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Abstract: A major challenge in transient pressure analysis for shale gas wells is their complex transient
flow behavior and fracturing parameters. While numerical simulations offer high accuracy, analytical
models are attractive for transient pressure analysis due to their high computational efficiency and
broad applicability. However, traditional analytical models are often oversimplified, making it
difficult to capture the complex seepage system, and three-dimensional fracture characteristics are
seldom considered. To address these limitations, this study presents a comprehensive hybrid model
that characterizes the transient flow behavior and analyzes the pressure response of a fractured
shale gas well with a three-dimensional discrete fracture. To achieve this, the hydraulic fracture is
discretized into several panels, and the transient flow equation is numerically solved using the finite
difference method. Based on the Langmuir adsorption isotherm and the pseudo-steady diffusion
in matrix and Darcy flow in the network of micro-fractures, a reservoir model is established, and
the Laplace transformation is adopted to solve the model analytically. The transient responses are
obtained by dynamically coupling the flow in the reservoir and the discrete fracture. The precision
of the proposed model is validated using the commercial numerical simulator, Eclipse. A series
of transient pressure dynamic curves are drawn to make a precise observation of different flow
regimes, and the effects of several parameters on transient pressure response are also examined. The
results show that the shale gas well testing interpretation curves comprise nine flow stages. The
pressure drop of shale gas reservoirs is lower than that of conventional gas reservoirs due to the
replenishment of desorbed gas. The artificial fracture flow capacity, fracture length, and height are
the main engineering factors affecting the pressure responses of shale gas wells. Maximizing the
degree and scope of reconstruction can enhance the gas well production capacity during fracturing
construction. The research results also indicate that our model is a reliable semi-analytical model for
well test interpretations in real case studies.

Keywords: shale gas; three-dimensional discrete fracture; pseudo-steady diffusion; transient behavior;
hybrid model

1. Introduction

Shale gas is an unconventional natural gas that is primarily found in adsorbed and
free states within organic-rich shale and its interbeds [1,2]. Compared to conventional
reservoirs, shale reservoirs have poor physical properties and high geostress, and their
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economic development requires the use of large-scale hydraulic fracturing technology [3,4].
Shale gas reservoirs exhibit different characteristics in terms of permeability and transfor-
mation effects, and the distribution characteristics and unstable flow laws of the fracturing
network are extremely complex. Accurately describing the distribution and characteristics
of the fracturing network and evaluating the effective fracture length and flow param-
eters are prerequisites for optimizing hydraulic fracturing design and developing shale
gas efficiently [5–7]. Therefore, establishing a pressure dynamic analysis method for the
three-dimensional hydraulic fracturing network of shale gas is of great significance for
understanding the flow law of the fracturing network and obtaining pressure dynamic re-
sponses.

Shale gas reservoirs are a special type of gas reservoir that differ significantly from
conventional gas reservoirs in terms of their formation, occurrence, and flow mechanisms.
Due to the complex multi-scale storage and permeability spaces and diverse occurrence
modes of shale gas reservoirs, gas flow exhibits corresponding multiple flow mechanisms
during the flow process [8–10]. However, current research on the complex flow mechanisms
of shale gas reservoirs is not systematic and lacks consideration of the influence of three-
dimensional fracture networks. Well testing, as a dynamic monitoring “eye”, is an effective
means of obtaining key flow parameters of shale reservoirs and fracture networks and
clarifying the dynamic changes in shale pressure [11–13]. Analytical and semi-analytical
models require only a few grids to be assigned to the fracture, which significantly reduce
the number of grids and increase the computational efficiency [14–19]. Currently, the most
commonly used shale gas well testing interpretation models are SRV models and discrete
fracture models [20–23]. However, the traditional analytical models are limited to two-
dimensional flow problems and seldom consider the three-dimensional distribution and
characteristics of the fracture network, leading to considerable errors in pressure dynamic
analysis. Numerical methods, such as finite difference, finite element, and finite volume,
can effectively handle the flow problem of three-dimensional fractures [1,24–26]. However,
when using these methods for well testing analysis, many problems may occur. The process
of establishing such fracture networks using commercial numerical simulation software is
relatively complex. In addition, the use of localized refinement or non-uniform grids can
lead to an increase in the number of grids and significant differences in size between grids,
thereby substantially reducing calculation efficiency. Therefore, there is a need to carry out
relevant research on the three-dimensional characterization of shale gas fracture networks,
flow law simulation, and dynamic response law. It is necessary to establish a well testing
analysis method for the three-dimensional fracture network of shale gas wells, to reveal the
dynamic response law of pressure, to carry out well testing interpretation and obtain key
parameters of the fractured network, to provide theoretical support for shale gas fracturing
optimization, and to guide shale gas field development plan formulation and adjustment.

This study is based on the multiple transport mechanisms and multi-scale storage and
permeability structure of shale gas, considering the three-dimensional flow characteristics of
fracture networks in shale gas wells, and establishing a mathematical model for the pressure
dynamic analysis of three-dimensional fracture networks in shale gas wells. A highly
efficient solution method for the flow problem of three-dimensional fracture networks
is studied. Firstly, in order to further approximate the true state of artificial fracture in
reservoirs, the artificial fracture is discretized into several panels, and a mathematical model
of flow in discrete fractures is established considering the two-dimensional flow inside the
fracture, which is more in line with the actual situation. The numerical solution of fracture
flow is obtained by using the finite difference method. Secondly, the three-dimensional
fractures are regarded as surface sources, and the analytical solution of reservoir flow
is derived using the Laplace transformation and other methods. Then, the coupling
solution matrix of artificial fractures and reservoir flow is established by combining the
connection relationship at the interface of fracture intersection, in order to obtain the
semi-analytical solution of the model. Finally, the accuracy of the model is verified by
comparing it with a commercial numerical simulation software, and the typical flow stage
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characteristics of three-dimensional fracturing networks in shale gas wells are further
analyzed. The influence law of key permeability parameters of reservoirs and fracture
networks on pressure dynamic response is clarified. The proposed semi-analytical method
in this paper utilizes a combination of the three-dimensional source function theory and
the finite difference method to enable the rapid and accurate solution of the seepage model,
effectively depicting the fracturing mesh modification body and expedient for calculations.

2. Methodology
2.1. Model Assumption

Compared with conventional naturally fractured gas reservoirs, not only is there
free gas filled in the matrix pores and micro-fracture system of shale gas reservoirs, but
also a large amount of natural gas is adsorbed on the rock surface of pores and fractures.
Adsorbed shale gas is mainly adsorbed on the surface of matrix particles and organic
matter pores, while free natural gas mainly exists in micro-fractures. Shale gas in the
matrix first desorbes from the matrix skeleton and then diffuses into natural fractures,
and the gas in natural fractures is transported to the hydraulic fracture in the form of
seepage. Figure 1 shows a schematic diagram of fractured vertical well model in the shale
gas reservoirs. It is assumed that the thickness of the gas reservoir is h, the hydraulic
fracture is symmetrical with the wellbore, with a half-length of xF, a half-height of hF, and
a width of wF, and the fracture can either completely penetrate the reservoir or be partially
opened. The natural fractures with the matrix are idealized as a dual-porosity continuum.
The gas well is produced at a constant rate. It is assumed that fluid only flows into the
wellbore through the hydraulic fracture, and the internal flow of the hydraulic fracture
is two-dimensional. Other basic assumptions are as follows: (1) the reservoir is slightly
compressible and has a constant compressibility coefficient; (2) the adsorption of adsorbed
gas follows the Langmuir isothermal adsorption law; (3) the diffusion in matrix blocks
follows the Fick’s diffusion law; (4) the permeability of natural fractures is constant and
horizontally isotropic; (5) the isothermal Darcy seepage occurs in natural fractures and
hydraulic fracture; and (6) the effects of wellbore storage and skin effects are considered,
and the influence of gravity is ignored. It is well known that both reservoir and fracture
permeability values are a strong function of pressure and effective stress. However, it
is difficult to handle the combined effect of the pressure-dependent permeability of the
reservoir and the fracture with the proposed model. We will continue to study the influence
of the pressure-dependent permeability of the reservoir and the fracture on the pressure
response in detail in the following study.
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Figure 1. Schematic of a fractured vertical well in shale gas reservoirs.

2.2. Mathematical Model

Based on the physical model established in Section 2.1, the flow of shale gas from the
reservoir to the wellbore can be divided into two parts: flow in the matrix-natural micro-
fractures and flow in the hydraulic fracture. The Laplace space point source function is used
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to establish an analytical solution for the flow in the matrix-natural micro-fractures, while
the flow in the hydraulic fracture is numerically solved by the finite difference method.
Finally, the flow in the reservoir and in the fractures are coupled and solved based on the
continuity conditions of pressure and flow rate on the fracture surface.

2.2.1. Fluid Flow in the Hydraulic Fracture

The expression of the gas seepage–diffusion equation can be simplified by introducing
generalized pseudo-pressure and pseudo-time [27]:

m = 2

p∫
0

p
µg(p)Z(p)

dp (1)

ta =

t∫
0

µgicti

µg(p)ct(p)
dt (2)

where p is the formation pressure, MPa; p is the average formation pressure, MPa; m is the
pseudo-pressure of the formation, MPa2/(mPa·s); µg is the gas viscosity, mPa·s; Z is the
deviation factor; t is the time, d; and ta is the pseudo-time, d.

In this paper, the three-dimensional distribution of the hydraulic fracture is considered,
and the flow inside the fracture is no longer limited to one-dimensional flow as assumed in
the conventional model. The flow equation in a finite-conductivity fracture is as follows [28]:

∂

∂ε

(
β1

∂mF

∂ε

)
+

∂

∂ξ

(
β1

∂mF

∂ξ

)
+

T
kF∆ε∆ξwF

˜̃qSCFg =
ϕF

(
µgctF

)
i

kF

∂mF

∂ta
(3)

Assuming that at the initial moment, the pressure in the fracture is equal to the
pressure in the reservoir, the initial condition is as follows:

mF(ε, ξ, t = 0) = mi (4)

Assuming the end of the fracture is closed, the corresponding boundary conditions
are as follows:

∂mF

∂ε

∣∣
ε=xw−∆lF =

∂mF

∂ε

∣∣
ε=xw+∆lF (5)

∂mF

∂ξ

∣∣∣ξ=yw−∆hF =
∂mF

∂ξ

∣∣∣ξ=yw+∆hF (6)

The inner boundary condition for constant-rate production is as follows [28]:

˜̃qSCWg =
2πkFwF

ln
(
req/rw

) (mF − mw) (7)

req = 0.14
√(

∆l2
F + ∆h2

F
)

(8)

where mi is the pseudo-pressure of the formation at the initial condition, MPa2/(mPa·s);
mF is the pseudo-pressure in the hydraulic fracture, MPa2/(mPa·s); mW is the pseudo-
pressure in the wellbore, MPa2/(mPa·s); ϕF is the porosity in the hydraulic fracture; ctF is
the comprehensive compressibility in the hydraulic fracture, MPa−1; β1 is the conversion
coefficient; wF is the fracture width, m; ∆lF is the half-length of the fracture panel, m; ∆hF
is the half-height of the fracture panel, m; ˜̃qSCFg is a source term representing the gas flux
entering the fracture from the matrix at a point on the fracture surface per unit volume
at standard conditions, 1/d; ˜̃qSCwg is the gas production rate per unit volume at standard
conditions, m3/d; req is the equivalent radius, m; rw is the radius of the wellbore, m; and ε,
ξ is the direction of the hydraulic fracture.

Equations (1)–(8) constitute the mathematical model for fluid flow in the hydraulic fracture.
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2.2.2. Fluid Flow in the Shale Gas Reservoir

The differential equation for shale gas flow in natural fractures can be expressed by
the following [29]:

∂2mf

∂x2 +
∂2mf

∂y2 +
∂2mf

∂z2 + q̃δ(x − xw, y − yw, z − zw) =
ϕfµgictfi

kf

∂mf
∂t

− αkM

kf
(mM − mf) (9)

where mf is the pseudo-pressure in the micro-fractures, MPa2/(mPa·s); kf is the permeability
of the micro-fractures, mD; kM is the general apparent permeability of the shale matrix,
mD; ϕf is the porosity of the micro-fractures; ctfi is the comprehensive compressibility in
the natural fractures, MPa−1; xw, yw, zw is the center position of the plane source; δ() is
delta function, and often used to describe pulse signals or idealized point sources; and q̃ is
a point source influx from the matrix to the micro-fractures.

In this paper, the general apparent permeability (kM) is employed to characterize the
flow capacity of gas in the shale matrix [30,31]. The flow equation in the shale matrix is
written as follows [32]:

−αkM

kf
(mM − mf) =

ϕMµgictMi

kf

∂mM

∂t
+

2RT
kf

6Dπ2

R2
m

[VE(pM)− VM] (10)

Shale gas adsorption follows the Langmuir isotherm principle [32]:

VE =
VLm(p)

mL(pL) + m(p)
(11)

Shale gas diffuses in the matrix system obeying the Fick’s diffusion law. The diffusion
equation of shale gas is given by the following [32]:

∂VM

∂t
= −3.6Dα(VM − VE) (12)

The initial adsorption amount is as follows:

VM|t=0 = VEi(mi) (13)

where α is the shape factor of the matrix, 1/m2; D is the diffusion coefficient, m2/h; VE
is the equilibrium adsorption concentration, m3/m3; VEi is the equilibrium adsorption
concentration at the initial condition, m3/m3; VL is the Langmuir volume, m3/m3; pL is
the Langmuir pressure, MPa; mL is the Langmuir pseudo-pressure, MPa/(mPa·s).

2.3. Solution to Mathematical Model
2.3.1. Dimensionless Mathematical Model

In order to standardize and simplify the mathematical model and make the solution
and result discussion of the model more general, dimensional variables are introduced to
simplify the above seepage mathematical model. The dimensional parameters are shown
in Table 1.

Substituting the dimensionless parameters into Equations (1)–(8), the dimensionless
differential equations of the hydraulic fracture can be obtained and expressed as follows:

∂2mFD

∂ε2
D

+
∂2mFD

∂ξ2
D

− 2πhD

∆εD∆ξDCFD
qFD =

1
ηFD

∂mFD

∂taD
(14)
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Table 1. Input parameters for model validation.

Parameters Symbol Definition

Dimensionless pseudo pressure of the hydraulic fracture ψFD mFD = mi−mF
mi−mw

Dimensionless pseudo pressure of the micro-fracture ψfD mfD = mi−mf
mi−mw

Dimensionless pseudo time taD taD = β2
kM

ϕMµgctM lR2 ta

Dimensionless hydraulic fracture conductivity CFD CFD = kFwF
kM lR

Dimensionless hydraulic fracture pressure transmitting coefficient ηFD qFD =
qF
qg

Dimensionless gas flux entering the fracture from the matrix at a
point on the fracture surface per unit volume qFD qFD =

qF
qg

Dimensionless gas production rate per unit volume qF−wD VMD = VEi(mi)−VM(m)
VEi(mi)

Dimensionless fracture aperture wD VMD = VEi(mi)−VM(m)
VEi(mi)

Dimensionless reservoir thickness hD VMD = VEi(mi)−VM(m)
VEi(mi)

Dimensionless distance in the x direction xD VMD = VEi(mi)−VM(m)
VEi(mi)

Dimensionless distance in the y direction yD VMD = VEi(mi)−VM(m)
VEi(mi)

Dimensionless distance in the z direction zD VMD = VEi(mi)−VM(m)
VEi(mi)

Dimensionless outer boundary in the x direction xeD VMD = VEi(mi)−VM(m)
VEi(mi)

Dimensionless outer boundary in the y direction yeD VMD = VEi(mi)−VM(m)
VEi(mi)

Dimensionless length of the fracture panel ∆lFD VMD = VEi(mi)−VM(m)
VEi(mi)

Dimensionless height of the fracture panel ∆hFD VMD = VEi(mi)−VM(m)
VEi(mi)

Dimensionless adsorption concentration of the matrix VMD VMD = VEi(mi)−VM(m)
VEi(mi)

Dimensionless equilibrium adsorption concentration VED VED = VEi(mi)−VE(m)
VEi(mi)

Adsorption coefficient β β =
β2qscµgi

kfh
mL(pL)

[mL(pL)+m(p)]mi(pi)

Capacitance coefficient of the micro-fracture ω ω =
ϕfµgictfi

σ

Diffusion flow coefficient λ λ =
2DαhpscTr2

wVEi
β2qscµgTsc

Capacitance coefficient of matrix ωM ωM =
ϕMµgictMi

σ
Inter-porosity flow factor of matrix system into micro-fracture

system λMf λMf = α kM
kf

l2
R

The boundary conditions are as follows:

mFD(εD, ξD, taD = 0) = 0 (15)

∂mFD

∂εD

∣∣
εD=xwD−∆lFD =

∂mFD

∂εD

∣∣
εD=xwD+∆lFD = 0 (16)

∂mFD

∂ξD

∣∣∣ξD=ywD−∆hFD =
∂mFD

∂ξD

∣∣∣ξD=ywD+∆hFD (17)

CFD

hD

1
ln
(
reqD/rwD

) (mFD − mwD) = −1 (18)

Substituting the dimensionless parameters into Equations (9)–(13), one can obtain the
dimensionless differential equations of the shale reservoir.

For the micro-fracture,

∂2mfD

∂x2
D

+
∂2mfD

∂y2
D

+
∂2mfD

∂z2
D

+ q̃δ(xD − xwD, yD − ywD, zD − zwD) = ωf
∂mfD
∂taD

− λMf(mMD − mfD) (19)

The initial condition:
mfD(xD, yD, zD, 0) = 0 (20)
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Outer boundary conditions:

mfD(xD → ∞, yD → ∞, zD, taD) = 0 (21)

∂mfD(xD, yD, zeD, taD)

∂zD
= 0 (22)

∂mfD(xD, yD, 0, taD)

∂zD
= 0 (23)

For the matrix,

−λMf

(
mMD − mfD) = ωM

∂mMD

∂taD
−

Mg

ρsc

qsc pscT
kfhTsc

β

λ
(VED − VMD) (24)

β = (1 − ωf − ωM)(1 − ϕf − ϕM) (25)

The dimensionless pseudo-steady state diffusion equation is as follows:

(1 − ω)
∂VMD

∂tD
= −λ(VMD − VED) (26)

The model of isotherm adsorption accords with the Langmuir equation, which can be
expressed as follows:

VED = βψD (27)

The initial amount of adsorption is as follows:

VMD|ta=0 = 0 (28)

2.3.2. Solution of the Numerical Fracture Flow Model

In this section, the Laplace transformation is employed to derive the solution of the
numerical fracture flow model, and the Laplace transformation equation is given by the
following [33]:

mfD =
∫ ∞

0
mfDe−utaD dtaD (29)

mFD =
∫ ∞

0
mFDe−utaD dtaD (30)

where u is the Laplace transform variable.
Substituting Equations (29) and (30) into Equations (14)–(18), the dimensionless differ-

ential equations and boundaries of the hydraulic fracture in the Laplace domain are written
as follows:

∂2mFD

∂ε2
D

+
∂2mFD

∂ξ2
D

− 2πhD

∆εD∆ξDCFD
qFD =

u
ηFD

mFD (31)

mFD(εD, ξD, taD = 0) = 0 (32)

∂mFD

∂εD

∣∣
εD=xwD−∆lFD =

∂mFD

∂εD

∣∣
εD=xwD+∆lFD = 0 (33)

∂mFD

∂ξD

∣∣∣ξD=ywD−∆hFD =
∂mFD

∂ξD

∣∣∣ξD=ywD+∆hFD (34)

CFD

hD

1
ln
(
reqD/rwD

) (mFD − mwD) = − 1
u

(35)

Here, we used a fracture panel shown in Figure 2 as an example to illustrate the
derivation of Equation (31). The equation of the finite difference method for the fracture
panel (i,j) is derived and expressed by the following:
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TD(i−1,j),(i,j)
mFDi−1,j

+ TD(i+1,j),(i,j)
mFDi+1,j

−
(

TD(i−1,j),(i,j)
+ TD(i+1,j),(i,j)

+ TD(i,j−1),(i,j)
+ TD(i,j+1),(i,j)

+ αDi,j

)
mFDi,j

+

TD(i,j−1),(i,j)
mFDi,j−1

+ TD(i,j+1),(i,j)
mFDi,j+1

− qFDi,j
= 0

(36)

where TD(i−1,j)(i,j)
is the dimensionless conductivity between two neighboring fracture panels

and is defined as follows:
TD(i−1,j)(i,j)

=
γDi−1,j γDi,j

γDi−1,j + γDi,j

(37)

αDi,j =

[
∆εD∆ξDCFD

2πhDηFD

]
i,j

(38)
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Figure 2. Discrete hydraulic fracture along both the horizontal axis and the vertical axis.

In Equation (37), γD is the dimensionless conductivity between the center of the
fracture panel and the adjacent grid interface, and calculated by the following:

γDi,j =
∆ξDi,j CFDi,j

∆εDi,j /2
1

hD

1
2π

(39)

The dimensionless conductivity between the fracture panel and the production well is
given as follows:

TDW,(i,j)
= γDW,(i,j)

=
CFDi,j

hD

1
ln
(
reqD/rwD

) (40)

According to Equations (36) and (40), the equations of the finite difference method for
all fracture panels can be derived and written in the following matrix form:

T
¯
mFD − I

¯
qFD + mwDb = o (41)

where T is the coefficient matrix; I is NF × NF identity matrix;
¯
mFD is the dimensionless

pressure vector of the fracture panels;
¯
qFD is the dimensionless rate vector of the matrix to

the fracture panels; mwD is the dimensionless bottom-hole pressure; b is constant vector;
and o is zero vector.

The production condition is given as follows:

−bTmFD + bmwD =
1
u

(42)
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2.3.3. Solution of the Reservoir Flow Model

Substituting Equations (29) and (30) into Equations (19)–(28), the dimensionless differ-
ential equations of the reservoir in the Laplace domain are written as follows:

∂2mfD

∂x2
D

+
∂2mfD

∂y2
D

+
∂2mfD

∂z2
D

+ q̃δ(xD − xwD, yD − ywD, zD − zwD) = ωfumfD − λMf(mMD − mfD) (43)

−λMf(mMD − mfD) = g(u)mMD (44)

g(u) = ωMu +
σβu

λu + 1
(45)

Equation (44) can be rewritten as follows:

mMD =
λMf

g(u) + λMf
mfD (46)

Substituting Equation (46) into Equation (43), one can obtain the following:

∂2mfD

∂x2
D

+
∂2mfD

∂y2
D

+
∂2mfD

∂z2
D

+ q̃δ(xD − xwD, yD − ywD, zD − zwD) = f (u)mfD (47)

f (u) = ωfu +
λMfg(u)

g(u) + λMf
(48)

Based on the previous effort of research [34], the solution of point source function
in three-dimensional space is derived, and the solution of Equation (47) is expressed
as follows:

mfD = π
uxeD

{
cosh

(√
f (u)ỹD1

)
+cosh

(√
f (u)ỹD2

)
√

f (u)sinh
[√

f (u)yeD

] +

2
+∞
∑

k=1
cos

(
kπ xD

xeD

)
cos

(
kπ xwD

xeD

)
cosh(

√
εk ỹD1)+cosh(

√
εk ỹD2)√

εksinh(
√

εkyeD)
+

2
+∞
∑

n=1
cos

(
nπ zD

hD

)
cos

(
nπ zwD

hD

)
cosh(

√
εn ỹD1)+cosh(

√
εn ỹD2)√

εnsinh(
√

εnyeD)
+

2
+∞
∑

k=1
cos

(
kπ xD

xeD

)
cos

(
kπ xwD

xeD

)
cosh(√εk,n ỹD1)+cosh(√εk,n ỹD2)

√
εk,nsinh(√εk,nyeD)

+

(49)

where

εk = f (u) +
π2k2

x2
eD

(50)

εn = f (u) +
π2n2

h2
D

(51)

εk,n = f (u) +
π2n2

h2
D

+
π2k2

x2
eD

(52)

∼
yD1 = yeD − |yD − ymD| (53)
∼
yD2 = yeD − |yD − ymD| (54)

The basic parameters of the fracture panel are shown in Figure 3. The solution of plane
source function can be obtained by integral Equation (49).
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Figure 3. Basic parameters of the fracture panels, where
(

xwDj, ywDj, zwDj
)

is the coordinate of the
center of the fracture panel; ∆lFDj is the length of the fracture panel; and ∆hFDj is the height of the
fracture panel.

With the superposition principle, for the system in Figure 3, the pressure drop at the
point (xD, yD, zD) caused by all fracture panels can be calculated, and the equation is given
by the following [28]:

mfDM(xD, yD, zD, u) =
NF

∑
j=1

uqDj
mfDM,j (55)

According to Equation (55), the pressure response of all fracture panels can be obtained
and written in the following matrix forms:

B
¯
qD =

¯
mfD (56)

B =


umfD1,1 umfD1,2 · · · umfD1,NF
umfD2,1 umfD2,2 · · · umfD2,NF

...
...

. . .
...

umfDNF,1 umfDNF,2 · · · umfDNF,NF

 (57)

¯
qD =


qD1
qD2

...
qDNF

,
¯
mfD =


mfD1
mfD2

...
mfDNF

 (58)

2.3.4. Coupling Conditions for Flow in the Two Systems

Coupling the solution of the numerical fracture model with the reservoir flow model,
one can obtain the matrix equations of the system:

mfDM(xD, yD, zD, u) =
NF

∑
j=1

uqDj
mfDM,j (59)

Based on the flux exchange of the two systems and the pressure continuity conditions
of the fracture surface, the gas pressure continuity condition can be expressed as follows:

mfDj = mFDj (60)

qDj
= qFDj

(61)

Solving Equation (59) yields the dimensionless pressure, the dimensionless production
rate, and the dimensionless bottom-hole pressure for all fracture elements in the Laplace
space. Combined with Equation (55), the dimensionless pressure at any point in the
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reservoir can be obtained. If wellbore storage and skin effects need to be considered, the
Duhamel principle relationship can be used [34], and the Stehfest numerical algorithm
can be used for numerical inversion [35]. This yields the pressure and production rate
solutions in real space. By programming and plotting the relationship between the dimen-
sionless pressure and the dimensionless pressure derivative, the dimensionless pressure
and dimensionless pressure derivative curves can be obtained.

mwD,storge,skin =
umwD + S

u + CDu2(umwD + S)
(62)

CD =
C

2πϕFcFhl2
R

(63)

where S is the skin factor, and CD is the dimensionless wellbore storage coefficient.

3. Results and Discussion
3.1. Model Verification

Before validating the model presented in this paper, the influence of the number of
discretized fracture grids on the theoretical curve was analyzed. The hydraulic fracture is
discretized into 40, 90, and 160 fracture panels, and the reservoir and fracture input param-
eters are shown in Table 2. Figure 4 shows the pressure dynamic response curves under
different number of fracture panels. It can be seen that when the number of discretized
fracture panels is greater than 90, the changes in the pressure and pressure derivative
curves are very small, and the influence can be ignored. Therefore, dividing the discrete
fracture into no less than 90 panels can obtain sufficiently accurate results.

Table 2. Parameters of reservoir and fracture used for the proposed model.

Parameters Symbol Value

Dimensionless fracture conductivity CFD 50
Dimensionless half-length of hydraulic fracture xFD 1
Dimensionless half-height of hydraulic fracture hFD 0.1

Dimensionless width of hydraulic fracture wFD 1.7 × 10−4

Dimensionless outer boundary in the x direction xeD 16.67
Dimensionless outer boundary in the y direction yeD 16.67
Dimensionless outer boundary in the z direction zeD 0.43
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Figure 4. Effect of the number of fracture panels on pressure and pressure derivative curves.

To validate the accuracy of the proposed model, a comparison is made with the
commercial numerical simulation software, Eclipse (2023-09). Since most of the commercial
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numerical simulation software are currently used to simulate the case of three-dimensional
vertical (or horizontal) fractures, it is necessary to weaken the physical model of this paper
and establish a three-dimensional vertical fracture model to verify the accuracy of the
research model. Firstly, a three-dimensional vertical fracture model is established using the
commercial numerical simulation software, Eclipse, as shown in Figure 5. The reservoir
and fracture parameters used in this case study are shown in Table 3.
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Table 3. Input parameters for model verification.

Parameters Symbol Units Value

Initial formation pressure pi MPa 22
Initial formation temperature Ti K 320.3

Formation thickness h m 26
Number of hydraulic fracture panels N Dimensionless 90
Permeability of the hydraulic fracture kF mD 300

Half-length of hydraulic fracture lF m 60
Half-height of hydraulic fracture hF m 5
Width of hydraulic fracture [34] wF m 0.001

Porosity of hydraulic fracture [34] ΦF Fraction 0.4
Porosity of the matrix Φm Fraction 0.05

Permeability of the matrix kM mD 0.0005
Langmuir pressure pL MPa 2.5
Langmuir volume VL m3/m3 3

The dimensionless pressure and pressure derivative curves obtained from the model
and the numerical simulation method are compared in Figure 6. It can be found that, except
for the early stage of the pressure curve, which has some deviation, the curve shapes are
consistent in other flow stages. The early-stage pressure deviation is mainly caused by the
radial convergence effect of cracks towards the wellbore. Numerical simulation methods
usually use well models to simulate early radial flow. In this study, the model introduces
the confluence skin factor to correct the bottom-hole pressure and improve the accuracy
of early flow simulation. Since the expression of pressure derivative has no relation to
the skin, the pressure derivative curves obtained from both methods fit well throughout
the entire flow stage. Currently, for numerical simulation methods, crack meshes are
usually refined to obtain high-precision simulation results. After refinement, the total
number of crack meshes generally reaches tens of thousands, and the simulation time step
is very small, which ultimately leads to low computational efficiency and cannot meet
the high-precision requirements of early crack flow in well testing interpretation analysis.
The semi-analytical model established in this paper can generally characterize the crack
characteristics of any distribution with few micro-elements, and the matrix system does
not need to be divided into meshes. This greatly reduces the total number of meshes. In
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addition, the solution is not limited by the time step, so the early simulation accuracy is
better, and the computational efficiency is higher. To obtain the calculation results shown
in Figure 6, the new method developed in this study was used to calculate on the same
platform, and the time was less than 200 s, while Eclipse’s calculation time was more than
700 s. It can be seen that the semi-analytical model studied in this paper has a significant
advantage in computational efficiency.

Processes 2024, 12, x FOR PEER REVIEW 14 of 22 
 

 

Width of hydraulic fracture [34] wF m 0.001 
Porosity of hydraulic fracture [34] ΦF Fraction 0.4 

Porosity of the matrix Φm Fraction 0.05 
Permeability of the matrix kM mD 0.0005 

Langmuir pressure pL MPa 2.5 
Langmuir volume VL m3/m3 3 

The dimensionless pressure and pressure derivative curves obtained from the model 
and the numerical simulation method are compared in Figure 6. It can be found that, ex-
cept for the early stage of the pressure curve, which has some deviation, the curve shapes 
are consistent in other flow stages. The early-stage pressure deviation is mainly caused by 
the radial convergence effect of cracks towards the wellbore. Numerical simulation meth-
ods usually use well models to simulate early radial flow. In this study, the model intro-
duces the confluence skin factor to correct the bottom-hole pressure and improve the ac-
curacy of early flow simulation. Since the expression of pressure derivative has no relation 
to the skin, the pressure derivative curves obtained from both methods fit well throughout 
the entire flow stage. Currently, for numerical simulation methods, crack meshes are usu-
ally refined to obtain high-precision simulation results. After refinement, the total number 
of crack meshes generally reaches tens of thousands, and the simulation time step is very 
small, which ultimately leads to low computational efficiency and cannot meet the high-
precision requirements of early crack flow in well testing interpretation analysis. The 
semi-analytical model established in this paper can generally characterize the crack char-
acteristics of any distribution with few micro-elements, and the matrix system does not 
need to be divided into meshes. This greatly reduces the total number of meshes. In addi-
tion, the solution is not limited by the time step, so the early simulation accuracy is better, 
and the computational efficiency is higher. To obtain the calculation results shown in Fig-
ure 6, the new method developed in this study was used to calculate on the same platform, 
and the time was less than 200 s, while Eclipse’s calculation time was more than 700 s. It 
can be seen that the semi-analytical model studied in this paper has a significant ad-
vantage in computational efficiency. 

 
Figure 6. Comparison of the results between the proposed model and Eclipse. 

3.2. Flow Regime Identification 
Based on the solution of the proposed model, the dynamic pressure analysis curves 

of shale gas wells considering the three-dimensional distribution and properties of the 
hydraulic fracture network is plotted, as shown in Figure 7. It can be found that eight main 
flow regimes can be observed from the theoretical curve: 
(1) First radial flow regime of the hydraulic fracture 

Figure 6. Comparison of the results between the proposed model and Eclipse.

3.2. Flow Regime Identification

Based on the solution of the proposed model, the dynamic pressure analysis curves
of shale gas wells considering the three-dimensional distribution and properties of the
hydraulic fracture network is plotted, as shown in Figure 7. It can be found that eight main
flow regimes can be observed from the theoretical curve:

(1) First radial flow regime of the hydraulic fracture
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During this period, fluid flows radially from the fracture to the wellbore, and the main
characteristic of this flow stage is a horizontal line with a slope of zero on the dimensionless
pseudo-pressure derivative curve.

(2) Bi-linear flow regime

This regime includes linear flow from the hydraulic fracture into the wellbore and
linear flow perpendicular to the fracture plane from the matrix. During this period, the
pressure wave does not propagate to the top and bottom boundaries. The main feature in
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this flow regime is that both the dimensionless pseudo-pressure and pressure derivative
curves are straight lines with a slope of 1/4.

Figure 8 shows the transient pressure dynamic curves considering the effects of
wellbore storage and skin factor. It can be seen that the early radial flow and bi-linear flow
stages are easily obscured with consideration of the wellbore storage effect and skin factor.
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(3) Linear flow regime in the formation

During this flow regime, the pseudo-pressure derivative curve is a straight line with
a slope of 1/2. This flow regime is mainly influenced by the dimensionless fracture
conductivity and dimensionless fracture half-length and half-height.

(4) The second radial flow regime

The main feature of this flow stage is a horizontal line with a slope of zero on the
dimensionless pseudo-pressure derivative curve. As the pressure wave continues to
propagate towards the end of the hydraulic fracture, the fluid behaves as a quasi-radial
flow around the hydraulic fracture. This flow regime is mainly affected by the height of the
fracture and the thickness of the reservoir. If the reservoir thickness is small or the fracture
height is large, this flow stage will not appear.

(5) Horizontal elliptical flow regime

This stage appears after the radial flow in the fracture, and some scholars believe that
this stage is only a transitional stage between the matrix linear flow and the system radial
flow. However, many scholars usually classify this flow stage as the elliptical flow stage,
and the pressure derivative curve has a slope of 0.36.

(6) Adsorbed gas desorption and diffusion regime

During this stage, the first “dip” can be observed on the dimensionless pseudo-
pressure derivative curve, and the depth, width, and appearance time of the “dip” are
mainly affected by the diffusion and seepage coefficients.

(7) Inter-porosity flow from the matrix to the micro-fractures

During this stage, the second “dip” can be observed on the dimensionless pseudo-
pressure derivative curve, and the depth, width, and appearance time of the “dip” are,
respectively, affected by the capacitance coefficient of the micro-fracture and inter-porosity
flow factor.

(8) Boundary dominated flow regime
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During this stage, the fluid flows radially around the hydraulic fracture, and the
dimensionless pressure derivative curve is a horizontal line with a slope of 0.5. The effect
of different boundary conditions on dimensionless pressure and pressure derivative curves
are analyzed. It can be seen from Figure 9 that the closed boundary is represented by an
upward curve of pressure and pressure derivative, and the constant pressure boundary is
represented by a downward curve of pressure and pressure derivative.
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3.3. Sensitivity Analysis

Based on the proposed model, the effects of some key parameters on the transient
pressure responses are analyzed. The basic input parameters for the model are listed in
Table 3, and the range of values for each sensitive parameter is shown in Table 4.

Table 4. Parameters used for sensitivity analysis.

Parameters Symbol Units Value

Skin factors S Dimensionless 0, 0.1, 1
Dimensionless hydraulic fracture

conductivity CFD Dimensionless 30, 50, 100

Half-length of hydraulic fracture ∆lF Dimensionless 30, 50, 100, 200
Half-height of hydraulic fracture ∆hF Dimensionless 6, 8, 10

Storage ratio ωf Dimensionless 0.1, 0.15, 0.2

Inter-porosity flow factor λMf Dimensionless 1 × 10−4, 1 × 10−3,
5 × 10−3

Adsorption coefficient β Dimensionless 1, 5

Figure 10 shows the impact of skin factors on transient pressure responses. It can be
seen that as the skin factor decreases, the position of the dimensionless pressure curve
becomes lower, and the position of the dimensionless pressure derivative curve “hump”
becomes lower as well. This is because the smaller the skin factor, the smaller the additional
pressure drop, and the faster the pressure wave propagates. Therefore, the position of the
dimensionless pressure and pressure derivative curves becomes lower.
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Figure 10. Effect of skin factor on pressure and pressure derivative curves.

Figure 11 reflects the effect of hydraulic fracture conductivity on transient pressure
responses. The dimensionless artificial fracture conductivity mainly affects the early and
middle stages of the type curves. The greater the conductivity of the hydraulic fracture, the
lower the position of the dimensionless pressure and pressure derivative curves. At the
same time, the end time of the wellbore storage effect is earlier, and the characteristics of
the fracture bi-linear flow stage are less obvious, while the duration of the linear flow in
the formation is longer and more pronounced. When the conductivity increases to a certain
value, the effect of the dimensionless conductivity on the type curves is not significant.
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Figure 11. Effect of fracture conductivity on pressure and pressure derivative curves.

Figure 12 illustrates the impact of the half-length of the hydraulic fracture on transient
pressure responses. It can be observed from the figure that as the half-length of the
fracture increases, the dimensionless pseudo-pressure and pressure derivative curves move
downward. This is mainly because the larger the half-length of the fracture, the larger
the linear flow area of the fracture, and the smaller the pressure drop required for a given
production rate. At the same time, the half-length of the fracture has a significant effect
on the linear flow and radial flow stages of the fracture. The longer the half-length of the
fracture, the longer the linear flow stage, and the less apparent the radial flow characteristics.
If the half-length of the fracture is sufficiently large, the flow stage will transition directly
from linear flow to horizontal elliptical flow.
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Figure 12. Effect of fracture half-length on pressure and pressure derivative curves.

Figure 13 shows the effect of half-height of the hydraulic fracture on transient pressure
responses. It can be seen from the figure that fracture height mainly affects the linear flow
and radial flow stages of the fracture. At the same time, the higher the fracture height, the
lower the position of the dimensionless pseudo-pressure and pressure derivative curves.
This is because the larger the fracture height, the larger the contact area between the fracture
and the reservoir, the smaller the flow resistance between the fracture and the gas reservoir,
and the smaller the pressure drop generated.
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Figures 14 and 15 show the influence of the storage ratio (ωf) and the inter-porosity
flow factor (λMf) on transient pressure responses. From Figure 14, it can be seen that the
storage ratio mainly affects the depth and width of the “dip”, with smaller ωf resulting in a
wider and deeper “dip”. As defined by ωf, a smaller value indicates weaker elastic storage
capacity of the micro-fracture system, relatively developed pores in the matrix system, and
sufficient fluid supply to the micro-fracture system, resulting in smaller pressure drops.
Conversely, a larger value of ωf indicates stronger elastic storage capacity of the micro-
fracture system, poorer pore development in the matrix system, and fewer fluids in the
micro-fracture system, resulting in greater pressure drops.
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According to the definition of the inter-porosity flow factor, the smaller the ratio of
matrix permeability to fracture permeability, the greater the difference in permeability
between the matrix and fracture systems, and the smaller the inter-porosity flow factor.
From Figure 15, it can be seen that the smaller the inter-porosity flow factor, the later
the matrix-to-fracture flow occurs, and the “dip” in the dimensionless pseudo-pressure
derivative curve moves to the right. The inter-porosity flow factor determines the timing of
the “dip” in the pseudo-pressure derivative curve.

Figure 16 shows the impact of adsorption coefficient on transient pressure responses.
From Figure 16, it can be seen that the adsorption coefficient mainly affects the depth and
width of the “concave” section, with a larger adsorption coefficient, resulting in a wider and
deeper concave section. When the adsorption coefficient is small, the “concave” sections
from the matrix-fracture flow and the adsorption coefficient overlap, resulting in only
one “concave” section observed on the pseudo-pressure derivative curve. This “concave”
section is the result of the combined effect of two types of flow, so the width and depth of
the “concave” section increase. Only when the diffusion–dispersion coefficient is larger
than a certain value, the timing difference between the two types of flow is significant
enough to observe two “concave” sections on the pseudo-pressure derivative curve.
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4. Conclusions

This paper investigates the multi-transport mechanism of shale gas within a three-
dimensional fracture network and presents a novel interpretation model for testing the
three-dimensional fracturing network of shale gas wells. The proposed approach utilizes
a combination of the three-dimensional source function theory and the finite difference
method to enable the rapid and accurate solution of the seepage model, revealing the
dynamic pressure response law and clarifying the influence of key parameters of reservoir
and fracturing network on the type curves. The main conclusions drawn from this research
are as follows:

1. The semi-analytical model employs only a small number of grid divisions for the
fracture network, thereby reducing the number of grids required while allowing
for a flexible description of the three-dimensional fracture distribution, leading to
significant improvements in calculation efficiency. Additionally, the coupling solution
method of the three-dimensional discrete fracture flow numerical solution and the
reservoir flow analytical solution enhances the accuracy of the early flow simulation;

2. The shale gas well testing interpretation curve obtained in this research comprises
nine main flow stages: early wellbore storage and skin effect stage, first radial flow
stage of fracture, bilinear flow stage, formation linear flow stage, second radial flow
stage of fracture, horizontal elliptical flow stage, adsorption gas diffusion and seepage
stage, inter-porosity flow stage, and outer boundary reaction stage;

3. Unlike conventional gas reservoirs, shale gas reservoirs incorporate adsorbed gas.
Consequently, when the pressure wave propagates to the formation, the pressure
drop of shale gas reservoirs is lower than that of conventional gas reservoirs due
to the replenishment of desorbed gas. The conventional gas reservoir exhibits a
curve position higher than that of the shale gas reservoir on the pseudo-pressure and
pseudo-pressure derivative curves;

4. Under certain reservoir conditions, the artificial fracture flow capacity, fracture length,
and height are the main engineering factors affecting the pressure responses of shale
gas wells. The larger the fracture flow capacity, fracture length, and height, the smaller
the flow resistance of shale gas, and the smaller the production pressure difference
under the same production rate. Therefore, maximizing the degree and scope of recon-
struction can enhance the gas well production capacity during fracturing construction.
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