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ABSTRACT 
Water-gas shift membrane reactors (WGS-MRs) offer a pathway to affordable blue H2 genera-
tion/purification from gasified feedstock or reformed fuels. To exploit their cost benefits for blue 
hydrogen production, WGS-MRs’ performance needs to be optimized, which includes navigating 
the multidimensional design space (e.g., temperature, feed pressures, space velocity, membrane 
permeance and selectivity, catalytic performance).  This work describes an equation-oriented 
modeling framework for WGS-MRs in the Pyomo ecosystem, with an emphasis on model scaling 
and multi-start initialization strategies to facilitate reliable convergence with nonlinear optimization 
solvers. We demonstrate, through sensitivity analysis, that our model converges rapidly (< 1 CPU 
second on a laptop computer) under a wide range of operating parameters (e.g., feed pressures 
of 1-3 MPa, reactor temperatures of 624-824 K, sweep-to-feed ratios of 0-0.5, and steam/carbon 
ratios of 1-5). Ongoing work includes (1) validation and calibration of the WGS-MR model using 
benchtop laboratory data and (2) design, intensification, and optimization of blue H2 processes 
using the WGS-MR model.  
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INTRODUCTION  
The water-gas shift (WGS) reaction is essential for 

converting CO into CO2 and producing additional hydro-
gen from syngas generated from reforming or gasifica-
tion [1-2]. WGS is especially critical in blue H2 production 
technologies, where the produced CO2 is captured and 
sequestrated downstream [3].  

WGS is an established industrial reaction that has 
been broadly studied [4]. Ebrahimi et al. [5] provide a 
comprehensive overview of the WGS reaction, including 
the CO conversion, H2 selectivity, and structural proper-
ties of transition and noble metal catalysts on oxide and 
carbon-based supports. The state-of-the-art design for 
WGS reactors includes a two-staged packed bed reactor: 
a high-temperature shift (643 K to 673 K) stage followed 
by inter-stage cooling and then a low-temperature shift 
(450 K to 553 K) [6]. One prevailing challenge with WGS 
is that it is a reversible and exothermic reaction (∆𝐻𝐻2980 =
 −41 kJ/mol), which imposes thermodynamic limitations 
on the attainable conversion. 

Incorporating a membrane within a water gas shift 
reactor enhances H2 production [2, 6-7]. H2-selective 
membranes (e.g., dense metallic membranes, polymer 
membranes, and other inorganic membranes) have been 
previously used for this purpose [7-8].  Particularly, Pd-
based membranes are promising for H2 separation due to 
their ultra-high H2-selectivity [2, 9]. One major challenge 
with Pd-based membranes is inadequate thermal stabil-
ity/chemical tolerance in these harsh operating condi-
tions, which can be mitigated by alloying Pd with other 
elements [2, 10]. Pd-based membranes are used for H2 
production in the form of membrane separators [7, 10] or 
membrane reactors, i.e., membrane reformers or water-
gas shift membrane reactors (WGS-MR) [9, 11].  

WGS-MRs offer the added benefit of combining 
separation and reaction in one unit, providing process in-
tensification opportunities. The continuous separation of 
H2 from the reactor through Pd-based membranes pro-
vides three distinct advantages:  

1. The thermodynamic equilibrium continuously 
shifts in favor of the forward reaction, leading to 
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improved CO conversion [2, 12, 13]. 
2. The continuous production of H2 from the reac-

tion boosts the H2 partial pressure on the reten-
tate side, enhancing the recovery of H2 through 
separation. 

3. The retentate is a high-pressure CO2-concen-
trated stream, making carbon capture less en-
ergy intensive [14].  

 Mathematical modeling and numerical simulation 
are needed to elucidate the design of WGS-MRs for max-
imizing technical and economic benefits [7, 9, 12]. Mem-
brane modules have been widely modeled in flow sheet 
simulators such as Aspen Plus to support process-scale 
optimization and technoeconomic analysis [13, 15]. Our 
approach, based on equation-oriented (EO) design, sup-
ports the simultaneous solution of the various model 
equations, making it easier to embed them directly into 
large-scale optimization models [16-18].  However, EO 
models require careful equation and variable scaling and 
initialization to ensure reliable solver convergence [19]. 
Additionally, the literature on EO modeling of WGS-MR is 
notably sparse, with significant contributions from 
Gosieswki et al. [14].  

 This brief paper introduces an EO modeling 
framework of WGS-MRs. We focus on model scaling 
analysis and multi-start initialization strategies to pro-
mote fast and reliable convergence in the solution of the 
nonlinear model. Finally, we show the model’s capabilities 
for the rapid study of the WGS-MR system through sen-
sitivity analysis.  

 
Figure 1. Schematic of a WGS-MR module. The syngas 
feed flows on the shell side, which is packed with a 
catalyst for the WGS reaction; the tube is made of a Pd-
based membrane that is selectively permeable to H2; 
permeated H2 and an optional sweep gas flow on the tube 
side in a counter-current flow direction. Based on similar 
schematics in Brunetti et al. [9]. 

METHODS  

WGS-MR model 
 We consider a cylindrical, tube-in-shell reactor 
module with the reaction occurring on the shell side in a 
packed catalyst bed, as shown in Figure 1. The tube 

comprises a Pd-based membrane that selectively sup-
ports H2 permeation, which flows on the tube side in a 
counter-current direction.  

Mass Balance: 
The retentate side mass balance for this reactor config-
uration is given as:  

  𝑑𝑑𝐹𝐹𝑟𝑟𝑟𝑟𝑟𝑟,𝑖𝑖

𝑑𝑑𝑑𝑑
=  − 𝐽𝐽𝑖𝑖

𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚

𝑙𝑙
+ 𝜈𝜈𝑖𝑖(−𝑟𝑟𝐶𝐶𝐶𝐶) 𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟

𝑙𝑙
.  (1) 

Similarly, the permeate side mass balance is given as: 

  𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝,𝑖𝑖

𝑑𝑑𝑑𝑑
=  − 𝐽𝐽𝑖𝑖

𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚

𝑙𝑙
,    (2) 

where 𝐹𝐹𝑟𝑟𝑟𝑟𝑟𝑟,𝑖𝑖 (mol s-1) and 𝐹𝐹𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝,𝑖𝑖  (mol s-1) are the retentate 
and permeate side flowrates of species 𝑖𝑖 respectively; 𝑧𝑧 
(m) is the axial distance along the WGS-MR module; 𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚 
(m2) is the membrane area; 𝑙𝑙 (m) is the total length of the 
module; 𝜈𝜈𝑖𝑖 (unitless) is the stoichiometric coefficient of 
species 𝑖𝑖 in the WGS reaction; 𝑟𝑟𝐶𝐶𝐶𝐶 (mol m-3 s-1) is the re-
action rate of CO in the WGS reaction; 𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟 (m3) is the re-
tentate side volume of the WGS-MR available for the re-
action. 𝐽𝐽𝑖𝑖 (mol m-2 s-1) is the flux of species 𝑖𝑖 through the 
Pd-based membrane.  

The flux, 𝐽𝐽𝑖𝑖 is defined by the Sievert-type expression 
[9, 20]: 

𝐽𝐽𝑖𝑖 =

�𝑄𝑄(𝑇𝑇)��𝑃𝑃𝑟𝑟𝑟𝑟𝑟𝑟𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟,𝑖𝑖 + 𝜀𝜀�𝑛𝑛 − �𝑃𝑃𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑦𝑦𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝,𝑖𝑖 + 𝜀𝜀�𝑛𝑛�,   𝑖𝑖 = 𝐻𝐻2
0,   otherwise

 (3) 

Here, 𝑄𝑄(𝑇𝑇) (mol m-2 Pa-0.5 s-1) is the permeance of the 
membrane, which correlates with the reactor tempera-
ture as given in Eq. (4). 𝑃𝑃𝑟𝑟𝑟𝑟𝑟𝑟 (Pa) and 𝑃𝑃𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 (Pa) are the 
retentate and permeate side pressures, respectively. 
𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟,𝑖𝑖 and 𝑦𝑦𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝,𝑖𝑖 are the retentate and permeate side 
compositions of gas species 𝑖𝑖, respectively, as defined in 
Eq. (5). The Sievert’s law pressure exponent, 𝑛𝑛, ranges 
from 0 to 1 and takes a value of 0.5 for the ideal Sievert 
behavior where the diffusion of H atoms in the bulk Pd 
metal forms the rate-limiting step for H2 permeation in the 
Pd-based membrane, and the Pd-H system is infinitely 
diluted [20]. 𝜀𝜀 is a small number (e.g., 10-8) that prevents 
computing the n < 1 exponent of near zero when the par-
tial pressure is very small. 

𝑄𝑄(𝑇𝑇) =  𝑄𝑄0𝑒𝑒𝑒𝑒𝑒𝑒 �−
𝐸𝐸𝑎𝑎
𝑅𝑅𝑅𝑅
�,    (4) 

𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟,𝑖𝑖 =  𝐹𝐹𝑟𝑟𝑟𝑟𝑟𝑟,𝑖𝑖
∑ 𝐹𝐹𝑟𝑟𝑟𝑟𝑟𝑟,𝑗𝑗𝑗𝑗

 ,        𝑦𝑦𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝,𝑖𝑖 =  𝐹𝐹𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝,𝑖𝑖

∑ 𝐹𝐹𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝,𝑗𝑗𝑗𝑗
 .  (5) 

 In Eq. (4), 𝑄𝑄0 (mol m-2 Pa-0.5 s-1) is the pre-expo-
nential factor; 𝐸𝐸𝑎𝑎 (J mol-1) is the activation energy of per-
meation; and 𝑅𝑅 is the universal gas constant (8.314 J mol-
1 K-1).  

 WGS is a reversible exothermic reaction given in 
Eq. (6) [9]. In this work, we use the reaction rate expres-
sion, Eq. (7), proposed by Amadeo and Laborde [21] for 
WGS catalyzed by copper/zinc oxide/alumina. 



 

Agi et al. / LAPSE:2024.1554 Syst Control Trans 3:395-402 (2024) 397 

CO + H2O ⇌ H2 + CO2    ∆𝐻𝐻298𝐾𝐾0 = −41 kJ/mol (6) 

−𝑟𝑟𝐶𝐶𝐶𝐶 =

 
0.92 𝑒𝑒�−

454.3
𝑇𝑇 �𝑃𝑃𝐶𝐶𝐶𝐶𝑃𝑃𝐻𝐻2𝑂𝑂�1−�

𝑃𝑃𝐶𝐶𝐶𝐶2𝑃𝑃𝐻𝐻2
𝑃𝑃𝐶𝐶𝐶𝐶𝑃𝑃𝐻𝐻2𝑂𝑂

�� 1
𝐾𝐾𝑒𝑒𝑒𝑒

��

�1+2.2 𝑒𝑒�
101.5
𝑇𝑇 �𝑃𝑃𝐶𝐶𝐶𝐶+0.4 𝑒𝑒�

158.3
𝑇𝑇 �𝑃𝑃𝐻𝐻2𝑂𝑂+0.0047 𝑒𝑒�

2737.9
𝑇𝑇 �𝑃𝑃𝐶𝐶𝐶𝐶2+ 0.05 𝑒𝑒�

1596.1
𝑇𝑇 �𝑃𝑃𝐻𝐻2�

2 ×

 16.6667 𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,     (7) 

where 𝑃𝑃𝐶𝐶𝐶𝐶, 𝑃𝑃𝐻𝐻2𝑂𝑂, 𝑃𝑃𝐶𝐶𝐶𝐶2, and 𝑃𝑃𝐻𝐻2 denote the partial pres-
sures in Pa of gas species, CO, H2O, CO2, and H2, respec-
tively, 𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 (kg m-3) is the density of the WGS catalyst, 
and 𝑇𝑇 (K) is the reactor temperature. The 16.6667 multi-
plier enforces unit conversion from mol g-1 min-1 to mol 
kg-1 s-1 units. 𝐾𝐾𝑒𝑒𝑒𝑒 is the equilibrium constant, given by 
[22]: 

𝐾𝐾𝑒𝑒𝑒𝑒 = 1.2 × 10−2 𝑒𝑒�
4639
𝑇𝑇
�.   (8) 

Momentum Balance:  
 Assuming constant pressure drop on both sides of 
the Pd-based membrane, the momentum balances in the 
WGS-MR are as follows: 

𝑑𝑑𝑃𝑃𝑟𝑟𝑟𝑟𝑟𝑟
𝑑𝑑𝑑𝑑

 =  constant,     𝑑𝑑𝑃𝑃𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑑𝑑𝑑𝑑

 =  constant.  (9) 

A total pressure drop of 35 kPa was used on the retentate 
side and 0 kPa on the permeate side. 
 The boundary conditions for the WGS-MR module 
are: 
𝑧𝑧 = 0: 𝐹𝐹𝑟𝑟𝑟𝑟𝑟𝑟,𝑖𝑖 =  𝑦𝑦𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓,𝑖𝑖𝐹𝐹0,     𝑃𝑃𝑟𝑟𝑟𝑟𝑟𝑟 =  𝑃𝑃𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓,  (10) 
𝑧𝑧 = 𝑙𝑙: 𝐹𝐹𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝,𝑖𝑖 =  𝑦𝑦𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,𝑖𝑖𝐹𝐹𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,     𝑃𝑃𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 = 𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, (11) 

where 𝐹𝐹0 (mol s-1) is the total feed flowrate and 𝐹𝐹𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 (mol 
s-1) is the total sweep flowrate. 

Model scaling 
The material balances in Eqs. (1) & (2) result in poor 

solver convergence when the component flowrates,  𝐽𝐽𝑖𝑖, 
are near minimal values (≤ 10−4). To circumvent this, we 
apply dimensionless analysis to scale the flowrates and 
axial distance using the characteristic parameters 𝐹𝐹0 and 
𝑙𝑙: 

𝐹𝐹�  =  𝐹𝐹
𝐹𝐹0

 ⟷  𝑑𝑑𝑑𝑑 =  𝐹𝐹0𝑑𝑑𝐹𝐹�                              (12) 

𝑧𝑧̅  =  𝑧𝑧
𝑙𝑙

 ⟷ 𝑑𝑑𝑑𝑑 = 𝑙𝑙𝑙𝑙𝑧𝑧̅ .                                             (13) 

The material balances in Eqs. (1) & (2) become: 
𝑑𝑑𝐹𝐹�𝑟𝑟𝑟𝑟𝑟𝑟,𝑖𝑖

𝑑𝑑𝑧̅𝑧
=  − 𝐽𝐽𝑖𝑖

𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚

𝐹𝐹0
+ 𝜈𝜈𝑖𝑖(−𝑟𝑟𝐶𝐶𝐶𝐶) 𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟

𝐹𝐹0
  (14) 

𝑑𝑑𝐹𝐹�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝,𝑖𝑖

𝑑𝑑𝑧̅𝑧
=  − 𝐽𝐽𝑖𝑖

𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚

𝐹𝐹0
    (15) 

The boundary conditions in Eqs. (10) and (11) are up-
dated accordingly by dividing the component flowrates 
(𝑦𝑦𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓,𝑖𝑖𝐹𝐹0 and 𝑦𝑦𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,𝑖𝑖𝐹𝐹𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) by 𝐹𝐹0. 

Table 1 reports the model parameters used in this 
study. 

Table 1. WGS-MR model parameters. These parameters 
are based on the work of Brunetti et al. [9]. *Estimated 
from property data. 

Numerical solution and computational 
environment 

The WGS-MR model represented by the differential-
algebraic system in Eqs. (3) to (11) and (14) to (15) was 
discretized using 20 finite volumes, resulting in 520 
equations with 520 variables. The model was imple-
mented in Pyomo v6.4.0 [23] and solved using Ipopt 
v3.13.2 [24] with linear solver ma27 [25], distributed as 
part of the Institute for the Design of Advanced Energy 
Systems Process Systems Engineering Framework 
(IDAES PSE) [26]. The model reliably converged in less 
than 0.1 CPU seconds on a laptop computer running Win-
dows 11 with Intel® Core™ i5-8250U processor and 8GB 
of RAM.  

Performance criteria 
      CO conversion is the percentage of CO in the WGS 
reactor feed that is reacted to produce H2 and CO2 as ex-
pressed below [9]: 

CO Conversion =  �1 −  𝐹𝐹
�𝑟𝑟𝑟𝑟𝑟𝑟,𝐶𝐶𝐶𝐶
𝑜𝑜𝑜𝑜𝑜𝑜

𝐹𝐹�𝑟𝑟𝑟𝑟𝑟𝑟,𝐶𝐶𝐶𝐶
𝑖𝑖𝑖𝑖 � × 100%.              (16) 

H2 recovery is the percentage of available H2 in the reac-
tor that is recovered in the permeate outlet [9, 14]: 

Parameter Value Description 

𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚 (m2) 1.57
× 10−2 Membrane area 

𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟 (m3) 3.93
× 10−5 Reaction volume 

𝑄𝑄0 (mol m−2 s−1 Pa−0.5) 
1.62
× 10−2 

Permeance pre-
exponential fac-
tor 

𝐸𝐸𝑎𝑎
𝑅𝑅  (K) 

3.10
× 103 

Activation en-
ergy of permea-
tion per gas con-
stant 

𝜌𝜌𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  (kg m−3) 1.38
× 103 Catalyst density 

𝑛𝑛 (unitless) 0.5 H partial pres-
sure exponent 

𝐹𝐹0 (mol s−1) 1.26
× 10−3∗ Feed flowrate 

𝑇𝑇 (K) 553 
Reactor temper-
ature 

𝑃𝑃𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓  (MPa) 1 Feed pressure 

𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 (MPa) 0.1 Sweep-side 
pressure 

𝑦𝑦𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓,𝐶𝐶𝐶𝐶 (vol%) 20 
Molar composi-
tion of gas spe-
cies in the feed 

𝑦𝑦𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓,𝐻𝐻2𝑂𝑂 (vol%) 20 
𝑦𝑦𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓,𝐶𝐶𝐶𝐶2 (vol%) 10 
𝑦𝑦𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓,𝐻𝐻2 (vol%) 50 
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H2 Recovery =  �
𝐹𝐹�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝,𝐻𝐻2
𝑜𝑜𝑜𝑜𝑜𝑜

𝐹𝐹�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝,𝐻𝐻2
𝑜𝑜𝑜𝑜𝑜𝑜 + 𝐹𝐹�𝑟𝑟𝑟𝑟𝑟𝑟,𝐻𝐻2

𝑜𝑜𝑜𝑜𝑜𝑜 � × 100%.  (17) 

Model initialization procedure 
 In the sensitivity analysis, we solved the WGS-MR 
model in three steps using a multi-start initialization strat-
egy to improve solver convergence: 
Step 1: Toggle off the reaction by fixing the reaction rate 
variable −𝑟𝑟𝐶𝐶𝐶𝐶 to zero and deactivating Eq. (7). Then, 
solve the resulting model. This reduces model complexity 
by eliminating the nonlinear reaction rate from the mate-
rial balances in Eq. (14). 
Step 2: Activate the reaction rate expression in Eq. (7), 
unfix and initialize the reaction rate, −𝑟𝑟𝐶𝐶𝐶𝐶, using partial 
pressure and temperature values from the solution from 
the previous step. Solve the entire model.  
Step 3: Iteratively update the perturbed parameter (e.g., 
sweep ratio or steam/carbon ratio), defined as a mutable 
parameter in Pyomo, and re-solve the model for each 
point in the sensitivity analysis.  

RESULTS  

WGS-MR model reproduces the expected 
concentration profiles  

 
Figure 2. The retentate side concentration profiles of gas 
species shows that the WGS-MR model captures the 
relevant physics (i.e., species production/consumption 
by WGS reaction and H2 depletion due to transmembrane 
permeation).  

Figure 2 shows the retentate side composition of 
gas species along the dimensionless length of the reac-
tor. As expected, the concentration of the reactants, CO 
and H2O, decreases along the reactor length due to their 
consumption in the WGS reaction. The concentration of 
CO2, on the other hand, increases along the length of the 
reactor. The concentration of H2, which is the only gas 
permeating through the Pd-based membrane, increases 
and then decreases with a peak near 𝑧𝑧̅ = 0.2. The 

increasing H2 concentration corresponds to the reaction-
dominated regime, whereas the decreasing H2 concen-
tration corresponds to the transport-dominated regime. 
This concentration profile conforms to other WGS-MR 
concentration profiles reported in the literature [14, 27]. 

Sweep gas increases H2 production 
 Using an inert sweep gas on the permeate side pro-
motes H2 recovery and CO conversion in the WGS-MR by 
increasing the driving force for H2 permeation [9, 12]. N2 
was used as the sweep in this study. The sweep-to-feed 
ratio (i.e., the ratio of sweep gas flowrate to feed gas 
flowrate) was systematically varied to investigate the in-
fluence of sweep gas on CO conversion and H2 recovery 
in the WGS-MR (Figure 3).  
 Figure 3(a) H2 recovery: Using a N2 sweep-to-feed 
ratio of 0.1 resulted in a 4% increase in H2 recovery in the 
WGS-MR compared to baseline WGS-MR with no sweep. 
The sweep gas increases the H2 recovery by diluting the 
H2 in the permeate, which lowers its partial pressure and 
increases the transmembrane partial pressure difference 
in Eq. (3), which is the driving force for H2 flux across the 
membrane. For reaction temperatures of 724 K and 
higher, the gain in H2 recovery plateaus at a sweep ratio 
of 0.1 as it approaches the theoretical maximum of 100%. 
Although sweep gas flow shows the potential for improv-
ing H2 recovery in the reactor, it also dilutes the recov-
ered H2 which may necessitate additional purification 
based on the application. 

Figure 3(b) CO conversion: At 724 K, a sweep-to-
feed ratio of 0.5 raises CO conversion from 86% to 98%. 
This improvement in CO conversion is explained by the 
gain in H2 recovery, which translates to increased with-
drawal of a reaction product, prompting the reversible 
WGS reaction to be favored in the forward direction. 
 Generally, improved performance is observed at 
higher temperatures. This is the expected behavior for H2 

recovery because increasing the temperature boosts the 
H2 permeance of the membrane as shown in Eq. (4). 
However, the increased CO conversion at higher temper-
atures is intriguing because WGS is an exothermic reac-
tion. We expect lower conversions at higher tempera-
tures. We hypothesize the trends in Figure 3(b) are an 
interplay between temperature effects on the equilibrium 
constant and H2 flux. Specifically, increasing the temper-
ature enhances the flux of H2 across the membrane, ac-
cording to Eqs. (3) and (4), shifting the equilibrium to in-
crease CO conversion. Concurrently, the elevated tem-
perature diminishes the equilibrium constant according 
to Eq. (8), thereby reducing the CO conversion. Figure 4 
shows additional sensitivity analysis for varying either (a) 
reactor temperature or (b) membrane temperature while 
the other is fixed at 624 K. Figure 4 confirms the increase 
in CO conversion from the increased H2 flux outweighs 
the temperature shift in the reaction equilibrium. 
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Figure 3. Increasing the sweep-to-feed ratio produces 
considerable gains in (a) H2 recovery and (b) CO 
conversion in a WGS-MR.  

CO conversion sensitive to steam/carbon 
ratio in a WGS-MR 

Next, we vary the steam/carbon ratio in the feed 
(Figure 5). The total feed flowrate (and, by extension, the 
gas hourly space velocity) is fixed as reported in Table 1; 
only the relative proportions of steam and carbon in the 
feed changed. 

 Figure 5 shows that excess steam (greater than the 
stoichiometric ratio) promotes CO conversion in the 
WGS-MR. We observe that for a given feed pressure, CO 
conversion increases monotonically with the 
steam/carbon ratio up to 98 to 99% conversions at a 
steam/carbon ratio of 5.0. This observation is consistent 
with the experimental results of Bang et al. [28] for a Pd-
Cu WGS-MR. Increasing the steam/carbon ratio 
increases reactant concentration, which triggers the 
forward reaction to nullify the disturbance in the 
equilibrium state as prescribed by La Chatelier’s principle 
[28]. Increasing the steam/carbon ratio beyond 3.0 yields 

modest improvements in CO conversion as it approaches 
the theoretical maximum of 100%. The optimal choice of 
steam/carbon ratio would maximize CO conversion while 
constraining steam consumption in the reactor. 

 

Figure 4. CO conversion as a function of sweep-to-feed 
ratio in a WGS-MR for two hypothetical conditions: (a) 
The reactor temperature is fixed at 624 K, and the mem-
brane temperature varies. (b) The membrane tempera-
ture is fixed at 624 K and the reactor temperature varies.  

Model convergence with Ipopt solver 
 The WGS-MR model demonstrates good solver 

convergence over a wide range of input parameters (e.g., 
feed pressures of 1 to 3 MPa, reactor temperatures of 
624 to 824 K, sweep-to-feed ratios of 0 to 0.5, and 
steam/carbon ratios of 1 to 5). For instance, the CPU time 
corresponding to the sensitivity analysis results in Figure 
3 for T = 624 K is 0.26 CPU seconds for Step 1, 0.080 
CPU seconds for Step 2, and 0.010 to 0.64 CPU seconds 
(average 0.074 CPU seconds) for Step 3.  
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Figure 5. CO conversion in the WGS-MR increases with 
the steam/carbon ratio. Higher conversions are observed 
at higher feed pressures due to increased H2 recovery at 
elevated pressures. 

 Table 2 compares the solver convergence perfor-
mance (i.e., number of iterations and CPU seconds) of 
the WGS-MR model before and after rescaling the model 
using the initialization procedure described above. These 
data correspond to the sensitivity analysis in Figure 3 
and show that the scaled model converges in about 50% 
of the CPU seconds for the unscaled model, emphasizing 
the role of proper model scaling in improving numerical 
performance. A similar trend is observed for other tem-
peratures and sweep-to-feed ratios in Figure 3, which 
are omitted for brevity. We found the scaled model is 
more robust to a naive initialization, although we recom-
mend the procedure described above. 

Table 2: Solver convergence of WGS-MR model.  

 
624 K 824 K 

scaled un-
scaled 

scaled un-
scaled 

Sweep 
ratio = 
0.0 

# of it-
erations 4 4 6 7 

CPU 
secs 0.019 0.036 0.043 0.111 

Sweep 
ratio = 
0.2 

# of it-
erations 4 5 5 6 

CPU 
secs 0.028 0.058 0.034 0.046 

 
 Figure 6 investigates the impact of the number of 
discretization points on the solve time and percent error. 
Here, percent error is defined relative to the numeric so-
lution with 𝑁𝑁 = 100 discretization points. As expected, 
the solve time increases approximately linearly with the 
number of disclination points, whereas the percent error 
decays nearly exponentially as 𝑁𝑁 increases. Based on 
these results, we conclude that 𝑁𝑁 = 20  is likely sufficient 
for process design and optimization. 

 

Figure 6. Sensitivity analysis quantifies the impact of the 
number of discretization points on the solve time and 
percent error. The percent error was calculated for the 
flowrate of H2 in the permeate relative to the numerical 
solution with 𝑁𝑁 = 100.   

CONCLUSIONS  
 We present an EO modeling framework for WGS-MR 
and propose a scaling analysis and multi-start initializa-
tion procedure that promotes solver convergence. 
Through sensitivity studies with this model, we show that 
sweep gas on the permeate side could drive up conver-
sion to over 95% and H2 recovery to ~99% for tempera-
tures 674 K and above. We also show that excess steam 
could promote CO conversions in the WGS-MR up to a 
steam/carbon ratio of 3.0 for the dataset considered in 
this study. This EO model converges rapidly (<1 CPU sec) 
and serves as a tool for the design and optimization of 
WGS-MRs.      
 Ongoing work utilizes this model to optimize the 
technoeconomic benefits of WGS-MRs for blue H2 pro-
duction from gasified biomass. The EO modeling ap-
proach adopted in this work motivates further work into 
integrating the design of WGS-MR membrane modules 
into large-scale, EO-based flow sheets for process-wide 
optimization of H2 production technologies. 
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