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ABSTRACT

This study introduces the novel application of a Multi-Task Gaussian Process (MTGP) model to
predict biogas production and critical anaerobic digestion (AD) performance indicators (soluble
COD, volatile fatty acids (VFAs)), addressing feedstock variability and dynamic process behavior.
We compare the MTGP against the widely used mechanistic AM2 model to evaluate its accuracy
and applicability for probabilistic modeling in AD systems. The MTGP framework leverages multi-
output correlations and uncertainty quantification, trained on experimental data, achieving supe-
rior predictive performance over AM2in this study, with lower RMSE (SCOD: 0.32 g/L; VFAs: 0.87
mmol/L; biogas: 0.15 L/day) and higher R? values (SCOD:0.91, VFAs:0.94, biogas :0.88) under the
conditions tested. While AM2 provides biochemical insights, its reliance on unvalidated assump-
tions may limits robustness. The flexibility of MTGP and precision suggest its potential for real-
world applications such as Bayesian Optimization and Design of Experiments, enabling data-driven
process enhancement without mechanistic constraints. This work establishes MTGP as a pioneer-
ing tool for AD optimization, bridging data-driven efficiency with practical bioenergy challenges.

Keywords: Anaerobic Digestion, Biogas Production, Multi-Task Gaussian Process, Data-driven Modelling,

Mechanistic Modeling, Predictive Analytics.

INTRODUCTION

Modelling and optimising anaerobic digestion (AD)
processes is critical for designing wastewater treatment
and biogas plants, evaluating system performance, and
assessing the feasibility of diverse substrates under var-
ying conditions [8]. AD models are broadly categorized
as mechanistic models, which rely on biological, physical,
and chemical principles, or empirical machine learning
models, which leverage observed process data to estab-
lish relationships between inputs and outputs [8]. Mech-
anistic models describe AD processes through differen-
tial equations that capture bacterial growth, inhibition,
and physico-chemical interactions. These models range
in complexity: simpler ones address single-step pro-
cesses, intermediate models like AM2 [6] incorporate
multiple microbial populations and interactions, and ad-
vanced models such as ADM1 [5] offer comprehensive
system descriptions but demand extensive parameter
estimation. The AM2 model, in particular, balances sim-
plicity and accuracy, making it suitable for monitoring and
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controlling AD processes rather than detailed simulations
[9]. Machine learning techniques such as k-nearest
neighbors (KNN), support vector machines (SVM), ran-
dom forests (RF), artificial neural networks (ANN), Dy-
namic Mode Decomposition (DMD), and the Koopman
operator theory [8,3,12] have all been applied to model
the complex, nonlinear interactions in AD processes. In
this work, we use Gaussian Process (GP) a non-paramet-
ric, Bayesian approach to regression that models the un-
derlying distribution of data as a continuous stochastic
process [4]. A GP based approach is utilised because of
its capacity to manage intricate and uncertain systems.
While GPs have been applied in various fields, their use
in predicting biogas production from AD has not yet been
tested. This problem is critical given the need for reliable
models to optimise biogas production from highly varia-
ble waste materials. The GP model is used to predict bi-
ogas production and other key performance indicators in
a continuous anaerobic digester fed with hydrothermal
carbonization (HTC) products [1]. The feedstock consists
of hydrochar and HTC liquor derived from sewage sludge
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and agro-industrial waste, which exhibit significant vari-
ability in composition and degradation profiles, compli-
cating predictive modelling. The remainder of this paper
is structured as follows. Section 2 outlines the experi-
mental procedures and data collection process, followed
by the development of a mechanistic model for anaerobic
digestion and a data-driven modeling approach based on
Multi-Task Gaussian Processes (MTGP). Section 3 ex-
plores the structure of the dataset, presents the out-
comes of parameter estimation for the mechanistic
model, and evaluates the performance of the MTGP
framework. A comparative analysis is provided to assess
the relative strengths and limitations of the mechanistic
and MTGP approaches. The paper concludes with a sum-
mary of key findings and recommendations for future
work.

METHODS

Experimental Setup and Data Generation

The dataset used in this study stems from a 164-
day AD experiment with HTC biomass as the substrate,
previously detailed by the authors in [9]. The experiments
investigated the effects of HTC process conditions and
operational parameters, such as dilution rate (D), influent
soluble chemical oxygen demand (SCODi,), organic load-
ing rate (OLR), and pH, on AD performance metrics, in-
cluding biogas yield, effluent SCOD, and volatile fatty ac-
ids (VFA) concentrations. Conducted in laboratory-scale
reactors under controlled conditions (Figure 1), these ex-
periments aimed to enhance the biodegradability of or-
ganic feedstocks for improved biogas production [1]. The
mechanistic AM2 model [6] was applied to describe the
AD system dynamics. The same parameter estimation
and simulation procedures were applied from the original
study [9], ensuring consistency and facilitating direct
comparisons with the MTGP approach.

Mechanistic Model Development

In this study, the AM2 model developed within the
framework of the Europe Research Project called AMOCO
[6] is used due to its simplicity and accuracy in similar
studies. The AM2 model represents AD in just two stages
(Acidogenesis-Methanogenesis) and it is deduced from
the mass balance law as in [9]:

Sy = D(S1in = $1) — kaiy (S1) X,
X1 = (W (Sy) = kg — aD)X, (1)
S2 = D(Szin — S2) + ka1 (SX; — k32 (S2)X;
Xz = (12(S2) — kaz — aD)X,
With
11(S1) = Mimax 52 2
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Figure 1. Laboratory picture of the anaerobic filter, in
which: 1- Anaerobic filter, 2- Heating Jacket, 3- Recycle
Pump, 4- Inlet Pump, 5- Biogas Measurement Device, 6-
Outlet [1,9].

_ S, _ _ o (PH-PHy 2]}
U2(S2) = tamax Z—%_+32+Kz {1 exp [ 3 (pHH—pHL) (3)
Where X; and X, represent the concentrations of acido-
genic and methanogenic bacteria (g/L) respectively,
while S; and S, denote the SCOD (g/L) and VFA (mmol/L)
concentrations. k; are the stoichiometric coefficients as-

sociated with the two reactions. D = g and D is the dilu-

tion rate (F is the flow rate and V is the volume of the
vessel), S;;, and S,;, are respectively the input concen-
trations of the substrates S; and S,, and o is the fraction
of the bacteria in the liquid phase. Death rates for X; and
X, are kgq, kqz, respectively. The specific growth rate
U1 (Sy) and u,(S,) are governed by Monod kinetics in (2)
and Haldane kinetics in (3), with g;max @nd tymaer @s the
maximum growth rates, K; and K, are the half-saturation
constants, and K; are the inhibition constant for S,. Addi-
tionally, pH, and pHy define the lower and upper pH
bounds, with inhibition effects on u,(S,) . The biogas flow
rate (CHa plus CO.) can be expressed as a function of the
state variables given by:

Qbiogas = gasp-Z(SZ)XZ (4)

Where kg, is the yield for biogas production. To identify
the model that best fits the experimental data, an appro-
priate criterion must be selected for optimising the
model’'s parameter vector. Various cost functions are
commonly used for parameter estimation in AD models,
typically based on output-error criteria that quantify the
discrepancy between model outputs and actual system
outputs. [9]. The sum of least squares is a widely used
and effective cost function in optimisation procedures,
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especially when measurement error variances fluctuate
over time.

_ 2
](e) = min 2?’:1 (YMeasured(t) YMadel(t'e)) (5)

YMeasured )

Where | is the objective function to be minimised,
Yyeasurea 1S the collected measurements vector, Yy qer iS
the model-predicted outputs vector with respect to
model parameters 0 to be determined and N is the num-
ber of measurements point. The measurements vector Y
is defined by:

Y:[Sl AP QbiogaS]T (6)

The vector parameters 6 is defined by:

T
0= [lJ-lMax: K;, p-ZMaxvKi:Kz:kl:kz:k3:kgas] (7)

The other parameters a, kg, and k4, have been fixed with
analogy to [9].

Multi-Task Gaussian Processes (MTGP)

Gaussian Process overview

A Gaussian Process (GP) is a non-parametric,
Bayesian approach to regression that models the under-
lying distribution of data as a continuous stochastic pro-
cess [4]. GPs are well-suited for complex, nonlinear sys-
tems, as they do not require explicit formulation of sys-
tem dynamics. Instead, they operate by defining a prior
distribution over functions that is updated as data is ob-
served, making them a powerful tool in predicting outputs
with uncertainty quantification. A GP is commonly viewed
as a prior over functions f: R” - R where P denotes the
dimensionality of the input space. Consider a set of P-
dimensional input points X € R”™*" and corresponding
scalar outputs y € R". A GP is defined by a mean func-
tion, often assumed to be zero without loss of generality,
and a kernel function k:R” x R® - R, which measures
the similarity between input points. The GP regression
model with noisy observations is expressed as:

yi=fx)+e f~GP0k(x;,x))), (8)
Where e ~ ¥ (0,0?%) represents Gaussian noise. Alterna-
tively, this can be written as a multivariate normal distri-
bution:

y""N(O,Kxx‘l‘GZIN), (9)

where Ky € R"*" is the kernel matrix formed by evalu-
ating k(x;,x;) for all pairs of input points, and Iy is the
identity matrix. Given a new set of inputs X, € R”*™, the
conditional distribution of the corresponding outputs

f, e R is:
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flyXX. ~N(), (10)
Where:

n=Kx xKxxy, (11

%= Kyx. — Kx xKxxKxx.. (12)

The presented traditional GPs are limited to producing a
single scalar output, but in many cases, it is essential to
explore the relationship between inputs and multiple out-
puts.

Multi-Output gaussian processes:

Standard GPs accommodate only a single scalar
output. In practical applications, however, multiple out-
puts are often desired, such that f: R” - R?, where Q de-
notes the number of outputs. A naive solution involves
employing Q independent GPs, each modeling one output
dimension [7]. However, this neglects correlations be-
tween outputs. To address this, advanced approaches
like the Linear Model of Coregionalization (LMC) [10]
have been developed. The LMC assumes L shared latent
Gaussian processes {f;}s-,. The observed outputs for
sample i are modeled as:

yi = Wfl + €, (13)

where f; = [f; (%), ..., fL(x)]T, W € R®L is a matrix of load-
ings that maps latent functions to outputs, and

€ ~ v(0,0%1,), Each latent function f, is drawn from a
GP:

foe ~ GP(0,Ky) (14)

where K, is the kernel function for the £-th latent GP. The
covariance between outputs y;, and y;, is given by:

Cov(Yiq,Vjq') = L=t ke (X0 X )Waew g (15)

where wg, is the element of W at row g and column £. The
joint distribution of all outputs Y is multivariate normal:

vec(Y) ~ N(0,Z + 621 y,), (16)
Where:
Y= 255:1 K{) ® WgW}-, (17)

with ® denoting the Kronecker product and vec (-) the
vectorization operator. If all latent GPs share the same
kernel function, the covariance simplifies to:

T=KQWWT, (18)

This model captures output correlations through w,
allowing flexible multi-output modelling while preserving
non-linearities from the latent GPs. For this study, the
MTGP framework jointly models three key AD outputs: bi-
ogas production Qp;ogqs, SCOD, and VFA concentrations.
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Each task is modelled by a shared latent function struc-
ture, leveraging the correlations between outputs to im-
prove overall prediction accuracy. We adopt the LMC
with a Radial Basis Function kernel for latent functions:

k(x,x") =Y%_, Byexp (—M), (19)

212

where B, is a coregionalisation matrix for latent function
{, 1, is the length scale, and L is the number of latent func-
tions. The MTGP prior for task outputs f = [fy, ..., fp] fol-
lows:

f~N(0,Kp), (20)

where K; = ¥j_; B, ® K,(X,X) capturing within-task and
cross-task covariances. The MTGP model, trained over
AD data across various conditions, maximises marginal
likelihood using an Adam optimiser [11]. The likelihood is:

logp (Y|0) = —%YTKIZIY - %log|Kf| - %log(ZT{), (21)

where @ comprises hyperparameters. For new input X,
the predictive mean and variance are:

u, = KX, XK1Y, (22)
Z, = KX, X.) - KX, X)K;'"K(X,X.). (23)

These equations provide predictions along with uncer-
tainty estimates, which are essential for assessing the re-
liability of all output’s forecasts.

RESULTS AND DISSCUSION

Data Structure and Preprocessing

The dataset includes time-series input parame-
ters (time, D, SCODi, OLR, and pH) and outputs (SCOD,
VFA, and biogas production). Pre-processing steps in-
cluded: i) Interpolation of missing or irregular data using
cubic splines for consistent time scales; ii) Log transfor-
mation of outputs (with a small constant added) to stabi-
lize variance and enhance model performance; and iii)
Data splitting into training (one-third of the data) and
testing subsets (half of the data) to ensure balanced cov-
erage of operational variability for model development
and validation. To assess the accuracy of the models,
statistical metrics were calculated for each output, such
as Root Mean Squared Error (RMSE) given by:

1 2
RMSE = \/Zzyzl(yModel,i - YMeasuredi) (24)
and the coefficient of determination (R?) given by:

2 _ 1 _ Z?:1(YMeasured,i_yModel,i)z (25)

n — 2
Zi:1(YMeasured,i_YMeasured)

Where VMeasured: Mean of the observed values
Dekhici et al. / LAPSE:2025.0155

Parameter Estimation for the AM2 Model

The AM2 model was employed to describe the dy-
namics of the AD process under investigation. Parameter
estimation was conducted using the Pyomo optimisation
framework with the IPOPT solver, offering an efficient
and robust alternative to the MATLAB approach used in
[9]. This procedure calibrated key kinetic and stoichio-
metric parameters based on a 164-day experimental da-
taset. Initial conditions and parameter guesses were de-
rived from [9], and the optimisation problem was formu-
lated as a nonlinear program. Figure 2 compares model
predictions for SCOD (S:), VFA (S2), and biogas produc-
tion (Qpiogas) With experimental data, showing agreement.
Table 1 presents the estimated parameters, reflecting the
kinetic and stoichiometric characteristics of the AD pro-
cess. These parameters reflect the influence of HTC-
treated substrates on microbial kinetics and reactor per-
formance. The results confirm the utility of the AM2
model as a mechanistic tool for understanding and pre-
dicting the behavior of AD systems. The calibrated pa-
rameters provide valuable insights into substrate degra-
dation and methane production dynamic, however there
are clear areas of poor predictive performance.

Table 1: Estimated model parameter values

Parameter Value Unit
M, 0.04 1/day
K 31.01 g/L
U2 0.08 1/day
K; 19.93 mmol/L
K, 125.42 mmol/L
kq 2374.50 --
k, 2975.26 mmol/L
ks 11558.51 mmol/L
kgas 593 mmol/L

Multi-Task Gaussian Processes for Biogas
Production Modeling

In this section, a data-driven approach was employed to
predict AD outputs. The method leverages a MTGP
framework, exploiting correlations among these multiple
outputs to enhance predictive accuracy while providing
uncertainty quantification. A dataset of N= 164 samples
(where N corresponds to the total number of time points
in the experiment) was compiled to include five
operational parameters: time, dilution rate D, influent
SCOD, OLR, and pH as inputs to the GP. These were
stacked into a matrix X € R'***°. Three outputs: SCOD,
VFA, and biogas production, were similarly arranged into
a matrix Ye R The MTGP model leverages a
variational inference strategy, enabling simultaneous
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Figure 3: Comparison of MTGP model predictions with measured data for SCOD, VFA, and biogas production:
training predictions and testing predictions, illustrating the model's performance in capturing AD outputs.
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modelling of multiple outputs. Using the LMC with three
latent functions, the model effectively shared information
across tasks. With a training set of 55 data points, all
served as inducing points, optimising computational
efficiency for multi-output modelling. Confidence
intervals provided insights into time points or operational
regimes with greater uncertainty, crucial for real-world
applications where factors like pH and substrate
variability affect biogas yields. Figure 3 illustrates the
model's strong performance in tracking SCOD, VFA, and
biogas production for both training and testing data, with
confidence intervals conveying predictive accuracy and
uncertainty. The MTGP framework demonstrated robust
capabilities in capturing interdependencies among
outputs, with inter-task learning enhancing predictive
accuracy.
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Figure 2. AM2 Model fit with experimental data using the
set of optimal parameters obtained

Model Performance Comparison

The evaluation metrics presented in Table 2 and Ta-
ble 3 highlight a performance difference between the
AM2 mechanistic model and the MTGP model. For SCOD
predictions, the MTGP model achieved a lower RMSE
(0.32 g/L) and a higher R? value (0.91) compared to the
AM2 model (RMSE: 1.37 g/L, R% 0.15) in this dataset.
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Similarly, for VFA predictions, the MTGP model showed
improved accuracy for the conditions tested, with an
RMSE of 0.87 mmol/L and R?of 0.94, appearing to outper-
form the AM2 model, which had an RMSE of 4.62 mmol/L
and R? of 0.11. For biogas production, the MTGP model
also showed better predictive performance with an RMSE
of 0.15 L/day and R? of 0.88, as compared to the AM2
model's RMSE of 0.47 L/day and R%2of 0.52. These results
suggest that the MTGP model can leverage multi-task
learning and inter-output correlations to potentially yield
more accurate and reliable predictions across all key out-
puts in this study. The comparison between the AM2
mechanistic model and the MTGP model highlights com-
plementary strengths in their approaches to modeling AD
processes. While the MTGP model exhibits superior pre-
dictive accuracy, with significantly lower RMSE and
higher R? values across all outputs (Table 3), the AM2
model's interpretability and biochemical grounding re-
main critical assets. The AM2 model captures the intri-
cate biochemical and microbial dynamics of AD, which
are essential for understanding the underlying system
behavior. The AM2 model incorporates acidogenic/meth-
anogenic biomass states, enhancing biological interpret-
ability, but its reliance on unmeasured microbial groups
and assumed kinetics (e.g., growth rates) introduces pre-
dictive uncertainty without experimental validation. In
contrast, the MTGP avoids microbial complexity, simpli-
fying calibration at the cost of mechanistic detail.

Table 2: The RMSE and R? for the AM2 model

Measurements RMSE R? Unit
SCOD(S)) 1.37 0.15 g/L
VFA(S2) 4.62 0.11 Mmol/L
Biogas (Qpiogas) 0.47 0.52 L/day
Table 3: The RMSE and R? for the MTGP model
Measurements RMSE R? Unit
SCOD 0.32 0.91 g/L
VFA 0.87 0.94 Mmol/L
Biogas 0.15 0.88 L/day
CONCLUSION

This work demonstrates the application of Multi-
Task Gaussian Processes as a powerful data-driven
framework for modelling and predicting the performance
of AD systems. By leveraging input-output correlations
and employing the linear model of coregionalisation, the
MTGP model demonstrated improved predictive accu-
racy compared to the AM2 mechanistic model. While
MTGP showed strong predictive accuracy and adapta-
bility in this context, the AM2 model provided essential
interpretability and biochemical insights, underscoring
the complementary strengths of these two approaches.
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Future research should explore the integration of
these two approaches into hybrid models that combine
the interpretability of mechanistic frameworks with the
predictive power of data-driven techniques.

ACKNOWLEDGEMENTS

The first author thanks Prof. Luca Fiori and Prof.
Gianni Andreottola for their support at the University of
Trento and the experimental data central to this study.
The authors also acknowledge the financial support pro-
vided by the Supergen Bioenergy Impact Hub, which
made this research possible.

REFERENCES

1. Ahmed M, Sartori F, Merzari F, Fiori L, Elagroudy S,
Negm MS, Andreottola G. Anaerobic degradation of
digestate-based hydrothermal carbonization
products in a continuous hybrid fixed bed
anaerobic filter. Bioresour Technol 330:124971
(2021)
https://doi.org/10.1016/j.biortech.2021.124971

2. Alvi M, Batstone D, Mbamba CK, Keymer P, French
T, Ward A, Dwyer J, Cardell-Oliver R. Deep learning
in wastewater treatment: a critical review. Water
Res 245:120518 (2023)
https://doi.org/10.1016/j.watres.2023.120518

3. Bynum, Michael L., Gabriel A. Hackebeil, William E.
Hart, Carl D. Laird, Bethany L. Nicholson, John D.
Siirola, Jean-Paul Watson, and David L. Woodruff.
Pyomo - Optimization Modeling in Python. Third
Edition Vol. 67. Springer, 2021.

4. Rasmussen CE, Williams CKI. Gaussian Processes
for Machine Learning. The MIT Press (2005)
https://doi.org/10.7551/mitpress/3206.001.0001

5. Batstone D, Keller J, Angelidaki |, Kalyuzhnyi S,
Pavlostathis S, Rozzi A, Sanders W, Siegrist H,
Vavilin V. The IWA Anaerobic Digestion Model No 1
(ADM1). Water Sci Technol 45:65-73 (2002)
https://doi.org/10.2166/wst.2002.0292

6. Bernard O, Hadj-Sadok Z, Dochain D, Genovesi A,
Steyer J-P. Dynamical model development and
parameter identification for an anaerobic
wastewater treatment process. Biotechnol Bioeng
75:424-438 (2001)

7. Bonilla EV, Chai K, Williams C. Multi-task Gaussian
process prediction. In: Platt J, Koller D, Singer Y,
Roweis S (Eds.) Advances in Neural Information
Processing Systems, Vol. 20. Curran Associates,
Inc. (2007)

8.  Dekhici B. Data-driven modeling, order reduction
and control of anaerobic digestion processes. Ph.D.
thesis, University of Tlemcen (2024)

9. Dekhici B, Benyahia B, Cherki B, Fiori L, Andreottola

Syst Control Trans 4:26-32 (2025) 31


https://doi.org/10.1016/j.biortech.2021.124971
https://doi.org/10.1016/j.watres.2023.120518
https://doi.org/10.7551/mitpress/3206.001.0001
https://doi.org/10.2166/wst.2002.0292

G. Modeling of biogas production from
hydrothermal carbonization products in a
continuous anaerobic digester. ACM Trans Model
Comput Simul 34: (2024)
https://doi.org/10.1145/3680281

10. Goulard M, Voltz M. Linear coregionalization model:
Tools for estimation and choice of cross-variogram
matrix. Math Geol 24:269-286 (1992)

11.  Kingma DP, Ba J. Adam: A method for stochastic
optimization. arXiv:1412.6980 (2017)
https://arxiv.org/abs/1412.6980

12. Dekhici B, Benyahia B and Cherki B, Data-driven
control of the chemostat using the Koopman
operator theory, U.P.B. Sci. Bull., Series C, Vol. 85,
Issu. 2, pp 137-150, 2023.

© 2025 by the authors. Licensed to PSEcommunity.org and PSE
Press. This is an open access article under the creative com-
mons CC-BY-SA licensing terms. Credit must be given to creator
and adaptations must be shared under the same terms. See
https://creativecommons.org/licenses/by-sa/4.0/

Dekhici et al. / LAPSE:2025.0155 Syst Control Trans 4:26-32 (2025)

32


https://doi.org/10.1145/3680281
https://arxiv.org/abs/1412.6980

