18) denotes that task i of batch b+m;
will start after task i of batch b.

Cyclic scheduling objective

The goal of the mathematical model is to minimize
the production cycle time H, which is beneficial for key
production metrics, like decreased dead-times and in-
creased throughput.

min H (19)

In summary the mathematical model for the minimi-
zation of the cycle time consists of constraints (3') - (7'),
(10) - (12), (14) - (18) and the objective function (19).

CASE STUDY

One case study from the pharmaceutical industry is
presented here to illustrate the applicability of the pro-
posed process representation. The case study is solved
both for the makespan minimization problem as well as
for cyclic time minimization. The case study uses a recipe
representing a single step from a multi-step organic syn-
thesis of a small API molecule. The recipe consists of
eleven procedures, each requiring several operations.
The synthesis steps are executed in two reactors (R-101
and R-102) which utilize two holding tanks (T-101 and T-
102) for solution preparation and material holding after
each reactor process. A filtration and a drying task com-
plete the recipe. Figure 2 shows a graphical depiction of
the reaction and holding procedures and operations with
their scheduling links. Blue arrows indicate internal
(within a procedure) links while red arrows indicate links
across procedures. As it can be seen, there exist complex
operation interrelations with various scheduling links.

The reactors execute dedicated tasks; the tanks,
however, can be used alternately for any holding task de-
pending on their availability. The transfer of material into
a tank from a reactor is considered inflexible but the
transferring of material out of the tank to some reactor
has a flexible start of 12 hours maximum. In other words,
the material can be held in the tank until the destination
reactor for the material becomes available.

Figure 3a shows, in the form of a Gantt chart, the
optimal schedule of six batches of this process using the
makespan minimization objective. For brevity, only the
reactor and tank procedures are shown. The batches are
identified by different colors in the chart. As seen, the
optimal solution makes full utilization of reactor R-101 by
inserting tasks of subsequent batch within the gaps be-
tween the tasks of each executed batch. This is made
possible by the use of flexible shifts in the tank opera-
tions that delay the transfer of material to the reactors
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Figure 2. Graphical depiction of recipe.

until the latter become available. These flexible shifts are
indicated in the charts by the gaps of idle time seenin the
operations executed in T-101 and T-102. The optimal
make span is calculated at 159 hours.

In the second case shown in Figure 3b, the obtained
schedule minimizes the cycle time. In this case, all tasks
are executed periodically and all batches are identical.
The optimization still makes use of flexible shifts to mini-
mize the cycle time but the shifts have the same value in
all batches in order to preserve periodicity. The calcu-
lated minimum cycle time is 20.5 hours, but at the ex-
pense of increased makespan which is now 171 hours. In
an industrial setting, however, a periodic schedule is
sometimes favored due to its simplicity in execution.

The SCIP open-source solver [8] was used for the
solution of the optimization problems. The recipe repre-
sentation, formulation of the mathematical optimization
problem and visualization of the results were executed in
the scheduling software SchedulePro (by Intelligen, Inc.).

CONCLUSION

In this paper, a novel detailed representation capa-
ble of capturing all timing aspects of a production
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Figure 3: Gantt charts for a) makespan minimization and b) cycle time minimization

process is presented. The proposed approach ensures
that optimal scheduling decisions even for very detailed
recipes can be generated. Based on this representation,
two MILP models have been developed - one focusing on
makespan minimization and the other on cycle time min-
imization. The applicability and efficiency of these mod-
els are demonstrated through a realistic and complex
case study, where optimal schedules are promptly gen-
erated. The results highlight the ability of the represen-
tation in handling complex production processes facilitat-
ing the implementation of optimization-based solutions
into real industrial environments, thus reducing the gap
between academic research and industrial practice.
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